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Preface

In a nutshell

The purpose of this book is to serve as the accompanying text for a first
course in functional analysis, taken typically by second- and third-year under-
graduate students majoring in mathematics.

As I prepared for my first time teaching such a course, I found nothing
among the countless excellent textbooks in functional analysis available that
perfectly suited my needs. I ended up writing my own lecture notes, which
evolved into this book (an earlier version appeared on my blog [31]).

The main goals of the course this book is designed to serve are to in-
troduce the student to key notions in functional analysis (complete normed
spaces, bounded operators, compact operators), alongside significant applica-
tions, with a special emphasis on the Hilbert space setting. The emphasis on
Hilbert spaces allows for a rapid development of several topics: Fourier series
and the Fourier transform, as well as the spectral theorem for compact normal
operators on a Hilbert space. I did not try to give a comprehensive treatment
of the subject, the opposite is true. I did my best to arrange the material in
a coherent and effective way, leaving large portions of the theory for a later
course. The students who finish this course will be ready (and hopefully, ea-
ger) for further study in functional analysis and operator theory, and will have
at their disposal a set of tools and a state of mind that may come in handy
in any mathematical endeavor they embark on.

The text is written for a reader who is either an undergraduate student,
or the instructor in a particular kind of undergraduate course on functional
analysis. The background required from the undergraduate student taking this
course is minimal: basic linear algebra, calculus up to Riemann integration,
and some acquaintance with topological and metric spaces (in fact, the basics
of metric spaces will suffice; and all the required material in topology/metric
spaces is collected in the appendix).

Some “mathematical maturity” is also assumed. This means that the read-
ers are expected to be able to fill in some details here and there, not freak out
when bumping into a slight abuse of notation, and so forth.

More details on the contents and on some choices made

This book is tailor-made to accompany the course Introduction to Func-
tional Analysis given at the Technion — Israel Institute of Technology. The

xi



xii Preface

official syllabus of the course is roughly: basic notions of Hilbert spaces and
Banach spaces, bounded operators, Fourier series and the Fourier transform,
the Stone-Weierstrass theorem, the spectral theorem for compact normal op-
erators on a Hilbert space, and some applications. A key objective, not less
important than the particular theorems taught, is to convey some underlying
principles of modern analysis.

The design was influenced mainly by the official syllabus, but I also took
into account the relative place of the course within the curriculum. The back-
ground that I could assume (mentioned above) did not include courses on
Lebesgue integration or complex analysis. Another thing to keep in mind was
that besides this course, there was no other course in the mathematics un-
dergraduate curriculum giving a rigorous treatment of Fourier series or the
Fourier transform. I therefore had to give these topics a respectable place in
class. Finally, I also wanted to keep in mind that students who will continue
on to graduate studies in analysis will take the department’s graduate course
on functional analysis, in which the Hahn-Banach theorems and the conse-
quences of Baire’s theorem are treated thoroughly. This allowed me to omit
these classical topics with a clean conscience, and use my limited time for
a deeper study in the context of Hilbert spaces (weak convergence, inverse
mapping theorem, spectral theorem for compact normal operators), including
some significant applications (PDEs, Hilbert functions spaces, Pick interpo-
lation, the mean ergodic theorem, integral equations, functional equations,
Fourier series and the Fourier transform).

An experienced and alert reader might have recognized the inherent pitfall
in the plan: how can one give a serious treatment of L2 spaces, and in particular
the theory of Fourier series and the Fourier transform, without using the
Lebesgue integral? This is a problem which many instructors of introductory
functional analysis face, and there are several solutions which can be adopted.

In some departments, the problem is eliminated altogether, either by mak-
ing a course on Lebesgue integration a prerequisite to a course on functional
analysis, or by keeping the introductory course on functional analysis free of
Lp spaces, with the main examples of Banach spaces being sequence spaces
or spaces of continuous functions. I personally do not like either of these easy
solutions. A more pragmatic solution is to use the Lebesgue integral as much
as is needed, and to compensate for the students’ background by either giving
a crash course on Lebesgue integration or by waving one’s hands where the
going gets tough.

I chose a different approach: hit the problem head on using the tools avail-
able in basic functional analysis. I define the space L2[a, b] to be the completion
of the space of piecewise continuous functions on [a, b] equipped with the norm

‖f‖2 = (
∫ b

a
|f(t)|2dt)1/2, which is defined in terms of the familiar Riemann in-

tegral. We can then use the Hilbert space framework to derive analytic results,
such as convergence of Fourier series of elements in L2[a, b], and in particular
we can get results on Fourier series for honest functions, such as L2 conver-
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gence for piecewise continuous functions, or uniform convergence for periodic
and C1 functions.

Working in this fashion may seem clumsy when one is already used to
working with the Lebesgue integral, but, for many applications to analysis
it suffices. Moreover, it shows some of the advantages of taking a functional
analytic point of view. I did not invent the approach of defining Lp spaces as
completions of certain space of nice functions, but I think that this book is
unique in the extent to which the author really adheres to this approach: once
the spaces are defined this way, we never look back, and everything is done
with no measure theory.

To illustrate, in Section 8.2.2 we prove the mean ergodic theorem. A mea-
sure preserving composition operator on L2[0, 1] is defined first on the dense
subspace of continuous functions, and then extended by continuity to the com-
pletion. The mean ergodic theorem is proved by Hilbert space methods, as a
nice application of some basic operator theory. The statement (see Theorem
8.2.5) in itself is significant and interesting even for piecewise continuous func-
tions — one does not need to know the traditional definition of L2 in order
to appreciate it.

Needless to say, this approach was taken because of pedagogical con-
straints, and I encourage all my students to take a course on measure the-
ory if they are serious about mathematics, especially if they are interested in
functional analysis. The disadvantages of the approach we take to L2 spaces
are highlighted whenever we stare them in the face; for example, in Section
5.3, where we obtain the existence of weak solutions to PDEs in the plane,
but fall short of showing that weak solutions are (in some cases) solutions in
the classical sense.

The choice of topics and their order was also influenced by my personal
teaching philosophy. For example, Hilbert spaces and operators on them are
studied before Banach spaces and operators on them. The reasons for this are
(a) I wanted to get to significant applications to analysis quickly, and (b)
I do not think that there is a point in introducing greater generality before
one can prove significant results in that generality. This is surely not the most
efficient way to present the material, but there are plenty of other books giving
elegant and efficient presentations, and I had no intention — nor any hope —
of outdoing them.

How to use this book

A realistic plan for teaching this course in the format given at the Technion
(13 weeks, three hours of lectures and one hour of exercises every week) is
to use the material in this book, in the order it appears, from Chapter 1
up to Chapter 12, skipping Chapters 6 and 11. In such a course, there is
often time to include a section or two from Chapters 6 or 11, as additional
illustrative applications of the theory. Going through the chapters in the order
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they appear, skipping chapters or sections that are marked by an asterisk,
gives more or less the version of the course that I taught.

In an undergraduate program where there is a serious course on harmonic
analysis, one may prefer to skip most of the parts on Fourier analysis (except
L2 convergence of Fourier series), and use the rest of the book as a basis for
the course, either giving more time for the applications, or by teaching the
material in Chapter 13 on the Hahn-Banach theorems. I view the chapter on
the Hahn-Banach theorems as the first chapter in further studies in functional
analysis. In the course that I taught, this topic was given as supplementary
reading to highly motivated and capable students.

There are exercises spread throughout the text, which the students are
expected to work out. These exercises play an integral part in the development
of the material. Additional exercises appear at the end of every chapter. I
recommend for the student, as well as the teacher, to read the additional
exercises, because some of them contain interesting material that is good to
know (e.g., Gibbs phenomenon, von Neumann’s inequality, Hilbert-Schmidt
operators). The teaching assistant will also find among the exercises some
material better suited for tutorials (e.g., the solution of the heat equation, or
the diagonalization of the Fourier transform). There is no solutions manual,
but I invite any instructor who uses this book to teach a course, to contact
me if there is an exercise that they cannot solve. With time I may gradually
compile a collection of solutions to the most difficult problems.

Some of the questions are original, most of them are not. Having been a
student and a teacher in functional and harmonic analysis for several years,
I have already seen many similar problems appearing in many places, and
some problems are so natural to ask that it does not seem appropriate to
try to trace who deserves credit for “inventing” them. I only give reference to
questions that I deliberately “borrowed” in the process of preparing this book.
The same goes for the body of the material: most of it is standard, and I see
no need to cite every mathematician involved; however, if a certain reference
influenced my exposition, credit is given.

The appendix contains all the material from metric and topological spaces
that is used in this book. Every once in while a serious student — typically
majoring in physics or electrical engineering — comes and asks if he or she can
take this course without having taken a course on metric spaces. The answer
is: yes, if you work through the appendix, there should be no problem.

Additional reading and alternative texts

There are countless good introductory texts on functional analysis and
operator theory, and the bibliography contains a healthy sample. As a student
and later as a teacher of functional analysis, I especially enjoyed and was
influenced by the books by Gohberg and Goldberg [12], Devito [6], Kadison
and Ringrose [16], Douglas [8], Riesz and Sz.-Nagy [26], Rudin [27], Arveson
[3], Reed and Simon [24], and Lax [18]. These are all recommended, but only
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the first two are appropriate for a beginner. As a service to the reader, let me
mention three more recent elementary introductions to functional analysis,
by MacCluer [19], Hasse [13] and Eidelman, Milman and Tsolomitis [9]. Each
one of these looks like an excellent choice for a textbook to accompany a first
course.

I want to acknowledge that while working on the book I also
made extensive use of the Web (mostly Wikipedia, but also MathOver-
flow/StackExchange) as a handy reference, to make sure I got things right, e.g.,
verify that I am using commonly accepted terminology, find optimal phrasing
of a problem, etc.
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Chapter 1

Introduction and the
Stone-Weierstrass theorem

1.1 Background and motivation

Welcome to A First Course in Functional Analysis. What is functional
analysis? A short answer is that functional analysis is a language and frame-
work in which to formulate and study problems in analysis from an abstract
point of view. In this introductory chapter, we will try to give a more detailed
explanation of what is functional analysis. Along the way, we will prove the
first significant theorem in this book: the Stone-Weierstrass theorem.

Functional analysis was born around 1900, when the mathematical climate
was becoming suitable for an abstract and unified treatment of analytical
objects. Consider, for example, the following integral equation:

f(x) +

∫ b

a

k(t, x)f(t)dt = g(x). (1.1)

This equation was considered by I. Fredholm in 1903, and, like many important
mathematical problems of the time, it arose from mathematical physics. In
the equation above, the functions g ∈ CR([a, b]) and k ∈ CR([a, b]× [a, b]) are
given continuous functions, and f is an unknown function (here and below
CR(X) denotes the space of continuous, real-valued functions on a topological
space X). Fixing the function k, there are three basic questions one can ask
about such equations:

1. Solvability. Does there exist a continuous solution f to this equation
given g? For what g does a solution exist?

2. Uniqueness. Is the solution unique (when it exists)? Given a particular
solution to the equation, can we describe the space of all solutions, or
at least can we tell how “big” it is?

3. Method of solution. What is the solution? In other words, given g
can we write down a formula for the solution f , or at least describe a
method of obtaining f approximately?

Questions of a similar type are dealt with in a course in linear algebra,

1



2 A First Course in Functional Analysis

when considering a system of linear equations Ax = b, where x and b are
vectors in Rn, and A is an n × n matrix. There are many nontrivial things
to say regarding the solvability of the equation Ax = b which do not require
knowing the specific matrix A, for example: if the equation Ax = 0 has a
unique solution (namely, x = 0), then Ax = b has a unique solution for any
b ∈ Rn. In the same vein, one is interested not only in answering the above
three questions for the integral equation (1.1) given a particular k; it is also of
interest to understand the unifying characteristics of equations of this type.

One may develop an ad hoc theory of integral equations, but it is most
enlightening for us to put the above rather concrete equation in an abstract
and general framework. Historically as well as methodologically, this is the
starting point of functional analysis.

Let us try to force the above analytic problem into the framework of linear
algebra. First, we note that CR([a, b]) is a real vector space. Next we notice,
following Fredholm, that the above equation can be written as (I +K)f = g,
where I : CR([a, b]) → CR([a, b]) is the identity operator and K : CR([a, b]) →
CR([a, b]) is the so-called integral operator

Kf(x) =

∫ b

a

k(t, x)f(t)dt.

Finally, we observe that the operator K, and hence I+K, is a linear operator.
Thus our problem is “just” that of solving a linear equation in the vector space
CR([a, b]). However, these observations do not bring us much closer to being
able to answer the above questions; they only suggest that it might be fruitful
to study linear operators on infinite dimensional vector spaces.

Linear operators on infinite dimensional spaces turn out to be too large a
class to be treated in a meaningful manner. We will concentrate on the study
of continuous or compact operators acting on complete normed vector spaces.
In this setting significant results can be obtained; for example, in Chapter 9
we will see that the equation (I +K)f = g has a unique solution for any g,
if and only if the equation (I +K)f = 0 has a unique solution. Methods of
finding the solution will also be developed.

Note that, unlike in the case of a linear system of equations Ax = b, the
equation (1.1) makes sense within many different vector spaces. Would it be
easier to solve the problem if we assumed that all functions are differentiable?
The equation makes sense for integrable f — maybe we should consider I+K
as a linear operator on the larger space of all integrable functions, or maybe
on the space of square integrable functions? Do the basic properties of the
operator I + K change if we think of it as an operator on the bigger space?
We will see that considering the integral equation as an operator equation
in the space of square integrable functions on [a, b] does not change some
characteristic features of the problem, while on the other hand it facilitates
actually solving the problem.

The space of square integrable functions on an interval is an example of a
Hilbert space. Hilbert spaces are the infinite dimensional spaces that are closest
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to finite dimensional spaces, and they are the most tractable. What makes
them so tractable are the fact that they have an inner product, and the fact
that they are complete metric spaces. In this book, a special emphasis is put
on Hilbert spaces, and in this setting integral equations are best understood.
We will begin our study of Hilbert spaces in the next chapter.

The goal of this book is to present a set of tools, ideas and results that
can be used to understand linear operators on infinite dimensional spaces.
But before we can develop a theory of linear operators on infinite dimensional
spaces, we must study the spaces themselves. We will have to wait until much
later in the book, before we can prove significant results on the solvability
of integral equations; in Chapter 11 we will complete our treatment of this
subject. For now, we part from equation (1.1), and we take a closer look at
the space CR([a, b]).

1.2 The Weierstrass approximation theorem

In linear algebra one learns that every finite dimensional vector space has a
basis. This fact is incredibly useful, both conceptually and also from a practical
point of view; just consider how easy it is for us to think about Rn having at
hand the standard basis e1 = (1, 0, . . . , 0), . . . , en = (0, . . . , 0, 1). In particular,
the existence of bases is crucial to our understanding of linear maps and of
the solvability of linear equations of the form Ax = b.

In analysis we encounter many vector spaces that are infinite dimensional.
For example, the space CR([a, b]) is an infinite dimensional real vector space.
Our experience in linear algebra suggests that it would be useful to have some
kind of basis for studying this space, and in particular it should be helpful for
considering linear equations as above.

A standard application of Zorn’s lemma shows that every vector space V
has a basis — a set {ui}i∈I ⊂ V such that for all nonzero v ∈ V , there is
a unique choice of finitely many distinct indices i1, . . . , ik ∈ I and nonzero
scalars c1, . . . , ck satisfying

v = c1ui1 + . . .+ ckuik .

In the context of analysis, such a basis is called a Hamel basis, to distinguish
it from other notions of basis which are used. For most infinite dimensional
vector spaces a Hamel basis is almost useless, because of the following fact.

Exercise 1.2.1. A Hamel basis for CR([a, b]) must be uncountable (for a hint
see Exercise 7.5.16).

The fact that Hamel bases for CR([a, b]) must be uncountable suggests that
we may want to relax our notion of basis. By the exercise, we have no hope to
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find a countable basis. However, we can hope for the next best thing, which
is a linearly independent sequence of functions {fn}∞n=0 ⊂ CR([a, b]) which in
some sense span the space. A natural guess would be that the sequence of
monomials fn(t) = tn are as close to being a basis for CR([a, b]) as one can
reasonably expect. This is true, as Weierstrass proved in 1885.

Theorem 1.2.2 (Weierstrass’s approximation theorem). Let f : [a, b] → R
be a continuous function. For every ǫ > 0, there exists a polynomial p with
real coefficients, such that for all t ∈ [a, b],

|p(t)− f(t)| < ǫ.

Since not every continuous function is a polynomial, we cannot hope to
obtain every continuous function as a linear combination of monomials. Weier-
strass’s approximation theorem assures us that we can at least use linear com-
binations of monomials to approximate every continuous function to any given
precision. Thus the monomials can be said to “generate” CR([a, b]).

Are there any other sequences of nice functions that generate CR([a, b])? To
give another example, we need a couple of definitions. A Z-periodic function
is a function f : R → R such that f(x+n) = f(x) for all x ∈ R and all n ∈ Z.
A trigonometric polynomial is a function q of the form

q(x) =
N∑

n=0

an cos(2πnx) + bn sin(2πnx).

Later in this book, when we will study Fourier series, we will require the
following theorem (see also Exercise 1.6.7). Like the previous theorem, this
one is also due to Weierstrass.

Theorem 1.2.3 (Trigonometric approximation theorem). Let f : R → R be a
continuous Z-periodic function. For every ǫ > 0, there exists a trigonometric
polynomial q, such that for all t ∈ R,

|q(t)− f(t)| < ǫ.

It turns out that the most elegant way to obtain the above two theorems
is to consider a more general problem. We will obtain both Theorem 1.2.2
and Theorem 1.2.3 as simple consequences of the Stone-Weierstrass theorem,
which is a broad generalization of these theorems. Our goal in the remainder
of this chapter is to present and prove the Stone-Weierstrass theorem. Besides
obtaining useful results for later purposes in the course, this also serves to
highlight the spirit of functional analysis. (We will return to the problem of
finding a good notion of basis for infinite dimensional spaces in Chapter 3.)
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1.3 The Stone-Weierstrass theorem

Let X be a compact Hausdorff topological space (the appendix contains all
the material in topological and metric spaces that is required for this book).
We will let CR(X) denote the space of continuous, real-valued functions on
X ; likewise, C(X) denotes the space of continuous, complex-valued functions
on X . On both of these spaces we define the supremum norm of a function
f to be

‖f‖∞ = sup
x∈X

|f(x)|.

The quantity d(f, g) = ‖f − g‖∞ defines a metric on CR(X) (and also on
C(X)) and is considered to be the distance between the two functions f and
g. This distance makes both CR(X) and C(X) into complete metric spaces.
Both these spaces are vector spaces over the appropriate field, with the usual
operations of pointwise addition of functions and scalar multiplication. In fact,
if f, g ∈ CR(X), then the pointwise product fg is also in CR(X), and together
with the vector space operations, this gives CR(X) the structure of an algebra.

Definition 1.3.1. If A is a subspace of CR(X) or of C(X), then it is said to
be a subalgebra if for all f, g ∈ A, fg is also in A.

Definition 1.3.2. A subalgebra A ⊆ CR(X) is said to separate points if
for every pair of distinct points x, y ∈ X there exists some f ∈ A such that
f(x) 6= f(y).

Theorem 1.3.3 (Stone-Weierstrass theorem (real version)). Let A be a closed
subalgebra of CR(X) which contains the constant functions and separates
points. Then A = CR(X).

One obtains Theorem 1.2.2 immediately by letting X = [a, b] and taking A
to be the closure of the algebra of polynomials with respect to the supremum
norm, noting that the norm closure of an algebra is an algebra.

Exercise 1.3.4. Let A ⊆ CR(X) be a subalgebra, and let A be its closure.
Then A is also a subalgebra.

Another convenient way of stating the Stone-Weierstrass theorem is given
in the following exercise.

Exercise 1.3.5. Prove that Theorem 1.3.3 is equivalent to the following state-
ment: If A is a subalgebra of CR(X) which contains the constant functions and
separates points, then A = CR(X).

To obtain the trigonometric approximation theorem (Theorem 1.2.3), one
first notes that, due to standard trigonometric identities, the trigonometric
polynomials form an algebra. Next, one needs to realize that the continuous,
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real-valued, Z-periodic functions on R can be identified with the continuous,
real-valued functions on the torus T = {z ∈ C | |z| = 1}. Indeed, the mapping
Φ : CR(T) → CR(R) given by

Φ(f)(t) = f
(
e2πit

)
, t ∈ R

maps CR(T) onto the algebra CR,per(R) of continuous Z-periodic functions.
Moreover, Φ maps the constant function to the constant function, it is lin-
ear, and it respects multiplication: Φ(fg) = Φ(f)Φ(g). Therefore, the same
holds for the inverse Φ−1 : CR,per(R) → CR(T). Finally, supt∈R |Φ(f)(t)| =
sup|z|=1 |f(z)| for all f ∈ CR(T).

Now put X = T, and take A ⊆ CR(T) to be the inverse image of all
trigonometric polynomials under Φ (if we identify CR(T) and CR,per(R), then
under this identification A is simply the algebra of all trigonometric polyno-
mials, but we have chosen to make this identification explicit with the use of
the map Φ). By the previous paragraph, in order to prove Theorem 1.2.3 it
suffices to show that A is dense in CR(X). It is elementary to check that A
contains the constants and separates points on X = T. Applying the version of
the Stone-Weierstrass theorem given in Exercise 1.3.5, we find that A is dense
in CR(T), therefore Φ(A) is dense in CR,per(R). That concludes the proof of
the trigonometric approximation theorem.

Exercise 1.3.6. Fill in the details in the proof of Theorem 1.2.3. In particular,
prove that A is an algebra that separates points, and prove that Φ is surjective.

Proof of the Stone-Weierstrass theorem

Let A ⊆ CR(X) be as in the statement of Theorem 1.3.3. We isolate a few
lemmas before reaching the main argument of the proof.

Lemma 1.3.7. On every interval [−L,L], the absolute value function is uni-
formly approximable by polynomials. That is, for every ǫ > 0, there exists a
polynomial p such that

|p(t)− |t|| < ǫ (1.2)

for all t ∈ [−L,L].

Proof. It suffices to prove the lemma for the interval [−1, 1] (why?). To this
end, consider the function h(x) = (1− x)1/2. It is a standard (but nontrivial)
exercise in first-year analysis to show that the Taylor series of h about the point
0 converges uniformly in the closed interval [−1, 1]. Truncating the series at
some high power, we find, given ǫ > 0, a polynomial q such that |q(x)−h(x)| <
ǫ for all x ∈ [−1, 1]. Now since |t| = h(1− t2), the polynomial p(t) = q(1− t2)
satisfies (1.2).

Exercise 1.3.8. Fill in the details of the above proof; in particular prove the
uniform convergence of the Maclaurin series of h on [−1, 1]. (Hint: use the
integral form of the remainder for the Taylor polynomial approximation.)
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For every function f , we let |f | denote the function |f | : x 7→ |f(x)|.

Lemma 1.3.9. If f ∈ A, then the function |f | is also in A.

Proof. Let ǫ > 0 be given. We will find a function g ∈ A such that ‖g−|f |‖∞ <
ǫ. Since A is closed and since ǫ is arbitrary, this will show that |f | ∈ A.

Let I = [−‖f‖∞, ‖f‖∞]. By the previous lemma there exists a polynomial
p such that supt∈I |p(t)− |t|| < ǫ. Put g = p ◦ f . Since A is an algebra and p
is a polynomial, g ∈ A. Thus

‖g − |f |‖∞ = sup
x∈X

|p(f(x)) − |f(x)|| ≤ sup
t∈I

|p(t)− |t|| < ǫ,

as required.

For any two functions f, g, we let f ∧ g and f ∨ g denote the functions
f ∧ g : x 7→ min{f(x), g(x)} and f ∨ g : x 7→ max{f(x), g(x)}.

Lemma 1.3.10. If f, g ∈ A, then the functions f ∧g and f ∨g are also in A.

Proof. This follows immediately from Lemma 1.3.9 together with the formulas

min{a, b} = a+b−|a−b|
2 and max{a, b} = a+b+|a−b|

2 , which hold true for all real
a and b.

Lemma 1.3.11. For every pair of distinct points x, y ∈ X, and every a, b ∈ R,
there exists a function g ∈ A such that g(x) = a and g(y) = b.

Proof. Exercise.

Completion of the proof of the Stone-Weierstrass theorem. Let f ∈
CR(X). We must show that f ∈ A. It suffices, for a fixed ǫ > 0, to find h ∈ A
such that ‖f − h‖∞ < ǫ.

We start by choosing, for every x, y ∈ X , a function fxy ∈ A such that
fxy(x) = f(x) and fxy(y) = f(y). This is possible thanks to Lemma 1.3.11.

Next we produce, for every x ∈ X , a function gx ∈ A such that gx(x) =
f(x) and gx(y) < f(y)+ ǫ for all y ∈ X . This is done as follows. For every y ∈
X , let Uy be a neighborhood of y in which fxy < f + ǫ. The compactness of X
ensures that there are finitely many of these neighborhoods, say Uy1, . . . , Uym ,
that cover X . Then gx = fxy1 ∧ . . . ∧ fxym does the job (gx is in A, thanks to
Lemma 1.3.10).

Finally, we find h ∈ A such that |h(x)− f(x)| < ǫ for all x ∈ X . For every
x ∈ X let Vx be a neighborhood of x where gx > f − ǫ. Again we find a
finite cover Vx1 , . . . , Vxn and then define h = gx1 ∨ . . .∨ gxn . This function lies
between f + ǫ and f − ǫ, so it satisfies |h(x)− f(x)| < ǫ for all x ∈ X , and the
proof is complete.

Exercise 1.3.12. Did we use the assumption that X is Hausdorff? Explain.
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1.4 The Stone-Weierstrass theorem over the complex
numbers

Often, one finds it more convenient to study or to use the algebra C(X)
of continuous complex-valued functions on X . Maybe the reader has not en-
countered this algebra of functions before, but its structure as a vector space
is very close to that of CR(X).

Exercise 1.4.1. Prove that C(X) = {u+ iv | u, v ∈ CR(X)}.

If f = u+ iv where u, v ∈ CR(X), then we denote Ref = u and Imf = v.
Thus, for every f ∈ C(X), f = Ref + iImf .

It turns out that it is harder for a subalgebra of C(X) to be dense in
C(X) than it is for a subalgebra of CR(X) to be dense in CR(X). Consider
the following example.

Example 1.4.2. Let D denote the open unit disc in C, and let D denote its
closure. Let A(D) denote the disc algebra, which is defined to be the closure
of complex polynomials in C(D), that is

A(D) =

{
z 7→

N∑

k=0

akzk : N ∈ N, a0, . . . , aN ∈ C

}‖·‖∞

.

Certainly, A(D) is a complex algebra which contains the constants and sepa-
rates points. By a theorem in complex analysis, the uniform limit of analytic
functions is analytic. Thus, every element of A(D) is analytic in D, so this
algebra is quite far from being the entire algebra C(D).

It is worth stressing that in the above example we mean polynomials in
one complex variable z. We do not mean polynomials in the two variables x
and y, where z = x+ iy = Rez + iImz.

Exercise 1.4.3. Is the space C[x, y] of two variable complex polynomials
dense in C(D)?

To make the Stone-Weierstrass theorem work in the complex-valued case,
one needs to add one additional assumption.

Definition 1.4.4. A subspace S ⊆ C(X) is said to be self-adjoint if for
every f ∈ S, the complex conjugate of f (i.e., the function f : x 7→ f(x)) is
also in S.

Theorem 1.4.5 (Stone-Weierstrass theorem (complex version)). Let A be a
closed and self-adjoint subalgebra of C(X) which contains the constant func-
tions and separates points. Then A = C(X).
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Proof. Consider the real vector space ReA = {Ref : f ∈ A}. Since Ref = f+f
2

and A is self-adjoint, it follows that ReA ⊆ A. Because A is a subalgebra of
C(X), ReA is a subalgebra of CR(X). From closedness of A it follows that
ReA is closed, too.

From the assumption that A is a subspace that separates points, it follows
that ReA also separates points. Indeed, given x, y ∈ X , let f ∈ A such that
f(x) 6= f(y). Then, either Ref(x) 6= Ref(y), or Imf(x) 6= Imf(y). But Imf =
Re(−if) ∈ ReA, so ReA separates points.

Thus, ReA is a closed, real subalgebra of CR(X) that contains the constants
and separates points. By the (real) Stone-Weierstrass theorem, ReA = CR(X).
It follows that every real-valued continuous function on X is in A. Symmetri-
cally, every imaginary valued continuous function on X is in A. By Exercise
1.4.1 we conclude that C(X) = A.

1.5 Concluding remarks

Functional analysis originated from an interest in solving analytical prob-
lems such as the integral equation (1.1). Equations of this kind can be
rephrased as problems about operators acting on infinite dimensional vector
spaces. If one wishes to understand operators on infinite dimensional vector
spaces, the first thing to do is to study the spaces themselves. In this chapter
we took a look at the space CR([a, b]), and proved Weierstrass’s approximation
theorem, which was a byproduct of the Stone-Weierstrass theorem. Besides
obtaining important theorems to be used subsequently, these results should
give a flavor of how life in infinite dimensional vector spaces is different from
what one is used to in finite dimensional spaces.

The Stone-Weierstrass theorem and the way that we have applied it serve
as an example of functional analysis at work. We had a concrete approxi-
mation problem — approximating continuous functions by polynomials or by
trigonometric polynomials — which was solved by considering a vastly more
general approximation problem. Considering a more general problem serves
two purposes. First, after we have proved the result, we have a ready-to-use
tool that will be applicable in many situations. Second, by generalizing the
problem we strip away the irrelevant details (for example, the particular na-
ture of the functions we are trying to approximate with or the nature of the
space on which they live) and we are left with the essence of the problem.

To prove the theorem it was convenient to employ the language of abstract
analysis, namely, to introduce a norm and to consider the problem inside an
algebra which is also a metric space. It was convenient to consider a closed
subalgebra A, even though there was no closed subalgebra in the original
problems, and even though this closed subalgebra turned out to be the whole
space of continuous functions.
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In mathematical culture, people sometimes make a distinction between
“hard analysis” and “soft analysis”. “Hard analysis” usually refers to argu-
ments that require explicit estimates or calculations (such as are required to
show that a power series converges in an interval, or that some generalized
integral converges conditionally), and “soft analysis” refers to arguments that
use algebraic constructs or deep topological considerations. Because functional
analysis provides an algebraic framework for a unified and elegant treatment
of problems in analysis, many students naively consider functional analysis to
be a magical device which turns every hard analytical problem into a soft one.
Things are not that simple.

The elegant and abstract proof of the Weierstrass theorem presented above
is quite softer than Weierstrass’s original proof, which involved integration on
the real line and the use of power series. However, we could not do without
some piece of “hard analysis”: we required the fact that the Taylor series
of h(x) =

√
1− x converges uniformly in [−1, 1]. This is an instance of the

following maxim (to be taken with a grain of salt): there is no analysis without
“hard analysis”.

What is meant by this is that one will hardly ever get an interesting the-
orem of substance, which applies to concrete cases in analysis, that does not
involve some kind of difficult calculation, delicate estimation, or at least a
clever trick. In our example, the hard analysis part is showing that the power
series of

√
1− x converges uniformly in [−1, 1]. The Stone-Weierstrass theo-

rem, which has a very soft proof, then spares us the use of hard techniques
when it gives us the polynomial and the trigonometric approximation theo-
rems for free. But the hard analysis cannot be eliminated entirely. It is good
to keep this in mind.

1.6 Additional exercises

Exercise 1.6.1. Let f ∈ CR([−1, 1]) such that f(0) = 0. Prove that f can be
approximated in uniform norm by polynomials with zero constant coefficient.

Exercise 1.6.2. Let C0(R) be the algebra of all continuous functions that
vanish at infinity, that is

C0(R) = {f ∈ C(R) : lim
x→∞

f(x) = lim
x→−∞

f(x) = 0}.

Let A be a self-adjoint subalgebra of C0(R) that separates points, and assume
that for all x ∈ R, there exists f ∈ A such that f(x) 6= 0. Prove that A =
C0(R).

Exercise 1.6.3. Determine which of the following statements are true.
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1. For every f ∈ CR([a, b]), all x1, x2, . . . , xn ∈ [a, b], and every ǫ > 0, there
exists a trigonometric polynomial p such that supx∈[a,b] |p(x)−f(x)| < ǫ
and p(xi) = f(xi) for i = 1, 2, . . . , n.

2. For every f ∈ CR([a, b]) which has n continuous derivatives on [a, b],
and every ǫ > 0, there exists a trigonometric polynomial p such that
supx∈[a,b] |p(k)(x)−f (k)(x)| < ǫ for all k = 0, 1, . . . , n. (Here f (k) denotes
the kth derivative of f .)

Exercise 1.6.4. 1. Let f be a continuous real-valued function on [a, b]

such that
∫ b

a
f(x)xndx = 0 for all n = 0, 1, 2, . . .. Prove that f ≡ 0.

2. Let f be a continuous real-valued function on [−1, 1] such that∫ 1

−1 f(x)x
ndx = 0 for all odd n. What can you say about f?

Exercise 1.6.5. Let X be a compact metric space. Prove that CR(X) is a
separable metric space.

Exercise 1.6.6. Let X and Y be compact metric spaces. Let X × Y be the
product space (see Definition A.3.10) and fix a function h ∈ C(X ×Y ). Prove
that for every ǫ > 0, there exist f1, . . . , fn ∈ C(X) and g1, . . . , gn ∈ C(Y )
such that for all (x, y) ∈ X × Y ,

|h(x, y)−
n∑

i=1

fi(x)gi(y)| < ǫ.

Exercise 1.6.7. A Zk-periodic function is a function f : Rk → R such that
f(x + n) = f(x) for all x ∈ Rk and n ∈ Zk. A trigonometric polynomial
on Rk is a function q of the form

q(x) =
∑

n

an cos(2πn · x) + bn sin(2πn · x),

where the sum above is finite, and for x = (x1, . . . , xk) and n = (n1, . . . , nk)
we write n · x =

∑
nixi. Prove the following theorem.

Theorem (Trigonometric approximation theorem). Let f : Rk → R be a
continuous Zk-periodic function. For every ǫ > 0 there exists a trigonometric
polynomial q such that for all x ∈ Rk,

|q(x) − f(x)| < ǫ.

Exercise 1.6.8 (Holladay1). Let X be a compact Hausdorff space and let
CH(X) denote the algebra of continuous functions taking quaternionic values.

1This exercise was suggested to me by Shlomi Gover, who found the note [14] when he
was a teaching assistant in the course I taught.
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Here, H denotes the quaternions, that is, the four-dimensional real vector
space

H = {a+ bi+ cj + dk : a, b, c, d ∈ R},
with a basis consisting of 1 ∈ R and three additional elements i, j, k, and
with multiplication determined by the multiplication of the reals and by the
identities

i2 = j2 = k2 = ijk = −1.

(The topology on H — required for the notion of continuous functions from
X into H — is the one given by identifying H with R4.) Prove that if A is a
closed subalgebra of CH(X) that separates points and contains all the constant
H-valued functions, then A = CH(X).



Chapter 2

Hilbert spaces

2.1 Background and motivation

In the previous chapter, we briefly discussed the problem of finding a
useful basis for an infinite dimensional vector space. We saw how the sequence
of monomials {tn}∞n=0 is in some sense a spanning set for CR([a, b]). The
monomials are also linearly independent, so it may seem that this sequence
deserves to be called a basis. However, it turns out that in infinite dimensional
spaces the very notion of a basis requires much care. For instance we know
that polynomials can be used to approximate any continuous function, but
the approximating polynomial is not unique.

Recall that we introduced the metric d(f, g) = ‖f−g‖∞ on CR([a, b]), and
this helped us clarify in what sense {tn}∞n=0 can serve as a spanning set for
CR([a, b]). But there are other distance functions which one can impose on
CR([a, b]); for instance,

d1(f, g) =

∫ b

a

|f(t)− g(t)|dt,

or

d2(f, g) =

√∫ b

a

|f(t)− g(t)|2dt.

Is the supremum metric the best metric for studying the space CR([a, b])? For
example, taking the integral equation

f(x) +

∫ b

a

k(t, x)f(t)dt = g(x)

as our starting point, it is not clear which metric will help us better at under-
standing the solvability of the problem. It turns out that for the purpose of un-
derstanding integral equations, it is profitable to consider the space CR([a, b])
as a metric space with the metric d2. What makes d2 useful is the fact that it
is induced from an inner product.

At this point we abandon these vague and very general questions, and focus
our attention on spaces in which the metric comes from an inner product. In
this and in the next few chapters, we will study the basic theory of Hilbert

13
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spaces. Hilbert spaces are infinite dimensional inner product spaces that are
also complete as metric spaces. The reason that we begin with Hilbert spaces
is that familiar procedures from linear algebra can be easily generalized to
this setting. In particular, we will see that Hilbert spaces admit orthonormal
bases, and this fact will provide us very quickly with an application of the
abstract theory to concrete problems in analysis.

2.2 The basic definitions

2.2.1 Inner product spaces

Definition 2.2.1. Let G be a complex vector space. G is said to be an inner
product space if there exists a function 〈·, ·〉 : G×G → C that satisfies the
following conditions:

1. 〈f, f〉 ≥ 0 for all f ∈ G.

2. 〈f, f〉 = 0 if and only if f = 0.

3. 〈f, g〉 = 〈g, f〉 for all f, g ∈ G.

4. 〈af + bg, h〉 = a〈f, h〉+ b〈g, h〉 for all f, g, h ∈ G and all a, b ∈ C.

The function 〈·, ·〉 : G×G→ C is referred to as an inner product.

From properties 3 and 4 above, we have the following property too:

〈h, af + bg〉 = a〈h, f〉+ b〈h, g〉 for all f, g, h ∈ G and all a, b ∈ C.

Remark 2.2.2. The vector spaces arising in functional analysis are (usually)
either the real numbers R or the complex numbers C. In this text, we shall
consider mostly complex spaces, that is, spaces over C; this will keep state-
ments clean. Almost all of the results discussed in this book hold equally well
for real Hilbert spaces with similar proofs. We will try to take note of instances
where the fact that we are working over C makes a difference.

Henceforth G will denote an inner product space. Sometimes we will denote
the inner product 〈f, g〉G for emphasis.

Example 2.2.3. The space G = Cn with the standard inner product:

〈x, y〉 =
n∑

i=1

xiyi.

It is worth noting that as a metric space, Cn can be identified with R2n in the
obvious way.



Hilbert spaces 15

Example 2.2.4. The space G = C([0, 1]) (the continuous complex-valued
functions on the interval) with the inner product

〈f, g〉 =
∫ 1

0

f(t)g(t)dt.

The reader might not be familiar with Riemann integration of complex-valued
functions. There is really nothing to it: if f(t) = u(t) + iv(t) is a continuous,
complex-valued function where u and v are its real and imaginary parts (de-
fined by u(t) = Re f(t), v(t) = Im f(t)), then

∫ b

a

f(t)dt =

∫ b

a

u(t)dt+ i

∫ b

a

v(t)dt.

It is straightforward to show that one obtains the same value for the integral
if one takes the limit of Riemann sums.

Definition 2.2.5. If f ∈ G, one defines the norm of f to be the nonnegative
real number ‖f‖ given by

‖f‖ =
√
〈f, f〉.

Definition 2.2.6. A unit vector in an inner product space is an element
f ∈ G such that ‖f‖ = 1.

The norm is defined in terms of the inner product, but one may also recover
the inner product from the norm.

Exercise 2.2.7. Prove the polarization identities:

1. If G is a real inner product space, then for all f, g ∈ G,

〈f, g〉 = 1

4

(
‖f + g‖2 − ‖f − g‖2

)
.

2. If G is a complex inner product space, then for all f, g ∈ G,

〈f, g〉 = 1

4

(
‖f + g‖2 − ‖f − g‖2 + i‖f + ig‖2 − i‖f − ig‖2

)
.

Theorem 2.2.8 (Cauchy-Schwarz inequality). For all f, g ∈ G,

|〈f, g〉| ≤ ‖f‖‖g‖.

Equality holds if and only if f and g are linearly dependent.

Proof. If f and g are linearly dependent, then without loss of generality f =
cg, and |〈f, g〉| = |c|‖g‖2 = ‖f‖‖g‖.

If f, g ∈ G are not linearly dependent (so in particular nonzero), then
consider the unit vectors u = 1

‖f‖f and v = 1
‖g‖g. We need to prove that
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|〈u, v〉| < 1. Let t ∈ C be such that |t| = 1 and t〈u, v〉 = −|〈u, v〉|. Using the
properties of inner product, we have

0 < ‖u+ tv‖2 = 〈u+ tv, u + tv〉
= 〈u, u〉+ t〈u, v〉+ t〈v, u〉+ |t|2〈v, v〉
= 2− 2|〈u, v〉|.

Thus |〈u, v〉| < 1 as required.

Exercise 2.2.9. In the above proof, we used the fact that f 6= 0 implies
‖f‖ 6= 0. Try to come up with a proof for the Cauchy-Schwarz inequality that
only uses properties 1, 3 and 4 of inner product (see Definition 2.2.1). We will
have an occasion to use this.

Theorem 2.2.10 (The triangle inequality). For all f, g ∈ G,

‖f + g‖ ≤ ‖f‖+ ‖g‖.

Equality holds if and only if one of the vectors is a nonnegative multiple of
the other.

Proof. One expands ‖f + g‖2 and then uses Cauchy-Schwarz:

‖f + g‖2 = ‖f‖2 + 2Re〈f, g〉+ ‖g‖2

≤ ‖f‖2 + 2|〈f, g〉|+ ‖g‖2

≤ ‖f‖2 + 2‖f‖‖g‖+ ‖g‖2

= (‖f‖+ ‖g‖)2.

By Theorem 2.2.8 equality occurs in the second inequality if and only if one
vector is a constant multiple of the other; equality then occurs in the first
inequality if and only if the constant is nonnegative.

We see that ‖ · ‖ satisfies all the familiar properties of a norm:

1. ‖f‖ ≥ 0 for all f ∈ G, and ‖f‖ = 0 implies f = 0.

2. ‖af‖ = |a|‖f‖ for all f ∈ G and all a ∈ C.

3. ‖f + g‖ ≤ ‖f‖+ ‖g‖ for all f, g ∈ G.

It follows that ‖ · ‖ induces a metric d on G by

d(f, g) = ‖f − g‖.

Exercise 2.2.11. Prove that the function d : G×G→ [0,∞) defined above
is a metric.

Thus, every inner product space G carries the structure of a metric space,
and the structure of the metric space is related to the linear structure through
the inner product.
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Definition 2.2.12. If {fn}∞n=0 is a sequence in G, we say that fn converges
to f , and we write fn → f , if

lim
n→∞

d(fn, f) = lim
n→∞

‖fn − f‖ = 0.

The following three exercises are easy, but important. We will use them
throughout without mention.

Exercise 2.2.13. Prove that the inner product is continuous in its variables.
That is, show that if fn → f and gn → g, then

〈fn, gn〉 → 〈f, g〉.

In particular, the norm is continuous.

Exercise 2.2.14. Prove that the vector space operations are continuous. That
is, show that if fn → f and gn → g in G and cn → c in C, then

fn + cngn → f + cg.

Exercise 2.2.15. Let G be an inner product space, let g ∈ G, and let F be
a dense subset of G. Show that if 〈f, g〉 = 0 for all f ∈ F , then g = 0.

2.2.2 Hilbert spaces

Recall that a sequence {fn}∞n=1 in G is said to be a Cauchy sequence if
d(fn, fm) = ‖fn − fm‖ → 0 as m,n→ ∞, and that G is said to be complete
if every Cauchy sequence actually converges to a point in G (see Section A.2).

Definition 2.2.16. An inner product space G is said to be a Hilbert space
if it is complete with respect to the metric induced by the norm.

Let us review the examples we saw above.

Example 2.2.17. The space G = Cn is complete with respect to the Eu-
clidean norm, so it is a Hilbert space. (In case the reader has not yet seen the
completeness of Cn = R2n, a proof can be adapted from Example 2.2.19).

Example 2.2.18. The space G = C([0, 1]) is not complete with respect to the
norm corresponding to the inner product specified in Example 2.2.4, so this
inner product space is not a Hilbert space. Indeed, let fn be the continuous
function that is equal to zero between 0 and 1/2, equal to 1 between 1/2+1/n
and 1, and linear on [1/2, 1/2 + 1/n]. If m < n, then ‖fm − fn‖ < 1/m, thus
this series is Cauchy. However, one can show that if f is a continuous function
such that ‖fn − f‖ → 0, then f

∣∣
(0,1/2)

≡ 0 and f
∣∣
(1/2,1)

≡ 1. But there is no

such continuous function, so C([0, 1]) is not complete.
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Example 2.2.19. Let ℓ2(N) (or, for short, ℓ2) denote the set of all square
summable sequences of complex numbers. That is, let CN denote the space of
all complex valued sequences, and define

ℓ2 =

{
x = (xk)

∞
k=0 ∈ CN :

∞∑

k=0

|xk|2 <∞
}
.

We endow ℓ2 with the natural vector space operations, and with the inner
product 〈x, y〉 =∑k xkyk. The norm is given by ‖x‖ =

√∑ |xk|2.
There are several things to prove in order to show that ℓ2 is a Hilbert

space. First, we have to show that ℓ2 is a vector space; second, we must show
that our definition of the inner product makes sense; third, we have to show
that ℓ2 is complete.

The only nontrivial thing to check with regard to ℓ2 being a vector space
is that if x, y ∈ ℓ2, then x+ y ∈ ℓ2. Using the triangle inequality in Cn+1 we
find

n∑

k=0

|xk + yk|2 ≤



√√√√

n∑

k=0

|xk|2 +

√√√√
n∑

k=0

|yk|2



2

≤ (‖x‖+ ‖y‖)2 <∞

for all n. Letting n → ∞ we see that x + y ∈ ℓ2. In a similar manner, one
uses the Cauchy-Schwarz inequality in Cn to verify that

∑
xkyk converges

absolutely for all x, y ∈ ℓ2, and thus the inner product is well-defined. Checking
that the map (x, y) 7→ 〈x, y〉 defines an inner product is now straightforward.

We turn to prove that ℓ2 is complete. Suppose that {x(n)}∞n=1 is a Cauchy

sequence in ℓ2. That means that for every n, x(n) = (x
(n)
k )∞k=0 is a sequence

in ℓ2 and that

‖x(n) − x(m)‖2 =
∑

k

|x(n)k − x
(m)
k |2 −→ 0

as m,n → ∞. In particular, for all k, we have that |x(n)k − x
(m)
k |2 −→ 0,

thus for every fixed k the sequence {x(n)k }∞n=1 is a Cauchy sequence of com-
plex numbers. By completeness of C, for each k there is some xk such that

{x(n)k }∞n=1 converges to xk. Define x = (xk)
∞
k=0. We need to show that x ∈ ℓ2,

and that {x(n)}∞n=1 converges to x in the norm of ℓ2.
Every Cauchy sequence in any metric space is bounded, so there is an M

such that ‖x(n)‖ ≤M for all n. Fix some ǫ > 0, and choose an integer n0 such
that ‖x(n) − x(m)‖ < ǫ for all m,n ≥ n0. Then for every integer N ,

N∑

k=0

|x(n)k − x
(m)
k |2 < ǫ2

for all m,n ≥ n0. Letting m→ ∞, we find that

N∑

k=0

|x(n)k − xk|2 ≤ ǫ2
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for all n ≥ n0, and therefore
∑N

k=0 |xk|2 ≤ (M+ǫ)2. Since N can be arbitrarily
large while M and ǫ are held fixed, we conclude that x ∈ ℓ2 and that ‖x(n) −
x‖ ≤ ǫ for all n ≥ n0. Since ǫ was arbitrary, we also get that x(n) → x. That
completes the proof that ℓ2 is a Hilbert space.

It is convenient at times to consider the close relatives of ℓ2 defined as
follows.

Example 2.2.20. Let S be a set. Then we define ℓ2(S) to be

ℓ2(S) =

{
f : S → C :

∑

s∈S

|f(s)|2 <∞
}

with the inner product 〈f, g〉 =∑s∈S f(s)g(s). For example, there is the very
useful space ℓ2(Z). In case S is uncountable, then one has to be careful how
this sum is defined. This issue will be discussed later on (see Definition 3.3.4).

2.3 Completion

Theorem 2.3.1. Let G be an inner product space. There exists a Hilbert space
H, and a linear map V : G→ H such that

1. For all g, h ∈ G, 〈V (f), V (g)〉H = 〈f, g〉G.

2. V (G) is dense in H.

If H ′ is another Hilbert space and V ′ : G→ H ′ is a linear map satisfying the
above two conditions, then there is a bijective linear map U : H → H ′ such
that 〈U(h), U(k)〉H′ = 〈h, k〉H for all h, k ∈ H and U(V (g)) = V ′(g) for all
g ∈ G.

Remarks 2.3.2. Before the proof we make the following remarks.

1. The Hilbert space H is said to be the Hilbert space completion or
simply the completion of G.

2. The last assertion of the theorem says that H is essentially unique, up
to the obvious “isomorphism” appropriate for Hilbert spaces.

3. Since V preserves all of the structure that G enjoys, one usually identifies
G with V (G), and then the theorem is stated as follows: There exists a
unique Hilbert space H which contains G as a dense subspace.

Proof. For the moment being, forget that G is an inner product space, and
let H be the metric space completion of G, when G is considered simply as a
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metric space (see Theorem A.2.10). Let V denote the isometric embedding of
G into H . Thus H is a complete metric space and V (G) is dense in H .

It remains to give H the structure of a Hilbert space, to show that the
metric is induced by the inner product, and to show that V is a linear map
that preserves the inner product. The main idea of the rest of the proof is
roughly as follows: every uniformly continuous map from a metric space X
into a complete metric space Z extends uniquely to a continuous map from the
completion of X to Z (see Exercise A.2.15), thus the vector space operations
and the inner product of G extend to H to make it a Hilbert space.

Now to the details. Since V is injective, we can make V (G) into an inner
product space by defining vector space operations

cV (g) = V (cg),

V (f) + V (g) = V (f + g),

and an inner product
〈V (f), V (g)〉 = 〈f, g〉,

for f, g ∈ G and c ∈ C. To simplify notation, let us identify G with V (G), and
omit V . We can do this because V is injective, and because V is compatible
with the only structure that we initially had on V (G), which is the metric.
Once we extend the linear and inner product structure from V (G) to H , the
map V will then be a linear map preserving inner products, as required.

Given h, k ∈ H , and letting {fn}∞n=1, {gn}∞n=1 be sequences in G such that
fn → h and gn → k (in the metric of H), we define

h+ k = lim
n→∞

fn + gn.

The limit does exist because {fn+gn}∞n=1 is a Cauchy sequence in G, and H is
complete. The limit is also well-defined: if f ′

n → h, g′n → k, then dH(fn, f
′
n) →

0 and dH(gn, g
′
n) → 0, thus

dH(fn + gn, f
′
n + g′n) = ‖fn + gn − (f ′

n + g′n)‖G → 0.

Multiplication of elements in H by scalars is defined in a similar manner, and
it follows readily that the operations satisfy the axioms of a vector space.

Next, we define an inner product on H . If h, k ∈ H , G ∋ fn → h and
G ∋ gn → k, then we define

〈h, k〉H = lim
n→∞

〈fn, gn〉G.

The limit really does exist: every Cauchy sequence is bounded, so the identity

〈fn, gn〉 − 〈fm, gm〉 = 〈fn, gn − gm〉+ 〈fn − fm, gm〉 (2.1)

together with Cauchy-Schwarz implies that {〈fn, gn〉}∞n=1 is a Cauchy sequence
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of complex numbers. This implies not only that the limit exists, but that it is
independent of the choice of sequences fn, gn (why?).

It is easy to check that the form 〈·, ·〉 : H ×H → C satisfies the conditions
of Definition 2.2.1. For example, if h ∈ H , let G ∋ fn → h. Then 〈h, h〉 =
lim〈fn, fn〉 ≥ 0. Moreover, if 〈h, h〉H = 0, then ‖fn − 0‖2 = 〈fn, fn〉 → 0.
Thus fn converges to 0 in G ⊆ H . But fn converges to h in H , therefore, by
uniqueness of the limit in H , h = 0.

By this point, we know that H is a complete metric space which also has
the structure of an inner product space. To show that H is a Hilbert space,
we need to show that the inner product induces the metric of H . Letting
h, k, fn, gn as above, we have

‖h− k‖2H = 〈h− k, h− k〉H = lim
n→∞

‖fn − gn‖2G.

But since the metric in any metric space is continuous, we also have

dH(h, k) = lim
n→∞

dG(fn, gn) = lim
n→∞

‖fn − gn‖.

Therefore the inner product on H induces a complete metric, as required.
We now come to the final assertion. Let (H ′, V ′) be another pair consist-

ing of a Hilbert space and a linear map V ′ : G → H ′ as described in the
theorem. We define a map U0 : V (G) → V ′(G) by U0(V (g)) = V ′(g). From
the properties of V, V ′, it follows that U0 is a linear map, and that

〈U0(V (f)), U0(V (g))〉H′ = 〈f, g〉G = 〈V (f), V (g)〉H .

We have that U0 is a metric preserving map between dense subsets of two
complete metric spaces, and thus it extends uniquely to a map U : H → H ′.
We leave to the reader to show that U is a linear, surjective, inner product
preserving map. That completes the proof.

Exercise 2.3.3. Show that the map U : H → H ′ is a linear, surjective, inner
product preserving map.

2.4 The space of Lebesgue square integrable functions

Let [a, b] be a closed interval. Recall that a function f : [a, b] → R is said to
be piecewise continuous if f is continuous at all but finitely many points in
[a, b], and if both the right and left one-sided limits exist and are finite at all
points in [a, b]. A complex-valued function f is said to be piecewise continuous
under exactly the same terms. Equivalently, f is piecewise continuous if and
only if Ref and Imf are both piecewise continuous.
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Let PC[a, b] denote the space of piecewise continuous complex-valued func-
tions on the interval [a, b], and define the following form

〈f, g〉 =
∫ b

a

f(t)g(t)dt. (2.2)

The integral we require is the standard (complex-valued) Riemann integral.
Note that this is not exactly an inner product on PC[a, b] because it may
happen that 〈f, f〉 = 0 for a function f which is not identically zero; for
example, if f(x) 6= 0 at finitely many points and zero elsewhere. However, this
problem is easily fixed, because of the following fact.

Exercise 2.4.1. Let f ∈ PC[a, b]. Prove that ‖f‖ = 0 if and only if the set
of points where f is nonzero is a finite set.

To fix the problem, say that f ∼ g if f and g are equal at all points of
[a, b] except finitely many. Denoting by ḟ and ġ the equivalence classes of f
and g, respectively, we define ḟ + cġ to be the equivalence class of f + cg.
Clearly, if f1 ∼ f2 and g1 ∼ g2, then f1+ cg1 ∼ f2+ cg2 (for c ∈ C), so the set
of equivalence classes becomes a complex vector space. The set of equivalence
classes may then be given the structure of an inner product space, with

〈ḟ , ġ〉 =
∫ b

a

f(t)g(t)dt.

It is customary to let PC[a, b] denote also the set of equivalence classes of
piecewise continuous functions, and to consider elements of this space as func-
tions, with the provision of declaring two functions to be equal if they are
equivalent. In other words, PC[a, b] can be considered as the space of piece-
wise continuous functions with the inner product (2.2), where one does not
distinguish between two functions if their values differ only on a finite set of
points.

The space C([a, b]) of all continuous complex-valued functions on the in-
terval [a, b] is contained in the space of piecewise continuous functions, but we
should be careful because equality in PC[a, b] is defined modulo finite sets.

Exercise 2.4.2. Show that for every f ∈ PC[a, b], there is at most one
g ∈ C([a, b]) in its equivalence class.

The meaning of the exercise above is that our new equality in PC[a, b] is
consistent with the equality of functions in C([a, b]). Thus, it is safe to say
that C([a, b]) ⊆ PC[a, b].

Exercise 2.4.3. Justify the statement “C([a, b]) is a subspace of the inner
product space PC[a, b]”. Prove that C([a, b]) is dense in PC[a, b].

Exercise 2.4.4. Show that with respect to the above inner product PC[a, b]
is not complete.
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In many problems in classical analysis or mathematical physics, such as
Fourier series, differential equations, or integral equations, it seems that the
natural space of interest is C([a, b]) or PC[a, b]. Experience has led math-
ematicians to feel that it is helpful to introduce on these spaces the inner
product

〈f, g〉 =
∫ b

a

f(t)g(t)dt

and to use the induced norm as a measure of size (or distance) in this space.
However, neither of these spaces is complete. The completion of either of these
spaces is denoted L2[a, b].

Definition 2.4.5. The Hilbert space L2[a, b] is defined to be the unique com-
pletion (given by Theorem 2.3.1) of the inner product space PC[a, b], when
the latter is equipped with the inner product (2.2).

Exercise 2.4.6. Prove that C([a, b]) is dense in L2[a, b], and hence deduce
that L2[a, b] is also “equal” to the abstract completion of C([a, b]). As a first
step, clarify to yourself in what sense C([a, b]) is “contained in” L2[a, b]. This
involves recalling in what sense C([a, b]) is “contained in” PC[a, b].

Now, the definition of L2[a, b] obtained by applying Theorem 2.3.1 is rather
abstract: it is the quotient space of a space of Cauchy sequences of elements
in PC[a, b]. We will soon see that it is possible to think of it as a space of
functions but, before that, let us make a side remark and mention that the
way we have defined L2[a, b] here is somewhat unusual.

Remark 2.4.7. The space L2[a, b] can be defined in a completely different
manner, in rather concrete function-theoretic terms, as the space of square
integrable Lebesgue measurable functions on the interval (to be precise, equiv-
alence classes of square integrable Lebesgue measurable functions). This is the
way this space is defined in a course in measure theory, and is in fact how it is
usually defined; we refer the reader to either [11] or [29] for the standard treat-
ment. After one defines the space L2[a, b], one can define the inner product
on it using the Lebesgue integral. 1 One can then prove that the inner product
space L2[a, b] is complete, and that the continuous functions (or the piecewise
continuous functions) are dense in this space. However, the uniqueness part
of Theorem 2.3.1 guarantees that we get precisely the same Hilbert space as
we do from the construction we carried out above.

Note that our functional-analytic construction of L2[a, b] does not give any
measure theoretic result for free; it is the hard-analytic theorems in measure
theory (completeness of L2[a, b] and density of the piecewise continuous func-
tions in it) that allow us to conclude that the measure theoretic construction
and the abstract construction give rise to the “same” Hilbert space. The way

1The Lebesgue integral is an extension of the Riemann integral that agrees with the
Riemann integral on Riemann-integrable functions, but is defined also for much larger class
of functions.
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we constructed L2[a, b] is a shortcut, and students who are serious about their
mathematical training should eventually learn the measure theoretic construc-
tion.

In this book we do not require any knowledge from measure theory. Rather,
we will stick with our definition of L2[a, b] as an abstract completion, and we
will derive some of its function theoretic nature from this. This approach is
good enough for many applications of the theory.

Let us decide that we will call every element f ∈ L2[a, b] a function. Since
PC[a, b] ⊂ L2[a, b], it is clear that we will be identifying some functions —
we were already identifying functions at the level of PC[a, b] — so the word
function has a somewhat different meaning than what one may be used to. If
f ∈ L2[a, b] we cannot really say what is the value of f at a point x ∈ [a, b]
(already in PC[a, b] we could not), but f has some other function-like aspects.

First of all, f is “square integrable” on [a, b]. To be precise, we define the
integral of |f |2 on [a, b] to be

∫ b

a

|f(t)|2dt = 〈f, f〉.

We see that if f and g are functions in L2[a, b], then we consider f and g as

being equal if
∫ b

a
|f(t)− g(t)|2dt = 0.

Second, every f ∈ L2[a, b] is actually “integrable” on [a, b], that is, we can
define ∫ b

a

f(t)dt = 〈f, 1〉,

where 1 is the constant function 1 on [a, b], which is in PC[a, b], and therefore
in L2[a, b].

Lastly, we can define the integral of f on every sub-interval [c, d] ⊆ [a, b]:

∫ d

c

f(t)dt = 〈f, χ[c,d]〉,

where χ[c,d] is the characteristic function of [c, d], that is, the piecewise con-
tinuous function that is equal to 1 on [c, d] and zero elsewhere.

All these definitions are consistent with the definitions of the integral of
piecewise continuous functions. Moreover, for a continuous function f , if we

know
∫ d

c f(t)dt for every interval [c, d] ⊆ [a, b] then we can completely recover

f ; for a piecewise continuous function f , if we know
∫ d

c
f(t)dt for every interval

[c, d] ⊆ [a, b] then we can recover the equivalence class of f in PC[a, b]. It
follows (with some work) that if f ∈ L2[a, b] then the collection of quantities
〈f, 1[c,d]〉 for all c, d determines f , and consequently we can say that a function
in L2[a, b] is uniquely determined by its integrals over all intervals.

Exercise 2.4.8. Prove that a function in C([a, b]) is completely determined
by the values of its integrals over sub-intervals of [a, b], in the sense that if

f, g ∈ C([a, b]), and if
∫ d

c
f =

∫ d

c
g for all a ≤ c < d ≤ b, then f = g.
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Exercise 2.4.9. Show that a function in L2[a, b] is completely determined by
the values of its integrals over sub-intervals of [a, b].

You are meant to prove the above exercise using only our definition of
L2[a, b] as the abstract completion of PC[a, b] and the subsequent definition
of integral over a sub-interval. It is also a fact in measure theory, that any
“function” f ∈ L2[a, b] is nothing more and nothing less than the totality of

values
∫ d

c
f(t)dt.

Remark 2.4.10. When trying to think of L2[a, b] as a space of functions,
there are two questions to ponder. First, given an element f ∈ L2[a, b], in
what sense can it be considered as a function? We addressed this issue above.
Second, given a function f : [a, b] → C, we ask whether or not f can be
considered as an element in L2[a, b]. This is an important question, but for
our purposes it is not crucial to settle it now. We will return to this question
in Section 12.1. For a full understanding of L2[a, b], the student is advised to
learn the theory of Lebesgue measure and integration.

Exercise 2.4.11 (Tricky). Try to justify the statement: for every r < 1/2,
the function given by f(x) = x−r for x ∈ (0, 1] (and undefined for x = 0) is in
L2[0, 1]. As a first step, you have to decide, and then explain, precisely what
it means for f to be in L2[a, b]. Can you say anything about the containment
of f in L2[a, b] if r ≥ 1/2 and f is given by the same formula? (We will return
to this delicate issue in Section 12.1 below).

In a way similar to the above, if K is a nice subset of Rk, then we define
L2(K) to be the completion of the space C(K) with respect to the inner
product

〈f, g〉 =
∫

K

f(t1, . . . , tk)g(t1, . . . , tk)dt1 · · · dtk.

The details are similar to the one-dimensional case and we do not dwell on
them. L2 spaces can be defined on spaces of a more general nature, but that
is best done with some measure theory (again we refer the reader to either
[11] or [29]).

2.5 Additional exercises

Exercise 2.5.1. Let G be an inner product space. Prove that for every
g1, . . . , gn ∈ G, there exist scalars c1, . . . , cn with |ci| = 1 for all i, such that

∥∥∥∥∥
n∑

i=1

cigi

∥∥∥∥∥

2

≥
n∑

i=1

‖gi‖2.

Is there anything to say about what happens when the scalar field varies?
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Exercise 2.5.2. LetH be a Hilbert space, and let {hn}∞n=1 ⊂ H be a sequence
for which there is a constant C, such that for every sequence {cn}Nn=1 of scalars,
|cn| ≤ 1 for all n = 1, . . . , N ,

∥∥∥∥∥
N∑

n=1

cnhn

∥∥∥∥∥ ≤ C.

Prove that the limit

lim
N→∞

N∑

n=1

hn

exists in norm.

Exercise 2.5.3. Prove that the inner product space C([0, 1]) with the inner
product specified in Example 2.2.4 is not complete (in other words, provide
the details missing from Example 2.2.18).

Exercise 2.5.4. Consider the form

〈f, g〉 =
∞∑

k=0

f (k)(0)g(k)(0).

where f (k)(0) denotes the kth derivative of a function f at 0. Which of the
following spaces is an inner product space, when equipped with the above
form? Which of them is a Hilbert space?

1. The space

H1 = {f : (−1, 1) → R : f is differentiable infinitely many times}.

2. The space

H2 =

{
f ∈ H1 :

∞∑

k=0

|f (k)(0)|2 <∞
}
.

3. The space

H3 = {f : D → C : f is bounded and analytic}.

4. The space

H4 =

{
f : D → C : f is analytic and

∞∑

k=0

|f (k)(0)|2 <∞
}
.

Exercise 2.5.5. Let [·, ·] : Cn ×Cn → C. Prove that [·, ·] is an inner product
on Cn if and only if there exists a positive definite matrix A ∈ Mn(C) such
that

[x, y] = 〈Ax, y〉,
where 〈·, ·〉 denotes the standard inner product on Cn. Likewise, characterize
real-valued inner products on the real space Rn.
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Exercise 2.5.6. Define a norm ‖ · ‖ on R2 by ‖(x1, x2)‖ = max{|x1|, |x2|}.
Can you find an inner product on R2 such that ‖ · ‖ is the norm induced by
this inner product?

Exercise 2.5.7. Can one define an inner product on C(X) which induces the
supremum norm?

Exercise 2.5.8. The Bergman space L2
a(D) is the space of all analytic func-

tions on the unit disc that are square integrable, that is

L2
a(D) =

{
f : D → C analytic : lim

rր1

∫

x2+y2≤r

|f(x+ iy)|2dxdy <∞
}
.

On L2
a(D), define the inner product

〈f, g〉 =
∫

x2+y2<1

f(x+ iy)g(x+ iy)dxdy.

Prove that L2
a(D) is a Hilbert space (this will be established in Section 6.2).

Exercise 2.5.9. Prove that each one of the following two sets is dense in
L2[0, 1].

1. The space of step functions functions span{χ[a,b] : a, b ∈ [0, 1]}.

2. The space of polynomials.

Exercise 2.5.10. Let {Hn}n∈N be a family of Hilbert spaces. Define a new
space ⊕n∈NHn as follows:

⊕

n∈N

Hn = {(hn)∞n=0 : hn ∈ Hn for all n ∈ N,
∞∑

n=0

‖hn‖2Hn
<∞}.

On ⊕n∈NHn define an inner product

〈
(gn)

∞
n=0, (hn)

∞
n=0

〉
=

∞∑

n=0

〈gn, hn〉Hn .

Prove that this inner product is well-defined, and that ⊕n∈NHn is a Hilbert
space.

The space ⊕n∈NHn is called the direct sum of the Hilbert spaces
{Hn}n∈N. Note that every space Hn can be considered to be a closed sub-
space of ⊕n∈NHn. Sometimes it is called the external direct sum, to make
a distinction from the situation where all the spaces Hn are a priori mutually
orthogonal subspaces inside a given Hilbert space. When one has a finite fam-
ily H1, . . . , HN , then one may form the external direct sum ⊕N

n=1Hn, denoted
also H1 ⊕ · · · ⊕HN , in a similar manner. The direct sum of a not necessarily
countable family of Hilbert spaces can also be defined (see Exercise 3.6.8).
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Chapter 3

Orthogonality, projections, and bases

3.1 Orthogonality

Definition 3.1.1. Let G be an inner product space.

1. Two vectors f, g ∈ G are said to be orthogonal, denoted f ⊥ g, if
〈f, g〉 = 0.

2. A set of nonzero vectors {ei}i∈I ⊆ G is said to be an orthogonal set if
ei ⊥ ej for all i 6= j.

3. An orthogonal set {ei}i∈I ⊆ G is said to be an orthonormal set if
ei is a unit vector (i.e., ‖ei‖ = 1) for all i ∈ I. An orthonormal set is
sometimes called an orthonormal system.

The following two easy propositions show how the geometry of inner prod-
uct spaces has some close similarities with Euclidean geometry.

Proposition 3.1.2 (Pythagorean identity). In an inner product space, the
following hold

1. If f ⊥ g, then ‖f + g‖2 = ‖f‖2 + ‖g‖2.
2. If {ei}ni=1 is a finite orthogonal set, then

‖
∑

i

ei‖2 =
∑

i

‖ei‖2.

Proof. The first assertion is a special case of the second, which in turn follows
from

‖
∑

i

ei‖2 = 〈
∑

i

ei,
∑

j

ej〉 =
n∑

i,j=1

〈ei, ej〉 =
∑

i

‖ei‖2.

Example 3.1.3. Let G = C([0, 1]) with the usual inner product. The set
{e2πinx}∞n=−∞ is an orthonormal set in G. Indeed,

〈e2πimx, e2πinx〉 =
∫ 1

0

e2πi(m−n)xdx,

29
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and this is equal to 1 if m = n and to 1
2πi(m−n)e

2πi(m−n)x
∣∣∣
1

0
= 0 if m 6= n.

The set {1, sin 2πnx, cos 2πnx}∞n=1 is an orthogonal set, but not orthonormal.
These two systems are also orthogonal sets in the larger space H = L2[0, 1].

Another immediate identity that holds in inner product spaces is the fol-
lowing.

Proposition 3.1.4 (The parallelogram law). For any f, g in an inner product
space, the following identity holds:

‖f + g‖2 + ‖f − g‖2 = 2‖f‖2 + 2‖g‖2.
Exercise 3.1.5. Prove the parallelogram law.

The parallelogram law differs from the Pythagorean identity in that it is
stated only in terms of the norm, and makes no mention of the inner product.
Thus, it can be used to show that some norms are not induced by an inner
product (recall Exercise 2.5.7; see also Exercise 7.1.12).

3.2 Orthogonal projection and orthogonal decomposi-
tion

Definition 3.2.1. A subset S in a vector space V is said to be convex if for
all x, y ∈ S and all t ∈ [0, 1], the vector tx+ (1 − t)y is also in S.

Lemma 3.2.2. Let S be a closed convex set in a Hilbert space H. Then there
is a unique h ∈ S of minimal norm.

Proof. Put d = inf{‖y‖ : y ∈ S}. Let {yn} be a sequence in S such that
‖yn‖ → d. Applying the parallelogram law to 1

2ym and 1
2yn, we find

∥∥∥∥
1

2
(ym − yn)

∥∥∥∥
2

= 2

∥∥∥∥
1

2
yn

∥∥∥∥
2

+ 2

∥∥∥∥
1

2
ym

∥∥∥∥
2

−
∥∥∥∥
1

2
(yn + ym)

∥∥∥∥
2

.

Now, ‖ 1
2 (yn+ym)‖2 ≥ d2, thus, letting m,n→ ∞, we find that the right-hand

side must tend to zero. Hence {yn} is a Cauchy sequence. Since H is complete
and S is closed, there is an h ∈ S such that yn → h. By the continuity of the
norm, ‖h‖ = d. This proves the existence of a norm minimizer.

To prove the uniqueness, let g, h ∈ S such that ‖g‖ = ‖h‖ = d. If we form
the sequence g, h, g, h, . . ., then we have just seen above that this is a Cauchy
sequence. It follows that g = h.

Theorem 3.2.3. Let S be a closed convex set in a Hilbert space H, and let
h ∈ H. Then there exists a unique g ∈ S such that

‖g − h‖ ≤ ‖f − h‖ for all f ∈ S.
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Proof. Apply Lemma 3.2.2 to the convex set S − h = {g − h : g ∈ S}. The
unique element y ∈ S − h of minimal norm corresponds to a unique g ∈ S
(given by g = y+h) such that ‖g−h‖ is minimal, so the theorem follows.

We call the element g ∈ S the best approximation for h within S. We
let PS denote the map that assigns to each h ∈ H the best approximation for
h within S. Thus, we have ‖PS(h) − h‖ ≤ ‖f − h‖ for all f ∈ S. Since every
subspace is convex, we immediately obtain the following.

Corollary 3.2.4. Let M be a closed subspace of H, and let h ∈ H. Then
there exists a unique g ∈M such that

‖g − h‖ ≤ ‖m− h‖ for all m ∈M.

Theorem 3.2.5. Let S be a closed convex set in a Hilbert space H, and let
h ∈ H and g ∈ S. The following are equivalent:

1. g = PS(h) (in other words, g is the best approximation for h within S).

2. Re〈h− g, f − g〉 ≤ 0 for all f ∈ S.

Remark 3.2.6. Before proceeding with the proof, we pause to get a picture
of the geometric meaning of the theorem. Consider the real Hilbert space
R2. Make a picture of a convex set S, a point h not in the set, its best
approximation g = PS(h), and another point f ∈ S. Draw a straight line
between g and h and another line between g and f . Note that the angle
between these lines is greater than π

2 . This is the geometric meaning of the
condition Re〈h− g, f − g〉 ≤ 0 above.

Proof. Let g = PS(h) and f ∈ S. Expanding the inequality

‖h− (tf + (1− t)g)‖2 ≥ ‖h− g‖2

(which holds for all t ∈ (0, 1)), we get

‖h− g‖2 − 2Re〈h− g, t(f − g)〉+ ‖t(f − g)‖2 ≥ ‖h− g‖2.

Dividing by t and cancelling some terms, we obtain

2Re〈h− g, f − g〉 ≤ t‖f − g‖2.

Since this is true for all t ∈ (0, 1), we conclude that 2Re〈h− g, f − g〉 ≤ 0.
To get the converse implication, let f ∈ S. Then using 2Re〈h−g, f−g〉 ≤ 0

we find

‖h− f‖2 = ‖(h− g)− (f − g)‖2

= ‖h− g‖2 − 2Re〈h− g, f − g〉+ ‖f − g‖2

≥ ‖h− g‖2,

so g = PS(h).
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Corollary 3.2.7. Let M be a closed subspace in a Hilbert space H, and let
h ∈ H and g ∈M . The following are equivalent:

1. g = PM (h).

2. h− g ⊥ m for all m ∈M .

Definition 3.2.8. Let G be an inner product space, and let S ⊆ G. We define

S⊥ = {g ∈ G : 〈s, g〉 = 0 for all s ∈ S}.

Exercise 3.2.9. Prove that for any set S, S⊥ is a closed subspace, and that
S ∩ S⊥ ⊆ {0}.

Theorem 3.2.10. Let M be a closed subspace in a Hilbert space H. Then
for every h ∈ H there is a unique m ∈ M and a unique n ∈ M⊥ such that
h = m+ n.

Proof. Write h = PMh+ (h−PMh). Setting m = PMh, we have that m ∈M
by definition. Moreover, letting n = h −m = h− PMh, we have n ∈ M⊥ by
Corollary 3.2.7.

For uniqueness, assume that h = m + n = m′ + n′, with m′ ∈ M and
n′ ∈M⊥. Then we have

M ∋ m−m′ = n− n′ ∈M⊥,

and since M ∩M⊥ = {0}, we have m = m′ and n = n′.

Remark 3.2.11. The conclusion of the theorem is usually expressed shortly
by writing H = M ⊕M⊥, and one says that H is the orthogonal direct
sum of M and M⊥. The space M⊥ is called the orthogonal complement
of M in H .

Theorem 3.2.12. Let S be a closed convex subset in a Hilbert space H. The
map PS satisfies PS ◦PS = PS , and PS(h) = h if and only if h ∈ S. The map
PS is linear if and only if S is a subspace.

Exercise 3.2.13. Prove Theorem 3.2.12.

Definition 3.2.14. A mapping T satisfying T ◦T = T is called a projection.
PS is called the best approximation projection onto S. If S is a subspace,
then PS is also called the orthogonal projection (of H) onto S.

Theorem 3.2.15. Let M be a subspace of a Hilbert space H. Then M is
closed if and only if M =M⊥⊥.

Proof. We already noted thatM⊥⊥ is closed (Exercise 3.2.9), so one direction
is immediate. Trivially, M ⊆ M⊥⊥ (because anything in M is orthogonal to
anything that is orthogonal to everything in M). So assume that M is closed
and that x ∈M⊥⊥, and write the orthogonal decomposition of x with respect
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to the decomposition H =M ⊕M⊥, that is x = y + z, with y ∈M, z ∈M⊥.
But y ∈ M⊥⊥, so this is also a decomposition of x with respect to H =
M⊥ ⊕M⊥⊥. However, x already has a decomposition x = 0+ x with respect
to H = M⊥ ⊕M⊥⊥. The uniqueness clause in Theorem 3.2.10 now implies
that x = y ∈M .

Corollary 3.2.16. For any subspace M ⊆ H, M⊥⊥ =M .

Proof. M
⊥
=M⊥, thus M⊥⊥ =M

⊥⊥
=M .

Recall from a course in linear algebra that every finite dimensional inner
product space has an orthonormal basis (see Section (3.5) in case you have
never seen this or forgotten it).

Exercise 3.2.17. Prove that a finite dimensional subspace of an inner prod-
uct space is closed.

Proposition 3.2.18. Let M be a finite dimensional subspace of a Hilbert
space H, and let {ei}Ni=1 be an orthonormal basis for M . For all h ∈ H,

PMh =

N∑

i=1

〈h, ei〉ei.

Proof. Put m = PMh. Since m ∈ M , then m =
∑N

i=1〈m, ei〉ei. (The familiar
proof from the course in linear algebra goes as follows:

m =

N∑

i=1

ciei

for some constants ci. Taking the inner product of this equality with ek one
obtains

〈m, ek〉 =
N∑

i=1

ci〈ei, ek〉 = ck,

and the representation of m is as we claimed). But, by Corollary 3.2.7, h−m
is orthogonal to M . In other words, 〈h −m, ei〉 = 0, or 〈h, ei〉 = 〈m, ei〉, for
all i; therefore, m =

∑N
i=1〈h, ei〉ei, as asserted.

3.3 Orthonormal bases

Recall that a Hamel basis for a vector space V is a family {vi}i∈I such
that every v ∈ V can be written in a unique way as a (finite) linear combination
of the vis (in linear algebra, a Hamel basis is called simply a basis, since no
other notions of basis are considered). A vector space is said to be infinite
dimensional if it has no finite Hamel basis.
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Exercise 3.3.1. Prove that if H is an infinite dimensional Hilbert space, then
H has no countable Hamel basis. (If you solved Exercise 1.2.1, then try to give
a totally different proof, which is Hilbert space specific.)

We see that Hamel bases are rather inaccessible objects in infinite dimen-
sional Hilbert spaces. We will need another notion of basis.

Definition 3.3.2. Let E = {ei}i∈I be an orthonormal system in an inner
product space G. E is said to be complete if E⊥ = {0}.

Proposition 3.3.3. Every inner product space has a complete orthonormal
system.

Proof. One considers the set of all orthonormal systems in the space, ordered
by inclusion, and applies Zorn’s lemma to deduce the existence of a maxi-
mal orthonormal system. A maximal orthonormal system must be complete,
otherwise one could add a normalized perpendicular vector.

In case that the inner product space in question is separable, one can
also prove that there exists a complete orthonormal system by applying the
Gram-Schmidt process to a dense sequence (see Section 3.5).

In this section, we will prove that a complete orthonormal system in a
Hilbert space behaves very much like an orthonormal basis in a finite dimen-
sional space. To make this precise, we first need to make sense of infinite sums
in inner product spaces.

Definition 3.3.4. Let I be any set, let {vi}i∈I be a set of elements in an inner
product space G, and let g ∈ G. We say that the series

∑
i∈I vi converges

to g, and we write
∑

i∈I vi = g, if for all ǫ > 0, there exists a finite set F0 ⊆ I
such that for every finite set F ⊆ I,

F0 ⊆ F implies that

∥∥∥∥∥
∑

i∈F

vi − g

∥∥∥∥∥ < ǫ.

The field of complex numbers C is an inner product space. In particular, if
{ai}i∈I is a set of complex numbers, we say that the series

∑
i∈I ai converges

to a ∈ C, and we write
∑

i∈I ai = a, if for all ǫ > 0, there exists a finite set
F0 such that for every finite set F ⊆ I,

F0 ⊆ F implies that

∣∣∣∣∣
∑

i∈F

ai − a

∣∣∣∣∣ < ǫ.

Remark 3.3.5. The reader is warned that if I = {1, 2, . . . , } and {ai}i∈I is a
sequence of real or complex numbers, the definition we just gave for conver-
gence of the series

∑
i∈I ai is different from the usual definition of convergence

of the series
∑∞

i=1 ai. Recall that the latter is defined as convergence of the

sequence of partial sums
∑N

i=1 ai as N → ∞.
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Exercise 3.3.6. Prove that in an inner product space G, a series
∑

i∈I vi
converges to g if and only if there exists a countable set J contained in I such
that

(a) vi = 0 if i ∈ I \ J ; and

(b) For any enumeration J = {j1, j2, . . . , } of the elements of J , the limit

limn→∞
∑N

n=1 vjn = g exists in G.

Exercise 3.3.7. Suppose that ai ≥ 0 for all i. Prove that
∑

i∈I ai converges
and is bounded by M if and only if the set of all finite sums

{∑

i∈F

ai : F ⊆ I finite

}

is bounded by M .

Proposition 3.3.8 (Bessel’s inequality). Let {ei}i∈I be an orthonormal set
in an inner product space G, and let g ∈ G. Then

∑

i∈I

|〈g, ei〉|2 ≤ ‖g‖2.

Proof. Let F ⊆ I be finite. By Proposition 3.2.18,
∑

i∈F 〈g, ei〉ei is the orthog-
onal projection of g onto span{ei}i∈F , thus, by Corollary 3.2.7,

∑
i∈F 〈g, ei〉ei

is orthogonal to g −∑i∈F 〈g, ei〉ei. Now,

g =
∑

i∈F

〈g, ei〉ei +
(
g −

∑

i∈F

〈g, ei〉ei
)
,

therefore, by the Pythagorean identity,

‖g‖2 = ‖
∑

i∈F

〈g, ei〉ei‖2 + ‖g −
∑

i∈F

〈g, ei〉ei‖2.

thus (by Pythagoras once more)
∑

i∈F |〈g, ei〉|2 ≤ ‖g‖2. This holds for all F ,
so (invoking Exercise 3.3.7) the assertion follows.

Exercise 3.3.9. Deduce the Cauchy-Schwarz inequality from Bessel’s in-
equality (this should be one line). Did this involve circular reasoning?

Definition 3.3.10. Let {ei}i∈I be an orthonormal system in an inner product
space G. For every g ∈ G, the scalars 〈g, ei〉 are called the (generalized)
Fourier coefficients of g with respect to {ei}i∈I .

By Bessel’s inequality combined with Exercises 3.3.6 and 3.3.7, for every
g, only countably many Fourier coefficients are nonzero. This fact frees us, in
the following proposition, to consider only countable orthonormal systems.
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Proposition 3.3.11. Let {en}∞n=1 be an orthonormal system in an inner
product space G. Then, for every given g ∈ G, the following are equivalent:

1.
∑∞

n=1 |〈g, en〉|2 = ‖g‖2.

2.
∑∞

n=1〈g, en〉en = g.

3. For all ǫ > 0, there exists an integer N0 and scalars a1, . . . , aN0 such

that ‖g −∑N0

n=1 anen‖ < ǫ.

Remark 3.3.12. The convergence of the series of vectors in (2) is to be

interpreted simply as the assertion that limN→∞ ‖∑N
n=1〈g, en〉en − g‖ = 0.

Note that the equivalence (1) ⇔ (2) implies that this vector valued series
converges regardless of the order in which it is summed, and also that this
series converges in the sense of Definition 3.3.4.

Proof. As in the proof of Bessel’s inequality, we find that

‖g‖2 =
N∑

n=1

|〈g, en〉|2 + ‖g −
N∑

n=1

〈g, en〉en‖2,

and this implies that (1) and (2) are equivalent. (2) obviously implies (3),
because one simply takes an = 〈g, en〉.

Assume that (3) holds. Let ǫ > 0 be given. We need to find N0, such

that for all N ≥ N0, ‖
∑N

n=1〈g, en〉en − g‖ < ǫ. Let N0 be the N0 from (3)
corresponding to ǫ, and let a1, . . . , aN0 be the corresponding scalars. For any

N ≥ N0, the linear combination
∑N0

n=1 anen is in the subspace spanned by
e1, . . . , eN . Define M = span{e1, . . . , eN}. But by Proposition 3.2.18, PMg =∑N

n=1〈g, en〉en is the best approximation for g within M , therefore

‖
N∑

n=1

〈g, en〉en − g‖ ≤ ‖
N0∑

n=1

anen − g‖ < ǫ.

Proposition 3.3.13. Let {ei}i∈I be an orthonormal system in a Hilbert space
H, and let {ai}i∈I be a set of complex numbers. The series

∑
i∈I aiei converges

in H if and only if
∑

i∈I |ai|2 <∞.

Proof. If ai 6= 0 for more than countably many values of i, then we know that
neither one of the sums converges. Thus, we may assume that I is countable.
The case where I is finite being trivial, we assume that I = {1, 2, 3, . . .}.

Suppose that
∑∞

i=1 aiei converges to some h ∈ H , thus

lim
n→∞

n∑

i=1

aiei = h.
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Taking the inner product of the above with ek, we find that ak = 〈h, ek〉 for
all k = 1, 2, 3, . . .. By Bessel’s inequality,

∑∞
i=1 |ai|2 <∞.

Conversely, assume that
∑∞

i=1 |ai|2 <∞. Define hn =
∑n

i=1 aiei. Then

‖hm − hn‖2 =

n∑

i=m+1

|ai|2,

for all m < n, and it follows that {hn} is a Cauchy sequence. Let h =
limn→∞ hn be the limit of the sequence {hn}. We have that h =

∑
i∈I aihi,

and the proof is complete.

Theorem 3.3.14. Let {ei}i∈I be a complete orthonormal system in a Hilbert
space H. Then for every h ∈ H,

h =
∑

i∈I

〈h, ei〉ei, (3.1)

and
‖h‖2 =

∑

i∈I

|〈h, ei〉|2. (3.2)

Proof. Fix h ∈ H . By Bessel’s inequality,
∑

i∈I |〈h, ei〉|2 <∞. By Proposition
3.3.13, the series

∑
i∈I〈h, ei〉ei converges. Put g = h − ∑i∈I〈h, ei〉ei. Our

goal is to show that g = 0. Since {ei}i∈I is complete, it suffices to show that
〈g, ek〉 = 0 for all k ∈ I. By continuity of the inner product,

〈∑

i∈I

〈h, ei〉ei, ek
〉

= 〈h, ek〉〈ek, ek〉 = 〈h, ek〉,

whence 〈g, ek〉 = 〈h, ek〉 − 〈h, ek〉 = 0 for all k. Thus g ⊥ {ei}i∈I , so g = 0.
This implies (3.1).

By Proposition 3.3.11, (3.1) and (3.2) are equivalent, and the proof is
complete.

Because of the above theorem, a complete orthonormal system in a Hilbert
space is called an orthonormal basis. Combining the above theorem with
Proposition 3.3.3, we see that every Hilbert space has an orthonormal basis.

An orthonormal system (not necessarily in a Hilbert space) satisfying the
conclusions of Theorem 3.3.14 is sometimes said to be a closed orthonormal
system. Perhaps this is to avoid the usage of the word “basis”, since an
orthonormal basis is definitely not a basis according to the definition given in
linear algebra (see Exercise 3.3.1).

Remark 3.3.15. The identity (3.2) in Theorem 3.3.14 is called Parseval’s
identity.
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Corollary 3.3.16 (Generalized Parseval identity). Let {ei}i∈I be an or-
thonormal basis for a Hilbert space H, and let g, h ∈ H. Then

〈g, h〉 =
∑

i∈I

〈g, ei〉〈h, ei〉.

Proof. One may deduce this directly, by plugging in g =
∑〈g, ei〉ei and h =∑〈h, ei〉ei in the inner product. As an exercise, the reader should think how

this follows from Parseval’s identity combined with the polarization identity

〈x, y〉 = 1

4

(
‖x+ y‖2 − ‖x− y‖2 + i‖x+ iy‖2 − i‖x− iy‖2

)
,

which is true in H as well as in C.

We are now able to write down the formula for the orthogonal projection
onto a closed subspace which is not necessarily finite dimensional.

Theorem 3.3.17. Let M be a closed subspace in a Hilbert space H. Let
{ei}i∈I be an orthonormal basis for M . Then, for every h ∈ H,

PMh =
∑

i∈I

〈h, ei〉ei.

Exercise 3.3.18. Prove Theorem 3.3.17.

3.4 Dimension and isomorphism

Theorem 3.4.1. Let {ei}i∈I and {fj}j∈J be two orthonormal bases for the
same Hilbert space H. Then I and J have the same cardinality.

Proof. If one of the index sets is finite, then this result follows from linear
algebra. So assume both sets are infinite. For every i ∈ I, let Ji = {j ∈
J : 〈ei, fj〉 6= 0}. Every j ∈ J belongs to at least one Ji, because {ei}i∈I

is complete. Therefore J = ∪i∈IJi. But as we noted several times, |Ji| ≤ ℵ0.
These two facts combine to show that the cardinality of J is less than or equal
to the cardinality of I. Reversing the roles of I and J we see that they must
have equal cardinality.

For completeness, let us see that the case where one set is finite can also
be proved using Hilbert space methods. Let {ei}i∈I and {fj}j∈J be two or-
thonormal bases for H , and assume that |I| < ∞. Let F be a finite subset
of J . Using Parseval’s identity, switching the order of summation, and then
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Bessel’s inequality, we obtain

|F | =
∑

j∈F

‖fj‖2 =
∑

j∈F

∑

i∈I

|〈fj , ei〉|2

≤
∑

i∈I

‖ei‖2 = |I|.

Thus |F | ≤ |I| for every finite subset F of J , so |J | ≤ |I| <∞. By symmetry
we conclude that |J | = |I|.

Definition 3.4.2. Let H be a Hilbert space. The dimension of H is defined
to be the cardinality of any orthonormal basis for H .

Definition 3.4.3. Let G1, G2 be inner product spaces. A unitary map (or
simply a unitary) from G1 to G2 is a bijective linear map U : G1 → G2 such
that 〈Ug, Uh〉G2 = 〈g, h〉G1 for all g, h ∈ G1. Two inner product spaces G1, G2

are said to be isomorphic if there exists a unitary map between them.

Theorem 3.4.4. Two Hilbert spaces are isomorphic if and only if they have
the same dimension.

Exercise 3.4.5. Prove Theorem 3.4.4.

Exercise 3.4.6. Prove that a Hilbert space is separable if and only if its
dimension is less than or equal to ℵ0 (recall that a metric space is said to be
separable if it contains a countable dense subset).

Exercise 3.4.7. Let I be any set. Define

ℓ2(I) =

{
(xi)i∈I ∈ CI :

∑

i∈I

|xi|2 <∞
}
.

Prove that ℓ2(I), with the inner product 〈(xi)i∈I , (yi)i∈I〉 =
∑

i∈I xiȳi, is a
Hilbert space. Prove also that any Hilbert space is isomorphic to ℓ2(I) for
some set I.

We have gone through some efforts to treat Hilbert spaces which are of
arbitrary dimension. However, in mathematical practice, one rarely encounters
(or wishes to encounter) a nonseparable space. Nevertheless, rare things do
happen. Occasionally it is useful to have an arbitrarily large Hilbert space for
some universal construction to be carried out. There are also some natural
examples which arise in analysis.

Exercise 3.4.8. Let G be the linear span of all functions of the form∑n
k=1 ake

iλkt, where λk ∈ R. On G, we define a form

〈f, g〉 = lim
T→∞

1

2T

∫ T

−T

f(t)g(t)dt.

Prove that G is an inner product space. Let H be the completion of G. Prove
that H is not separable. Find an orthonormal basis for H .
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3.5 The Gram-Schmidt process

For completeness, we now give a version of the Gram-Schmidt orthogo-
nalization process appropriate for sequences of vectors. In the case where the
sequence is finite, this is precisely the same procedure studied in a course in
linear algebra.

Theorem 3.5.1. Let v1, v2, . . . be a sequence of vectors in an inner product
space G. Then, there exists an orthonormal sequence e1, e2, . . . with the same
linear span as v1, v2, . . .. If the sequence v1, v2, . . . is linearly independent, then
for all n = 1, 2, . . .,

span{e1, . . . , en} = span{v1, . . . , vn}.

Proof. From every sequence of vectors, one can extract a linearly independent
sequence with the same span, so it suffices to prove the second half of the
theorem. Assume that v1, v2, . . . is a linearly independent sequence. We prove
the claim by induction on n. For n = 1 we put e1 = v1/‖v1‖. Assume that
n > 1, and that we have constructed an orthonormal sequence e1, . . . , en−1

such that
span{e1, . . . , en−1} = span{v1, . . . , vn−1}.

Let M denote the subspace appearing in the above equality, and let PM be
the orthogonal projection onto M . Then vn is not in M . Put u = vn −PMvn.
Then u 6= 0, and by Corollary 3.2.7, u ∈M⊥. Let en = u/‖u‖. Then e1, . . . , en
is an orthonormal sequence, and en ∈ span{v1, . . . , vn} by construction. Thus
span{e1, . . . , en} ⊆ span{v1, . . . , vn}. But since e1 . . . , en are n linearly in-
dependent vectors, we must have span{e1, . . . , en} = span{v1, . . . , vn}. That
completes the proof.

Corollary 3.5.2. Every separable inner product space has a countable com-
plete orthonormal system. Thus, by Theorem 3.3.14, every separable Hilbert
space has a countable orthonormal basis.

3.6 Additional exercises

Exercise 3.6.1. Explain why the following statement is false, and find a
meaningful way to fix it: A subset S of a vector space V is convex if and only
if 1

2x+ 1
2y ∈ S for all x, y ∈ S.

Exercise 3.6.2. Does Theorem 3.2.3 hold when S is not closed? What about
Theorem 3.2.5?
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Exercise 3.6.3. Give an explicit description of the best approximation pro-
jection onto the following subsets:

1. S = {h ∈ H : ‖h‖ ≤ 1} ⊂ H .

2. S = {(an)∞n=0 : an ∈ [0,∞)} ⊂ ℓ2.

Exercise 3.6.4. Solve the following minimization problems:

1. infa,b,c∈R

∫ π

−π
|x+ a+ b sinx+ c cosx|2 dx.

2. infa,b,c∈R

(∫ 1

−1

∣∣ex + a+ bx+ cx2
∣∣2 dx+

∫ π

−π
|ex + b+ 2cx|2 dx

)
.

Exercise 3.6.5. Let H be a Hilbert space, M a closed subspace, and h ∈ H .
Prove that

inf {‖h− g‖ : g ∈M} = sup
{
Re〈h, f〉 : f ∈M⊥, ‖f‖ ≤ 1

}
.

We know that the infimum on the left-hand side is actually a minimum, and
is attained at a unique point g ∈ M . What about the supremum on the
right-hand side?

Exercise 3.6.6. Let A be an m× n matrix over C and b ∈ Cm.

1. Suppose that m > n and that rank(A) = n. Typically, the equation
Ax = b has no solution. Prove that there exists a unique vector x ∈ Cn

such that ‖Ax − b‖ ≤ ‖Ay − b‖ for all y ∈ Cn, that is, x is the best
approximation of a solution that one can get.

2. Show that the unique x is given by the formula x = (A∗A)−1A∗b.

3. Suppose that m < n and that rank(A) = m. The equation Ax = b has
many solutions. Prove that there exists a unique solution x ∈ Cn of
minimal norm, and find a formula for x in terms of A and b.

(One might approach this exercise using multivariate calculus, but that is not
what we are looking for.)

Exercise 3.6.7. Let {an}n∈N ⊂ C. Find a meaningful necessary and sufficient
condition for the series

∑
n∈N

an to converge in the sense of Definition 3.3.4.

Exercise 3.6.8. Repeat Exercise 2.5.10 for a family of Hilbert spaces {Hi}i∈I ,
where I is a not necessarily countable index set.

Exercise 3.6.9. Let G be an inner product space and let {ei}i∈I be a com-
plete orthonormal system in G.

1. Is {ei}i∈I necessarily a closed system (i.e., does it satisfy the conclusion
of Theorem 3.3.14)?

2. If H is the completion of G, is {ei}i∈I necessarily a basis for H?
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Exercise 3.6.10. Let {ai}i∈I be such that
∑

i∈I |ai|2 < ∞, and let {ei}i∈I

be an orthonormal system in a Hilbert space H . Prove that for all k ∈ I,

〈∑

i∈I

aiei, ek

〉
= ak.

Exercise 3.6.11 (Legendre polynomials). Applying the Gram-Schmidt pro-
cess to the sequence {1, x, x2, x3, . . . , } in the Hilbert space L2[−1, 1], one ob-
tains an orthonormal system {u0, u1, u2, . . .} consisting of polynomials, called
the normalized Legendre polynomials.

1. Is this system an orthonormal basis for L2[−1, 1]?

2. Carry out one of the following tasks:

(a) Calculate the first five Legendre polynomials.

(b) Write a code that computes the first n Legendre polynomials. Plot
the graphs of the first five.

(c) Prove that for every n ≥ 1,

un(x) =

√
2n+ 1

2

1

2nn!

dn

dxn
(
x2 − 1

)n
.

Exercise 3.6.12. Let M and N be closed subspaces in a Hilbert space H .
We define the sum of M and N to be the subspace

M +N = {m+ n : m ∈M,n ∈ N}.

1. Prove that if M ⊥ N , then M +N is closed.

2. Prove that if N is finite dimensional, then M +N is closed.

3. Can you find another meaningful condition that guarantees closedness
of the sum?

4. Give an example of two closed subspaces with M ∩N = {0} such that
M +N is not closed.

5. Show that

(M +N)⊥ =M⊥ ∩N⊥ and (M ∩N)⊥ =M⊥ +N⊥.

Exercise 3.6.13. Let M and N be two closed subspaces of a Hilbert space
H , and let P = PM and Q = PN be the orthogonal projections on M and N ,
respectively.

1. Prove that PQ is an orthogonal projection if and only if P and Q com-
mute, i.e., if and only if PQ = QP .
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2. Prove that if P and Q commute, then PQ is the orthogonal projection
onto M ∩ N , and that P + Q − PQ is the orthogonal projection onto
M +N .

3. Prove that if P and Q commute, then M +N is closed.

4. Can you give a geometric interpretation of the algebraic condition that
P and Q commute?

Exercise 3.6.14 (The Haar system). For every n = 1, 2, . . . and k ∈
{0, , . . . , 2n−1 − 1}, define functions

ϕk,n(x) =





2(n−1)/2 , x ∈
[
2k
2n ,

2k+1
2n

)
,

−2(n−1)/2 , x ∈
[
2k+1
2n , 2k+2

2n

)
,

0 , else .

Let ϕ0,0 be the constant function 1 on [0, 1]. Prove that the system {ϕk,n : n ∈
N, 0 ≤ k ≤ 2n−1} is a complete orthonormal system in L2[0, 1]. (Hint: letMN

denote the finite dimensional subspace of L2[0, 1] spanned by the characteristic
functions of the interval

[
k
2N ,

k+1
2N

)
(i.e., the step function having value 1 on[

k
2N ,

k+1
2N

)
and zero elsewhere) for some N ∈ N and all k ∈ {0, . . . , 2N − 1}.

Show that MN = span{ϕk,n : 0 ≤ n ≤ N}, and prove that for every f ∈
C([0, 1]), PMN f converges to f uniformly as n→ ∞).

Exercise 3.6.15. Let {un}∞n=1 and {vn}∞n=1 be two orthonormal bases for
ℓ2(N). For every n, we write un = (un(k))

∞
k=0 and likewise for vn. Define a

doubly indexed family of doubly indexed sequences {wm,n}∞m,n=1 by

wm,n(k, l) = um(k)vn(l).

1. Prove that um,n ∈ ℓ2(N× N) for all m,n.

2. Prove that {wm,n}∞m,n=1 is an orthonormal basis for ℓ2(N× N).

Exercise 3.6.16 (Tricky). Let {fn}∞n=1 and {gn}∞n=1 be two orthonormal
bases for L2[0, 1] consisting of piecewise continuous functions.

1. Prove that {fn}∞n=1 is an orthonormal basis for L2[0, 1].

2. Prove that the system of functions {hm,n}∞m,n=1 given by

hm,n(x, y) = fm(x)gn(y) , x, y ∈ [0, 1],

is an orthonormal basis for L2 ([0, 1]× [0, 1]).

(Hint: it suffices to show that Parseval’s identity for all continuous functions.)

The assumption in the above exercise, that the functions fn and gn are
piecewise continuous, is redundant. The result holds true for any bases of
L2[0, 1], but it is very hard to prove it without measure theory (for example,
it is not even clear what fm(x)gn(y) means).
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Chapter 4

Fourier series

4.1 Fourier series in L2

Consider the cube K = [0, 1]k ⊂ Rk. Let f be an integrable function
defined on K. For every n ∈ Zk, the nth Fourier coefficient of f is defined
to be

f̂(n) =

∫

K

f(x)e−2πin·xdx,

where for n = (n1, . . . , nk) and x = (x1, . . . , xk) ∈ K we write n · x = n1x1 +
. . .+ nkxk. The series ∑

n∈Zk

f̂(n)e2πin·x

is called the Fourier series of f . The basic problem in Fourier analysis is
whether one can reconstruct f from its Fourier coefficients, and in particular,
under what conditions, and in what sense, does the Fourier series of f converge
to f .

We are ready to start applying the structure theory of Hilbert spaces that
we developed in the previous chapter, together with the Stone-Weierstrass
theorem we proved in the introduction, to obtain some results on Fourier
series.

4.1.1 An approximation result

Recall that we defined L2(K) to be the completion of the inner product
space C(K) with respect to the inner product

〈f, g〉 =
∫

K

f(x)g(x)dx.

This ends up being the same space L2(K) as one encounters in a course on
Lebesgue measure and integration theory. The reader who knows Lebesgue
theory may choose either definition for the space L2(K). The only facts that
we will require are, first, that C(K) is dense in L2(K), and second, that L2(K)
is complete (so it is a Hilbert space).

A simple computation shows that the collection of functions
{
e2πin·x

}
n∈Zk

45
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is an orthonormal system in L2(K). We clearly have f̂(n) = 〈f, e2πin·x〉,
i.e., the Fourier coefficients of f are what we defined in the previous chap-
ter to be the generalized Fourier coefficients of f with respect to the system
{e2πin·x}n∈Zk .

We let P denote space of all complex trigonometric polynomials, that is,
all the finite sums of the form

∑

n

ane
2πin·x.

We also let Cper(K) denote the set of continuous periodic functions on K,
that is, the functions f for which

f(0, x2, . . . , xk) = f(1, x2, . . . , xk),

f(x1, 0, x3, . . . , xk) = f(x1, 1, x3, . . . , xk),

etc., for all x = (x1, . . . , xk) ∈ K . The spaces P and Cper(K) are contained
in C(K) and therefore also in L2(K). We let ‖ · ‖∞ denote the sup norm in
C(K), and we let ‖ · ‖2 denote the Hilbert space norm in L2(K).

Lemma 4.1.1. P is dense in Cper(K) in the ‖ · ‖∞ norm.

Proof. The case k = 1 follows immediately from the trigonometric approx-
imation theorem (Theorem 1.2.3) from the introduction, together with the
identities 2i sin t = eit − e−it and 2 cos t = eit + e−it. If k > 1, then we invoke
the multivariate version of this theorem given in Exercise 1.6.7.

Alternatively, we may argue as in the proof of the trigonometric approx-
imation theorem given in Section 1.3, and identify Cper(K) with C(Tk) via
the map

Φ : C(Tk) → Cper(K) , Φ(f)(x) = f
(
e2πix1 , . . . , e2πixk

)
.

Here T = {z ∈ C | |z| = 1} and Tk = T × · · · × T (k times). We may then
consider P as a self-adjoint subalgebra of C(Tk) containing the constants,
and it is easy to verify that P separates points, so we may apply the complex
version of the Stone-Weierstrass theorem (Theorem 1.4.5) to conclude that
the closure of P in the ‖ · ‖∞ norm is equal to C(Tk) ∼= Cper(K).

Lemma 4.1.2. P is dense in Cper(K) in the ‖ · ‖2 norm.

Proof. Clearly, for every f ∈ C(K) we have

‖f‖2 =
(∫

K

|f(x)|2dx
)1/2

≤
(∫

K

‖f‖2∞dx
)1/2

= ‖f‖∞,

and the result follows from Lemma 4.1.1. Indeed, if f ∈ Cper(K) is given and
p ∈ P satisfies ‖p− f‖∞ < ǫ, then

‖p− f‖2 ≤ ‖p− f‖∞ < ǫ.
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Lemma 4.1.3. Cper(K) is dense in C(K) in the ‖ · ‖2 norm.

Proof. Let ǫ > 0, and set L = [ǫ, 1 − ǫ]k. Let g ∈ C(K) be a function that
satisfies:

1. 0 ≤ g ≤ 1,

2. g
∣∣
L
= 1,

3. g
∣∣
∂K

= 0.

Such a function is easy to construct explicitly: for example

g(x) = ǫ−1 (d(x, ∂K) ∧ ǫ) ,
where d(x, ∂K) = inf{‖x − y‖ : y ∈ ∂K}. If f ∈ C(K), then fg ∈ Cper(K)
and

‖f − fg‖22 =
∫

K

|f |2|1− g|2dx ≤ ‖f‖2∞
∫

K\L
1dx

and the right-hand side is less than ‖f‖2∞(1− (1− 2ǫ)k), which can be made
as small as we wish.

Corollary 4.1.4. P is dense in L2(K).

Proof. The corollary is immediate from Lemmas 4.1.2 and 4.1.3, combined
with the fact that C(K) is dense in L2(K).

4.1.2 Norm convergence of Fourier series

In the following theorem, we will write |n| = |n1|+ . . .+ |nk|, for all n ∈ Zk.

Theorem 4.1.5 (L2 convergence of Fourier series). For any f ∈ L2(K),
the Fourier series of f converges to f in the ‖ · ‖2 norm. In particular,
{e2πin·x}n∈Zk is a complete orthonormal system, and the following hold:

1. ‖f‖22 =
∑ |f̂(n)|2,

2. limN→∞ ‖f(x)−∑|n|≤N f̂(n)e2πin·x‖2 = 0.

Proof. The theory is so neat and tight that one can give several slightly dif-
ferent quick proofs.

First proof: By Corollary 4.1.4, we have that (3) of Proposition 3.3.11
holds. Therefore, the equivalent conditions (1) and (2) of that Proposition
hold, which correspond to assertions (1) and (2) in the theorem above. Com-
pleteness is immediate from either (1) or (2).

Second proof: By Corollary 4.1.4, the system {e2πin·x}n∈Zk is complete.
Indeed, assume that f ⊥ {e2πin·x}n∈Zk . Then f ⊥ P . The corollary implies
that there is a sequence in P ∋ pi → f . Thus

〈f, f〉 = lim
i→∞

〈f, pi〉 = 0,

whence f = 0. Now Theorem 3.3.14 gives the result.
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Remark 4.1.6. Theorem 4.1.5 gives us another way of thinking of the space
L2[0, 1]: it is the space of Fourier series

∑
n ane

2πit where (an)n∈Z ∈ ℓ2(Z)
(the space ℓ2(Z) was defined in Example 2.2.20).

Theorem 4.1.5, although interesting, elegant and useful, leaves a lot of
questions unanswered. For example, what about pointwise convergence? For
functions in L2[a, b], only almost everywhere convergence makes sense, and it is
a fact, proved by Carleson [5], that the Fourier series of every f ∈ L2[a, b] con-
verges almost everywhere to f . Carleson’s theorem requires far more delicate
analysis than the norm convergence result that we obtained, and is beyond
the scope of this course. Another natural question is: what about uniform
convergence? It turns out that Theorem 4.1.5 is powerful enough to imply
some neat results.

From now on, until the end of the chapter, we will concentrate on functions
and spaces of functions in one variable.

Let C1([0, 1]) denote the space of all continuously differentiable functions,
that is, the space of all functions f : [0, 1] → C that are differentiable on (0, 1)
and one sided differentiable at the endpoints, such that the derivative f ′ is
continuous on [0, 1].

Theorem 4.1.7. For every f ∈ Cper([0, 1])∩C1([0, 1]), the Fourier series of
f converges uniformly to f :

lim
N→∞

sup
t∈[0,1]

∣∣∣∣∣
N∑

n=−N

f̂(n)e2πint − f(t)

∣∣∣∣∣ = 0.

Proof. Consider the Fourier coefficients f̂ ′(n) of f ′. By integration by parts,
we find that

f̂ ′(n) = 2πinf̂(n),

for all n ∈ Z. Since f ′ ∈ L2[0, 1], we have by Bessel’s inequality
∑ |f̂ ′(n)|2 <

∞, so by Cauchy-Schwarz

∑

n6=0

|f̂(n)| ≤


∑

n6=0

|f̂ ′(n)|2



1/2
∑

n6=0

1

4π2n2




1/2

<∞.

By the Weierstrass M-test, the sequence of partial sums
∑

|n|≤N f̂(n)e2πint

converges uniformly, as N → ∞, to some continuous function g. It follows
that the sequence of partial sums converges to g in the L2 norm as well. But
by Theorem 4.1.5, the partial sums

∑
|n|≤N f̂(n)e2πint converge to f in the

norm of L2[0, 1]. Thus f = g and the proof is complete.

In fact, the conditions of Theorem 4.1.7 can be weakened somewhat.

Definition 4.1.8. We let PC1[a, b] denote the space of all functions f :
[a, b] → C such that
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1. f ∈ PC[a, b],

2. f is differentiable at all but finitely many points in [a, b],

3. The derivative f ′ (which is defined at all but finitely many points) is
also in PC[a, b].

Exercise 4.1.9. Check that the proof of Theorem 4.1.7 also works for f ∈
Cper([0, 1]) ∩ PC1[0, 1]. For this, prove that the formula for integration by
parts ∫ b

a

f ′(t)g(t)dt = f(b)g(b)− f(a)g(a)−
∫ b

a

f(t)g′(t)dt,

holds whenever f ∈ PC1[a, b] and g ∈ C1([a, b]). (Hint: simply break the
interval into parts where f is continuously differentiable.)

Remark 4.1.10. Note that if a Fourier series converges uniformly, then the
limit must be in Cper(K). On the other hand, there are functions in Cper([0, 1])
whose Fourier series diverges on a dense set of points in [0, 1] (see [35, Chapter

VIII]), so, in particular, the partial sums
∑

|n|≤N f̂(n)e2πint of the Fourier
series of a general continuous and periodic function need not approximate it
uniformly. However, we will see below that continuous and periodic functions
can be approximated uniformly, by summing the Fourier series in a clever way.

4.1.3 An example

Example 4.1.11. Let g ∈ L2[0, 1] be given by g(t) = t. We find by a direct
calculation that the Fourier coefficients of g are given by

ĝ(0) =
1

2
,

and

ĝ(n) =
i

2πn
, n 6= 0.

Thus

t =
1

2
+

∑

n∈Z\{0}

i

2πn
e2πint =

1

2
−

∞∑

n=1

sin(2πnt)

πn
, (4.1)

where equality means that both sides represent the same element in L2[0, 1].
By Parseval’s identity,

∫ 1

0

|g(t)|2dx =
∑

n∈Z

|ĝ(n)|2.

The left-hand side is 1/3, and the right-hand side is 1/4 + 2
∑∞

n=1
1

4π2n2 , so,
after rearranging, we find that

∞∑

n=1

1

n2
=
π2

6
.
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What about pointwise convergence? By the exercise below, the Fourier series of
t converges (at least when summed in an appropriate order) for every t ∈ [0, 1].
But what is the limit? Can we say that the right-hand side of (4.1) converges
to t for every t ∈ [0, 1]? We will return to this question below.

Exercise 4.1.12. Prove that the limit

lim
N→∞

∑

0<|n|<N

1

2πin
e2πint

exists (and is finite) for every t ∈ [0, 1]. (Hint: You need not calculate the
limit. Use Dirichlet’s test for convergence of series.)

4.2 Pointwise convergence of Fourier series (Dirichlet’s
theorem)

The next result we discuss is Dirichlet’s theorem — a theorem on the
pointwise convergence of Fourier series. It will be convenient for us to consider
functions on the interval [−π, π] instead of [0, 1], and we normalize the inner
product in L2[−π, π] to be

〈f, g〉 = 1

2π

∫ π

−π

f(t)ḡ(t)dt.

The orthonormal basis with respect to which Fourier series are constructed is
then {eint}n∈Z, and for a function f ∈ L2[−π, π], we define

f̂(n) =
1

2π

∫ π

−π

f(t)e−int(t)dt.

We also define
SN (f)(t) =

∑

|n|≤N

f̂(n)eint.

The functions SN(f) are called the partial sums of the Fourier series of f .
We will identify every f ∈ PC[−π, π] with a 2π-periodic function defined

on the whole real line. If f(π) = f(−π), then there is a unique such periodic
extension. If f(π) 6= f(−π), then there is some ambiguity because it is not
clear what value we want to give the function at the points πk for odd k. This
ambiguity causes no trouble, and will be washed away when our functions are
plugged into integrals. We will say that f is continuous at ±π if its periodic
extension to the real line is continuous at ±π, that is, if the one-sided limits
exist and f(π) = f(−π).
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Changing order of integration and summation, and then applying a change
of variables, we have

SN (f)(x) =

N∑

n=−N

(
1

2π

∫ π

−π

f(t)e−int(t)dt

)
einx

=
1

2π

∫ π

−π

(
N∑

n=−N

ein(x−t)

)
f(t)dt

=
1

2π

∫ π

−π

DN(x− t)f(t)dt

=
1

2π

∫ π

−π

DN(t)f(x − t),

where we have introduced the notation DN (t) =
∑N

n=−N eint.
The sequence of functions {DN}∞N=0 is called the Dirichlet kernel.

Straightforward calculations using the formula for the sum of a geometric
series shows that

DN(t) =
sin
(
(N + 1/2)t

)

sin(t/2)
. (4.2)

It is interesting to draw graphs of DN for several N (try! use a computer).

Exercise 4.2.1. Prove the above formula for the Dirichlet kernel DN (t).

Definition 4.2.2. Let g, h be 2π-periodic functions on R, and assume that
they are integrable on every finite subinterval of R. The convolution of g and
h is the (2π-periodic) function

g ∗ h(x) = 1

2π

∫ π

−π

g(t)h(x − t)dt.

With this terminology, we have that SN (f)(x) = DN ∗ f(x), that is, the
partial sums of the Fourier series of f are given by the convolution of f with
the Dirichlet kernel.

The following theorem treats functions in the space PC1[−π, π] (recall
Definition 4.1.8). We will let

f(t−) = lim
0<h→0

f(t− h) and f(t+) = lim
0<h→0

f(t+ h)

denote the one-sided limits. These one-sided limits exist at every t ∈ (−π, π)
for every f ∈ PC[−π, π]. At the point −π the left-sided limit f(−π−) is
defined to be f(π−), and vice versa.

Theorem 4.2.3 (Dirichlet’s theorem). Let f ∈ PC1[−π, π]. At every t ∈
[−π, π] the partial sums of the Fourier series converge, and the limit is

lim
N→∞

SN (f)(t) =
f(t−) + f(t+)

2
.
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The proof of Dirichlet’s theorem is deferred to Section 4.4.

Remark 4.2.4. In particular, we see that under the assumptions of the the-
orem, SN (f)(t) converges to f(t) at every point of continuity (what does this
mean for t = ±π?).

4.3 Fejér’s theorem

It is a fact (see [35, Chapter VIII]), that there are functions in Cper([0, 1])
whose Fourier series diverge on a dense set of points in [0, 1]. In particular,
contrary to the intuition provided by Dirichlet’s theorem, the Fourier series of
a continuous and periodic function need not converge pointwise to its limit.

If {an} is a sequence of numbers and an → L, then the so-called Cesàro
sums also converge to L:

a0 + . . .+ aN
N + 1

→ L.

On the other hand, it may happen that the Cesàro sums converge but the
ordinary series does not. Thus, forming the Cesàro sums only improves the
chances of convergence. This rather loose heuristic turns out to work in the
setting of Fourier series.

Before proceeding, let us stress that we will continue to identify a function
f ∈ PC[−π, π] with a 2π periodic function (well-defined except perhaps at
points of the form πk for odd k). For every function f ∈ PC[−π, π] and every
x ∈ [−π, π] we form the Cesàro sums

σN (f)(x) =
1

N + 1

N∑

n=0

Sn(f)(x),

in hope of improving the convergence.
We find that

σN (f)(x) =
1

N + 1

N∑

n=0

Dn ∗ f(x)

= KN ∗ f(x),

where KN = 1
N+1

∑N
n=0Dn is called the Fejér kernel. Since Dn(t) =∑N

n=−N eint, we can compute

KN (t) =
1

N + 1

N∑

n=0

Dn(t) =

N∑

n=−N

(
1− |n|

N + 1

)
eint. (4.3)
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Cleverly noting that

1

N + 1

∣∣∣∣∣
N∑

n=0

eint

∣∣∣∣∣

2

=

N∑

n=−N

(
1− |n|

N + 1

)
eint,

one can see that

KN(t) =
1

N + 1

sin2
(

(N+1)t
2

)

sin2
(
t
2

) . (4.4)

Lemma 4.3.1. For all N , KN has the following properties:

1. KN(t) ≥ 0 for all t,

2. KN is periodic with period 2π,

3. 1
2π

∫ π

−πKN (t)dt = 1,

4. For every δ > 0, KN converges uniformly to 0 on [−π,−δ] ∪ [δ, π].

Proof. Items (1) and (2) follow immediately from (4.4), and (3) follows from
(4.3). Since for δ > 0 the function sin2

(
t
2

)
is continuous and does not vanish

on [−π,−δ] ∪ [δ, π], the final assertion also follows from (4.4).

Theorem 4.3.2 (Fejér’s theorem). Let f ∈ PC[−π, π].

1. At every point x ∈ [−π, π] where f is continuous, σN (f)(x)
N→∞−−−−→ f(x).

2. If f ∈ Cper([−π, π]), then the Cesàro sums converge uniformly to f .

Proof. Fix ǫ > 0 and a point of continuity x ∈ [−π, π]. We consider the
difference σN (f)(x) − f(x) = KN ∗ f(x)− f(x). We rewrite this as

1

2π

∫ π

−π

KN(t)f(x − t)dt− 1

2π

∫ π

−π

KN (t)f(x)dt

=
1

2π

∫ π

−π

KN (t)(f(x− t)− f(x))dt.

Choose δ > 0 such that |x − y| < δ implies |f(x) − f(y)| < ǫ. We split the
integral into three parts, and estimate

|σN (f)(x)− f(x)| ≤ 1

2π

∫ π

−π

KN (t)|f(x− t)− f(x)|dt

=
1

2π

∫ δ

−δ

KN (t)|f(x− t)− f(x)|dt

+
1

2π

∫ −δ

−π

KN (t)|f(x− t)− f(x)|dt

+
1

2π

∫ π

δ

KN(t)|f(x − t)− f(x)|dt.
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The first integal is less than 1
2π

∫ δ

−δKN(t)ǫdt ≤ ǫ
2π

∫ π

−πKN (t)dt = ǫ by choice

of δ. The second and third integrals are less than ‖f‖∞

π

∫ π

δ
KN (t)dt, and this

can be made to be less than ǫ if one takes N sufficiently large, because the
integrand converges uniformly to 0 on the domain of integration. This shows

that σN (f)(x)
N→∞−−−−→ f(x).

Finally, if f ∈ Cper([−π, π]), then the periodic extension of f to R is
uniformly continuous, and δ can be chosen independently of x. Going over the

above proof one sees then that σN (f)
N→∞−−−−→ f uniformly.

Remark 4.3.3. Any sequence {FN} with the four properties listed in Lemma
4.3.1 is said to be a summability kernel, and one can show, along the lines
of the proof above, that for every summability kernel {FN}, and for any
continuous and periodic function f , the sequence FN ∗ f converges uniformly
to f .

Example 4.3.4. We will now show that the conclusion of Dirichlet’s theorem
is valid for the function g(t) = t on [0, 1] treated in Example 4.1.11. For t = 0

and t = 1 we can see directly that SN (g)(t)
N→∞−−−−→ 1

2 . If t 6= 0, 1, then f is
continuous at t, so by Fejér’s theorem σN (g)(t) converges to f(t) = t. But
by Exercise 4.1.12, the partial sums of the Fourier series SN (g)(t) converge,
so they must converge to the same value as the Cesàro sums σN (f)(t). Thus

SN (g)(t)
N→∞−−−−→ t = f(t) for all t 6= 0, 1.

4.4 *Proof of Dirichlet’s theorem

We will now prove Theorem 4.2.3, using nothing but the results from
Exercise 4.1.9, together with the fact, just proved in Example 4.3.4, that
Dirichlet’s theorem holds for the function g(t) = t.

Let f ∈ PC1[0, 1]. The proof is by induction on the number n of
points of discontinuity of f (including the “point” 0 = 1). If n = 0, then
f ∈ Cper([0, 1]) ∩ PC1[0, 1], and we are in the situation treated in Exercise
4.1.9; thus SN (f) converges uniformly to f .

Suppose now that the number of points of discontinuity of f is n ≥ 1, and
that Dirichlet’s theorem holds for all functions in PC1[a, b] which have n− 1
or less points of discontinuity. Without loss of generality, we may assume that
f(0) 6= f(1) accounts for one point of discontinuity (why?). Further, by adding
a constant to f and multiplying by a nonzero constant, we may assume that
f(0+) = 0 and that f(1−) = 1. Now we define a new function h = f − g,
where g(t) = t. The function h is in PC1[0, 1], and has only n − 1 points of
discontinuity. Since

SN (f)(t) = SN(h)(t) + SN (g)(t)
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for all t, the result for f follows readily by the inductive hypothesis. That
concludes the proof of Dirichlet’s theorem.

4.5 Additional exercises

Exercise 4.5.1. Let f ∈ L2(K) (as above, K = [0, 1]k), and suppose that

the Fourier series
∑

n∈Zk f̂(n)e2πin·x associated with f converges uniformly.
Prove that f ∈ Cper(K).

Exercise 4.5.2. Establish the identities (4.2) and (4.4).

Exercise 4.5.3. Fill in the missing details in the proof of Dirichlet’s theorem
given in Section 4.4.

Exercise 4.5.4 (“Real” trigonometric series). When dealing with real-valued
functions, it may be more convenient to use an orthonormal system consisting
of real-valued functions. The classical example is the system consisting of
cosines and sines. For simplicity, we consider the space L2[−π, π] with the
inner product 〈f, g〉 = 1

π

∫ π

−π
f(t)ḡ(t)dt (it is clear that the inner product

without the normalization constant 1
π gives rise to the same Hilbert space,

just with an inner product that differs by a constant).

1. Prove that
{

1√
2
, cosx, sinx, cos 2x, sin 2x, . . .

}
is a complete orthonor-

mal system in L2[−π, π].

2. Deduce that for every f ∈ L2[−π, π], there is a Fourier series represen-
tation

f(x) =
a0
2

+

∞∑

n=1

an cosnx+ bn sinnx, (4.5)

where the series converges in the L2 norm (the variable x appearing in
the formula is there just so we can write the functions sinnx and cosnx).
Find explicit formulas for an bn, and explain also why

1

π

∫ π

−π

|f(t)|2dt = |a0|2
2

+

∞∑

n=1

|an|2 + |bn|2.

3. What can you say about pointwise or uniform convergence?

4. Show that if f is a piecewise continuous function which is even (meaning
f(x) = f(−x) for all x ∈ [−π, π]), then bn = 0 for all n, and that

an =
2

π

∫ π

0

f(t) cosntdt for all n = 0, 1, 2, . . . . (4.6)
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(Here we use the convention that for n = 0, the function cosnx is un-
derstood as the constant function 1 = cos 0.)

5. Likewise, show that if f ∈ PC[−π, π] is odd (meaning f(x) = −f(−x)
for all x ∈ [−π, π]) then an = 0 for all n. Show that if f is continuous
and periodic, then the converse is also true. What happens if f is not
assumed periodic?

The series in (4.5) is sometimes called the real Fourier series, whereas the

series
∑

n∈Z
f̂(n)einx is called the complex Fourier series. Real and complex

Fourier series can be developed for functions on any interval. Find the appro-
priate formulas for their representation.

Exercise 4.5.5. Let f(x) = cos(x/2) on [−π, π].

1. Compute the real trigonometric series of f on [−π, π].

2. Calculate the limit

lim
N→∞

N∑

n=1

1

(n2 − 1
4 )

2
.

3. Calculate the limit

lim
N→∞

1

N + 1

[
2

π
+

N∑

m=1

(
2

π
+

m∑

n=1

−1

π(n2 − 1
4 )

)]
.

Exercise 4.5.6 (Sine and cosine series). Fourier series are not the only useful
trigonometric series representing functions. Consider L2[0, π] with the inner
product 〈f, g〉 = 2

π

∫ π

0
f(t)ḡ(t)dt.

1. Prove that
{

1√
2
, cosx, cos 2x, cos 3x, . . .

}
is a complete orthonormal sys-

tem in L2[0, π], and that the series

∞∑

n=0

an cosnx

converges in the norm to f for every f ∈ L2[0, π], where an is given by
(4.6). This series is called the cosine series of f .

2. Prove that {sinx, sin 2x, sin 3x, . . .} is a complete orthonormal system in
L2[0, π]. The corresponding series is called the sine series for a given
L2 function.

3. Prove that if f ∈ C1[0, π], then the cosine series of f converges uniformly
to f . What about the sine series?
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Exercise 4.5.7. Let {un}∞n=1 be an orthonormal system of functions in
L2[0, 1]. Prove that {un}∞n=1 is complete if and only if for every k = 1, 2, . . .,

∞∑

n=1

∣∣∣∣
∫ 1

0

sin(kπt)un(t)dt

∣∣∣∣
2

=
1

2
.

(If you are uneasy about writing down that integral for L2 functions, you can
assume that the functions un are all piecewise continuous.)

Exercise 4.5.8 (Reem1). Let f : R → C be a periodic function with period
2π, such that f

∣∣
[a,b]

is piecewise continuous for every integral [a, b] ⊂ R. Prove

that if
f(x+ y) = f(x)f(y) for all x, y ∈ R,

then either f ≡ 0, or there exists k ∈ Z such that f(x) = eikx.

Exercise 4.5.9. The purpose of this exercise is to explore the connection
between the degree of smoothness of a function and the decay rate of its
Fourier coefficients. Typically, a very smooth function has Fourier coefficients
that decay fast, and functions with Fourier coefficients that decay fast tend
to be smooth.

1. Prove that if f ∈ PC[0, 1], and for some k ∈ N, then the condition∑
nk|f̂(n)| < ∞ implies that f is equivalent in PC[0, 1] to a function

g has k continuous and periodic derivatives (recall that this means that
there is some g ∈ Ck([0, 1]), such that f(x) = g(x) foll x ∈ [0, 1] except
finitely many exceptions).

2. Prove a result in the converse direction.

Exercise 4.5.10 (Rudin2). Fix ∆ ∈ (0, π). Let f : [0, π] → C be defined by

f(x) =

{
1, x ∈ [0,∆]

0, x ∈ (∆, π]
.

1. Compute the cosine series of f .

2. Compute the sum of the series

∞∑

n=1

sinn∆

n
and

∞∑

n=1

(
sinn∆

n

)2

.

3. Use the above to obtain the values of the following integrals

∫ ∞

0

sinx

x
dx =

π

2
and

∫ ∞

0

(
sinx

x

)2

dx =
π

2
.

1This classical exercise was suggested to me by Daniel Reem. See [25] for a quick proof
of this result in greater generality.

2This is taken from Exercise 12 on page 198 [28].
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Exercise 4.5.11. For any s > 1, define ζ(s) =
∑∞

n=1 n
−s. In Example 4.1.11

we calculated

ζ(2) =

∞∑

n=1

1

n2
=
π2

6
.

In fact, Fourier series can used to calculate the value of ζ(2k) =
∑∞

n=1
1

n2k for
all k = 1, 2, 3, . . .. Do either one of the following tasks:

1. Find the value of ζ(4) and of ζ(6).

2. Prove that for any k = 1, 2, . . ., there is a rational number Rk such that

ζ(2k) = Rkπ
2k.

(Hint: calculate the real Fourier series of the functions x2k on the interval
[−π, π]. Express the Fourier coefficients of x2k in terms of those of x2(k−1).)

Exercise 4.5.12. We define the convolution of two functions f and g in
PC[0, 1] by

f ∗ g(x) =
∫ 1

0

f(x− t)g(t)dt,

where we extend both f and g to periodic functions with period 1 on the real
line, in order that the integral make sense.

1. Prove that if f, g ∈ PC[0, 1], then

f̂ ∗ g(n) = f̂(n)ĝ(n), n ∈ Z.

2. Try to make sense of the following: If f and g are sufficiently nice func-
tions, then

f̂ g(n) =
∑

k∈Z

f̂(n− k)ĝ(k), m ∈ Z.

(See also Exercise 5.7.12.)

Exercise 4.5.13 (Gibbs phenomenon). Consider the function f(t) = t− ⌊t⌋,
which is periodic with period 1 on R (here, ⌊t⌋ denotes the largest integer that
is less than or equal to t). In Example 4.1.11, we computed the Fourier series
of f , and we saw that it is given by

t =
1

2
−

∞∑

n=1

sin(2πnt)

πn
.

Plot the graphs of f , of SN(f) for N = 1, 2, 4, 10, 20, 40, 60, 80, 100, and of
limN→∞ SN (f), over the interval [−2, 2]. Note that the graph of SN (f) be-
comes a better and better approximation of the graph of f , except that near
the points of jump discontinuity of f , the graph of SN (f) “overshoots” and
then “undershoots”. We shall analyze this phenomenon.
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1. Show that

lim
N→∞

N∑

n=1

sin
(
πn
N

)

nπ
=

∫ 1

0

sin(πx)

πx
dx ≈ 0.58949

(Hint: for the first equality, interpret the sum as a Riemann sum.)

2. Deduce that SN (f)
(−1
2N

) N→∞−−−−→ 1.089.... This shows that the graphs
you plotted did not lie, and that indeed the partial Fourier series have
a spike whose height above the graph of the function is about 1.09 the
size of the jump. Moreover, as N gets larger, the spike moves closer to
the point of discontinuity, but is never smoothed away.

3. Now let f be any function in PC1[0, 1]. Let t ∈ [0, 1] be a point of
discontinuity of the periodic extension of f , and let J = f(t+) − f(t−)
be the size of the jump at t. Prove that

SN (f)

(
t+

1

2N

)
N→∞−−−−→ f(x+) + (0.0894...)× J

and

SN (f)

(
t− 1

2N

)
N→∞−−−−→ f(x−)− (0.0894...)× J.

This phenomenon is called Gibbs phenomenon.

4. Think fast: if you use Fejér sums instead of Dirichlet sums, will that
eliminate the overshoot?

Exercise 4.5.14. Let f ∈ PC[−π, π], and fix x0 ∈ (−π, π). Prove that

if
∣∣∣f(x)−f(x0)

x−x0

∣∣∣ is bounded in some punctured neighborhood of x0, then

SN (f)(x0)
N→∞−−−−→ f(x0). (Hint: write

DN ∗ f(x0)− f(x0) =
1

2π

∫ π

−π

DN (t)(f(x0 − t)− f(x0))dt,

and from then on it is just a little dance with epsilons and deltas.)

Exercise 4.5.15. Use Fejér’s theorem to deduce Weierstrass’s trigonometric
approximation theorem, and use that to give another proof of

1. The completeness of the orthonormal system {e2πinx}n∈Z.

2. Weierstrass’s polynomial approximation theorem.

Exercise 4.5.16. The Poisson kernel is the family of functions
{Pr(x)}r∈(0,1) on [−π, π] given by

Pr(x) =
∑

n∈Z

r|n|einx.
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1. Prove that Pr ∗ f(x) =
∑

n∈Z
r|n|f̂(n)einx.

2. Use the formula for the sum of a geometric series in order to get the
following more manageable formula for Pr(x):

Pr(x) = Re

(
1 + reix

1− reix

)
=

1− r2

1− 2r cosx+ r2
.

3. Prove that Pr ∗ f r→1−−−→ f uniformly for every f ∈ C([−π, π]) such that
f(−π) = f(π). (Hint: show that the Poisson kernel enjoys the four
properties listed in Lemma 4.3.1 that the Fejér kernel enjoys; that is,
the Poisson kernel is a summability kernel.)

Exercise 4.5.17. Fourier series can be useful for solving certain kinds of
differential equations (this was, in fact, Fourier’s motivation for considering
them). Here is an example. The Dirichlet problem for the heat equation on a
wire is the partial differential equation with boundary conditions

ut(x, t) = cuxx(x, t) , x ∈ [0, L], t > 0,

u(x, 0) = f(x) , x ∈ [0, L],

u(0, t) = 0 = u(L, t) , t > 0.

The problem is to find a function u ∈ C2([0, L] × [0,∞)) that satisfies the
conditions above, where f is a given function satisfying f(0) = f(L) = 0.
This problem has a physical interpretation: u(x, t) represents the temperature
at the point x along a one-dimensional wire (of length L) at the time t.
The constant c is a positive number that depends on physical considerations
(e.g., the particular material the wire is made of). The function f(x) is the
distribution of the temperature along the wire at time 0, and we assume it is
known. Assuming that the temperature of the wire at the endpoints is held
at a fixed temperature 0 (this is what the conditions u(0, t) = u(L, t) mean),
we want to understand how the temperature distribution evolves with time,
given that at time t = 0 it is equal to f(x).

The problem can be solved as follows. Assuming that u ∈ C2 and u(0, t) =
u(L, t) = 0, we know that for every t ≥ 0, u(x, t) can be developed into a sine
series: u(x, t) =

∑∞
n=1 bn(t) sin

(
nπx
L

)
. Allow yourself to proceed formally, to

find a representation for u(x, t) in terms of f . Show that if f(0) = f(L) = 0
and if f ∈ C1([0, L]), then the function u thus found is a true solution of the
problem. In particular, find u when f(x) = x(x− L).

Discuss: why did we choose to work with sine series? What would have
gone differently if we would have chosen, say, to develop u(x, t) into a cosine
series?



Chapter 5

Bounded linear operators on Hilbert
space

Recall that a map T : V →W between two vector spaces V and W is said to
be a linear transformation if

T (αu+ v) = αT (u) + T (v)

for all α in the field and all u, v ∈ V . The theory of linear operators on infinite
dimensional spaces becomes really interesting only when additional topological
assumptions are made. In this book, we will only consider the boundedness
and the compactness assumptions. We begin by discussing bounded operators
on Hilbert spaces.

5.1 Bounded operators

Definition 5.1.1. A linear transformation T : H → K mapping between two
inner product spaces is said to be bounded if the operator norm ‖T ‖ of T ,
defined as

‖T ‖ = sup
‖h‖=1

‖Th‖,

satisfies ‖T ‖ <∞. An immediate observation is that for all h ∈ H we have

‖Th‖ ≤ ‖T ‖‖h‖.

A bounded linear transformation is usually referred to as a bounded oper-
ator, or simply as an operator. The set of bounded operators between two
inner product spaces H and K is denoted by B(H,K), and the notation for
the space B(H,H) is usually abbreviated to B(H).

Example 5.1.2. Let H = Cn be a finite dimensional Hilbert space (with the
standard inner product). Every linear transformation on H is of the form TA
given by TA(x) = Ax, where A ∈ Mn(C) is an n × n matrix. By elementary
analysis, TA is continuous, and by compactness of the unit sphere S = {x ∈
Cn : ‖x‖ = 1}, TA is bounded.
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Alternatively, one can find an explicit bound for ‖TA‖ by using the defini-
tion. Let x ∈ H . Then

‖Ax‖2 =

n∑

i=1

|
n∑

j=1

aijxj |2.

By the Cauchy-Schwarz inequality, the right-hand side is less than

n∑

i=1




n∑

j=1

|aij |2

 ‖x‖2 = ‖x‖2

n∑

i,j=1

|aij |2.

Thus ‖TA‖ ≤
√∑n

i,j=1 |aij |2.

Exercise 5.1.3. Show that the above bound for ‖TA‖ may be attained in
some cases, but that in general it is not sharp (saying that the bound is “not
sharp” means that for some matrix A, the norm of the operator TA will be

strictly smaller than the bound: ‖TA‖ <
√∑n

i,j=1 |aij |2.)

Proposition 5.1.4. For a linear transformation T : H → K mapping between
two inner product spaces, the following are equivalent:

1. T is bounded.

2. T is continuous.

3. T is continuous at some h0 ∈ H.

Proof. If T is bounded and hn → h, then

‖Thn − Th‖ = ‖T (hn − h)‖ ≤ ‖T ‖‖hn − h‖ → 0,

so T is continuous. If T is continuous, then obviously it is continuous at every
point in H .

Suppose that T is unbounded; we will show that it is discontinuous at every
point. If T is unbounded, then we can find hn → 0 such that ‖Thn‖ ≥ 1. But
then for every h0 ∈ F , we have that h0 + hn → h0, while

‖Th0 − T (h0 + hn)‖ = ‖Thn‖ ≥ 1,

thus T is not continuous at h0.

In this book, we will almost exclusively deal with bounded operators, so
we will not bother using the adjective “bounded” over and over again. The
reader should keep in mind that unbounded linear operators defined on linear
subspaces of Hilbert spaces are of great importance and are studied a lot (on
the other hand, unbounded operators defined on the entire Hilbert space H
are hardly ever of any interest).
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Exercise 5.1.5. Prove that there exists an unbounded linear operator on ℓ2.

A simple and useful way of constructing bounded operators on Hilbert
spaces is by applying the following result.

Proposition 5.1.6. Let D be a dense linear subspace of a Hilbert space H.
Let K be another Hilbert space, let T : D → K be a linear transformation,
and suppose that

sup{‖Tx‖ : x ∈ D, ‖x‖ = 1} =M <∞.

Then there is a unique bounded operator T̃ defined on H such that T̃
∣∣
D

= T

and ‖T̃‖ = M . Moreover, if ‖Tx‖ = ‖x‖ for all x ∈ D, then ‖T̃h‖ = ‖h‖ for
all h ∈ H.

Proof. Let h ∈ H . To define Th, we find a sequence D ∋ xn → h ∈ H , and
we note that {Txn} is a Cauchy sequence. Hence limn→∞ Txn exists and we
define T̃ h = limn→∞ Txn. This limit is well-defined since if we have another
sequence D ∋ yn → h, then the sequence x1, y1, x2, y2, . . . also converges to
h, thus Tx1, T y1, T x2, T y2, . . . is a Cauchy sequence. In particular, if h ∈ D
then T̃ h = Th.

T̃ is clearly the unique continuous map on H that extends T , and by
linearity of T and continuity of the algebraic operations, T̃ is also linear.

The final assertion follows from continuity of the norm.

Example 5.1.7. Let H = L2[0, 1], and let g ∈ C([0, 1]). We define the mul-
tiplication operator Mg : L2[0, 1] → L2[0, 1] by

Mgf = gf.

The operator Mg is clearly defined and bounded on the dense subspace
C([0, 1]), so one may use Proposition 5.1.6 to extend Mg to a bounded oper-
ator on all of L2[0, 1], and it is not difficult to compute ‖Mg‖ = ‖g‖∞. If one
knows measure theory, then this extension procedure is not needed (since for
f ∈ L2[0, 1], f is defined almost everywhere, so gf is defined almost every-
where). On the other hand, the extension argument allows us to extend the
algebraic operation of multiplication-by-a-continuous-function from C([0, 1])
to all of L2[0, 1], strengthening our claim that L2[0, 1], as we defined it, can
be considered as a space of functions.

Definition 5.1.8. For every T ∈ B(H,K), we define the kernel of T to be
the space

ker(T ) = {h ∈ H : Th = 0}.
The image of T is defined to be the space

Im(T ) = {Th : h ∈ H}.
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In some texts the kernel is called the null space and the image is called
the range. The kernel of a bounded operator is always closed. The image of
a bounded operator might be nonclosed.

Proposition 5.1.9. Let S, T ∈ B(H,K). Then S = T if and only if 〈Sh, k〉 =
〈Th, k〉 for all h ∈ H and k ∈ K. In case H = K, then S = T if and only if
〈Sh, h〉 = 〈Th, h〉 for all h ∈ H.

Exercise 5.1.10. Prove the proposition, and show that the second part fails
for real Hilbert spaces.

5.2 Linear functionals and the Riesz representation the-
orem

Definition 5.2.1. Let H be an inner product space. A linear operator Φ :
H → C is said to be a linear functional. The space of all bounded linear
functionals on H is denoted by H∗.

Example 5.2.2. Let H be an inner product space, and fix g ∈ H . We define
a linear functional Φg on H as follows:

Φg(h) = 〈h, g〉 , h ∈ H.

By the linearity of the inner product in the first component, Φg is a linear
functional. For every h ∈ H , Cauchy-Schwarz implies that |Φg(h)| = |〈h, g〉| ≤
‖h‖‖g‖, thus ‖Φg‖ ≤ ‖g‖. When g 6= 0, we apply Φg to the unit vector
u = g/‖g‖ and obtain Φg(u) = ‖g‖; thus ‖Φg‖ = ‖g‖.

In fact, in a Hilbert space, the above example covers all the possibilities.

Theorem 5.2.3 (Riesz representation theorem). If Φ is a bounded linear
functional on a Hilbert space H, then there exists a unique g ∈ H, such that
Φ(h) = 〈h, g〉 for all h ∈ H. In addition, ‖g‖ = ‖Φ‖.

Proof. If Φ = 0, then we choose g = 0 and the proof is complete, so assume
that Φ 6= 0. Then kerΦ is a closed subspace which is notH . By Theorem 3.2.10
and the following remark, we have H = kerΦ⊕kerΦ⊥. Since the restriction of
Φ to kerΦ⊥ is a linear functional with trivial kernel, the dimension of kerΦ⊥

is equal to 1. Choose a unit vector u ∈ kerΦ⊥. We claim that g = Φ(u)u does
the trick. Indeed, let h ∈ H . Let h = m + n be the decomposition of h with
respect to H = kerΦ⊥ ⊕ kerΦ. By the formula of orthogonal projection onto
a subspace (Proposition 3.2.18), m = 〈h, u〉u. Then we have

Φ(h) = Φ(m) + Φ(n) = Φ(〈h, u〉u) = 〈h, u〉Φ(u) = 〈h, g〉.
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The equality ‖g‖ = ‖Φ‖ has been worked out in the above example. Finally,
g is unique, because if g′ is another candidate for this role, then 〈h, g − g′〉 =
Φ(h) − Φ(h) = 0 for all h ∈ H , whence g = g′ (because, in particular, 〈g −
g′, g − g′〉 = 0).

Exercise 5.2.4. Where did we use the fact that H is a Hilbert space? Where
did we use the fact that Φ is bounded? Construct examples showing that
neither of these assumptions can be dropped.

Exercise 5.2.5. Prove that a linear functional on a Hilbert space is bounded
if and only if its kernel is closed.

5.3 *The Dirichlet problem for the Laplace operator

The material in this section is supplementary, and the reader may skip
to the next section without worries. Here we will illustrate an application
of the Riesz representation theorem to the problem of finding solutions to
partial differential equations (PDEs). We will outline an example involving
the Laplace operator. For simplicity, we consider real-valued functions in two
variables — this is already a case of much importance, in physics and in pure
mathematics. For a detailed introduction to the use of functional analytic
methods in PDEs, the reader may consult [4].

Recall that the Laplace operator ∆ is the partial differential operator
defined on smooth functions u = u(x, y) by

∆u = uxx + uyy.

We are using the familiar shorthand notation for partial differentiation, where

ux = ∂u
∂x , uxx = ∂2u

∂x2 , etc.
Suppose that we are given a bounded domain (connected open set) D ⊂ R2

together with a continuous real-valued function f ∈ C(D), and consider the
following boundary value problem:

∆u = f in D (5.1)

u
∣∣
∂D

= 0 on ∂D (5.2)

Here and below, ∂D denotes the boundary of D (that is ∂D is the set of
all points x ∈ R2, such that every neighborhood of x intersects both D and
its complement). This problem is called the Dirichlet problem for the Laplace
operator. We seek a solution to this problem. A strong solution (also called
classical solution) for this problem is a function u ∈ C(D) ∩ C2(D) such
that ∆u = f in D and u ≡ 0 on ∂D. It will be convenient to denote

C2
0 (D) = {u ∈ C(D) ∩ C2(D) : u

∣∣
∂D

≡ 0}.
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When D is a disc or a rectangle, there are methods to write down a solution
u in terms of f . However, it is desirable to have a general theory of solvability
of the Dirichlet problem, that works for as wide as possible a class of bounded
domains D. One approach is to recast the problem within the framework of
Hilbert spaces.

Let C1
0 (D) be the space of continuously differentiable real-valued functions

in D, which vanish on the boundary of D. We define an inner product on
C1

0 (D)

〈u, v〉H1
0
=

∫

D

∇u · ∇v =

∫

D

(uxvx + uyvy)dxdy.

(We will henceforth omit the variables from integration, and write
∫
D
f for∫

D f(x, y)dxdy). This is indeed an inner product: it is definite because if
‖u‖H1

0
= 0, then u must be constant, and the boundary condition then implies

u = 0. We write 〈·, ·〉H1
0
for the inner product and ‖ · ‖H1

0
for the norm, since

we wish to avoid confusion with the L2 inner product

〈u, v〉L2 =

∫

D

uv.

Let H1
0 (D) denote the completion of the space C1

0 (D) with respect to the
inner product 〈·, ·〉H1

0
.

Remark 5.3.1. Like L2(D), the space H1
0 (D) can be interpreted as a space

of functions, and is a member of a large and important family of spaces called
Sobolev spaces. One can define a space H1(D) that consists of all functions on
D, for which the first-order derivatives ux and uy exist in some weak sense,
and such that ux, uy ∈ L2(D). The subscript 1 therefore stands for first-order
derivatives, and a space Hk(D) of functions with kth order derivatives in
L2(D) can also be defined. H1

0 (D) is then the subspace of H1(D) consisting
of functions that “vanish on the boundary”. Sobolev spaces are indispensable
for significant parts of the study of PDEs; the reader is referred to almost
any comprehensive textbook on the modern theory of PDEs (such as [10]) for
more on these spaces and how they are used.

We define also the space of test functions to be the space C∞
c (D) of all

infinitely differentiable real-valued functions that vanish on a neighborhood
of the boundary. It is useful to introduce the following concept.

Definition 5.3.2. A weak solution to the boundary value problem (5.1)-
(5.2) is an element u ∈ H1

0 (D) such that

〈u, φ〉H1
0
= −

∫

D

fφ (5.3)

for every φ ∈ C∞
c (D).
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A couple of remarks are in order. First, if u is in C2
0 (D) and is a strong

solution for (5.1)-(5.2), then it is also a weak solution. Indeed, using integration
by parts, it is easy to see that a strong solution u satisfies

〈u, φ〉H1
0
=

∫

D

uxφx + uyφy = −
∫

D

(∆u)φ = −
∫

D

fφ.

On the other hand, if u ∈ H1
0 (D) is a weak solution, and u also happens to

lie in the subspace C2
0 (D), then u is in fact a strong solution. To see this, we

use integration by parts, and, assuming that u is a weak solution, we get

∫

D

(∆u)φ = −
∫

D

uxφx + uyφy = −〈u, φ〉H1
0
=

∫

D

fφ,

so
∫
D(∆u)φ =

∫
D fφ for all φ ∈ C∞

c (D). Invoking the following lemma, we
conclude that ∆u = f .

Lemma 5.3.3. If f, g ∈ C(D) and
∫
D fφ =

∫
D gφ for all φ ∈ C∞

c (D), then
f ≡ g.

Proof. If f(x0) 6= g(x0) at some x0 ∈ D, then there is some neighborhood
Br(x0) of x0 where f − g is nonzero and of constant sign. Now choose the
test function φ to be positive at x0, nonnegative everywhere, and 0 outside
Br(x0). Integrating against this test function φ, we get

∫
D
(f − g)φ 6= 0 (for

the existence of such a test function, see the proof of Theorem 12.5.1).

In the above discussion we have proved: a function u ∈ C2
0 (D) is a strong

solution to (5.1)-(5.2) if and only if it is a weak solution. Thus, the notion of
a weak solution that we have introduced is a reasonable one. The proof of the
following theorem makes use of the Riesz representation theorem to establish
the existence of a weak solution.

Theorem 5.3.4. For every f ∈ C(D), the problem (5.1)-(5.2) has a weak
solution.

Proof. We define a linear functional

Φ : C1
0 (D) → R

by

Φ(v) = −
∫

D

fv. (5.4)

The idea is to use the Riesz representation theorem, which tells us that in
order to obtain the existence of a weak solution, it suffices to show that Φ
extends to a bounded linear functional on H1

0 (D). By Proposition 5.1.6, this
boils town to showing that this Φ is bounded on C1

0 (D) with respect to the
norm ‖ · ‖H1

0
. We pause to state and prove this fact as a lemma.
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Lemma 5.3.5. There exists a constant C > 0, such that for every v ∈ C1
0 (D),

∣∣∣∣
∫

D

fv

∣∣∣∣ ≤ C‖v‖H1
0
.

Hence, Equation (5.4) gives rise to a bounded linear functional Φ on H1
0 (D).

Proof. By the Cauchy-Schwarz inequality in L2(D),

∣∣∣∣
∫

D

fv

∣∣∣∣ ≤ ‖f‖L2‖v‖L2.

Therefore, it suffices to prove that

‖v‖L2 ≤ C‖v‖H1
0

for every v ∈ C1
0 (D), (5.5)

for some constant C. SinceD is bounded, we can assume that it is contained in
some square [−R,R]× [−R,R]. Considering v ∈ C1

0 (D) as a function defined
on all [−R,R]× [−R,R] and vanishing outside D, we have for every x, y ∈ D,

|v(x, y)| ≤
∫ x

−R

|vx(t, y)|dt ≤ (2R)1/2

(∫ R

−R

|vx(t, y)|2dt
)1/2

.

Squaring the above inequality and integrating over y we obtain, for every fixed
x ∈ [−R,R],

∫ R

−R

|v(x, y)|2dy ≤ 2R

∫ R

−R

∫ R

−R

|vx(t, y)|2dtdy ≤ 2R‖v‖2H1
0
.

Integrating over x gives

∫ R

−R

∫ R

−R

|v(x, y)|2dxdy ≤
∫ R

−R

2R‖v‖2H1
0
= (2R)2‖v‖2H1

0
,

which gives the required inequality (5.5).

Now we can complete the proof of the theorem. By the Riesz representation
theorem, there exists a unique u ∈ H1

0 (D) such that

〈u, v〉H1
0
= Φ(v)

for all v ∈ H1
0 (D). In pacticular, this u is an element in H1

0 (D) that satisfies

〈u, φ〉H1
0
= −

∫

D

fφ for all φ ∈ C∞
c (D).

In other words, u is a weak solution.
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Exercise 5.3.6. In the above theorem we obtained the existence of a weak
solution u, but we did not say anything about uniqueness. In fact, the weak
solution is also unique. Do you see what argument needs to be added to the
proof in order to establish uniqueness? (The student who sees what is missing,
but does not know how to fill in the missing details, might want to return to
this exercise after reading the proof of Theorem 12.5.1.)

We started out by stating the Dirichlet problem for the Laplace operator,
and our discussion has led us to conclude that there exists a weak solution
to that problem. This is interesting, and it might be useful, but it does not
answer the original problem of finding a strong solution.

Remarkably, it turns out that obtaining a weak solution is a significant
step towards solving the classical problem. One can show that if f and D are
nice enough (for example, if f ∈ C1(D), and if D has a smooth boundary),
then the weak solution u must be an element of the space C2

0 (D). Hence, by
the discussion preceding the theorem, a weak solution is a strong solution.
This is a nontrivial “hard analytical” step, and is beyond the scope of this
book. It is important to point out that the proof that a weak solution must
be in C2

0 (D) (an hence is a strong solution) is best carried out within the
framework of Lebesgue measure theory, which we are systematically avoiding
in this book.

Exercise 5.3.7. Prove directly (without relying on uniqueness of the weak
solution) that a strong solution is unique.

We now summarize. In this section, we presented a typical application of
the Riesz theorem to showing existence of solutions to PDEs. In the setting
of the Dirichlet problem for the Laplace operator in the plane, this consists of
the following steps:

1. Define a cleverly chosen linear functional Φ on H1
0 (D), and prove that

it is bounded.

2. Use the Riesz theorem to find u such that Φ(v) = 〈u, v〉 for all v ∈
H1

0 (D), and recognize that (thanks to the clever choice of Φ) u is a
weak solution.

3. Use hard analysis to obtain that u lies in a nice subspace, say u ∈ C2
0 (D),

thus u is a strong solution, and the problem is solved.

It is important to note that there are two nontrivial analytical things to prove;
the boundedness of Φ and the fact that u lies in C2

0 (D). Without these ana-
lytical steps, the functional analytic step (2) gives us very little.

Remark 5.3.8. Weak solutions are usually defined in a slightly different
way from the way we defined them. If we think of L2(D) and H1

0 (D) as
spaces consisting of measurable functions, then the inequality (5.5) shows
that H1

0 (D) ⊂ L2(D). Therefore, if u ∈ H1
0 (D) is a weak solution, then in
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particular u, ux, uy ∈ L2(D). Integration by parts is therefore applicable, and
(5.3) can be rewritten as

−
∫
fφ = 〈u, φ〉H1

0
=

∫
uxφx + uyφy = −

∫
u∆φ.

In other words, u is a weak solution if and only if

〈u,∆φ〉L2 =

∫

D

fφ for all φ ∈ C∞
c (D).

5.4 The adjoint of a bounded operator

Proposition 5.4.1 (Existence of the adjoint). Let H and K be Hilbert spaces.
For every T ∈ B(H,K) there exists a unique S ∈ B(K,H) such that

〈Th, k〉 = 〈h, Sk〉
for all h ∈ H and k ∈ K.

Proof. Fix k ∈ K, and consider the functional Φ(h) = 〈Th, k〉. It is clear that
Φ is linear, and the estimate

|Φ(h)| ≤ ‖Th‖‖k‖ ≤ ‖T ‖‖k‖‖h‖
shows that Φ is bounded and ‖Φ‖ ≤ ‖T ‖‖k‖. By the Riesz representation
theorem (Theorem 5.2.3), there exists a unique element in H , call it Sk, such
that 〈h, Sk〉 = Φ(h) = 〈Th, k〉 for all h. What remains to be proved is that
the mapping k 7→ Sk is a bounded linear map.

Linearity is easy. For example, if k1, k2,∈ K, then for every h ∈ H

〈h, S(k1 + k2)〉 = 〈Th, k1 + k2〉 = 〈Th, k1〉+ 〈Th, k2〉 = 〈h, Sk1 + Sk2〉,
so S(k1+k2) = Sk1+Sk2. As for boundedness, Theorem 5.2.3 also tells us that
‖Sk‖ = ‖Φ‖ ≤ ‖T ‖‖k‖, thus S is bounded and ‖S‖ ≤ ‖T ‖. The uniqueness
of S also follows, from the unique choice of Sk given k.

Definition 5.4.2. For every T ∈ B(H,K), we let T ∗ denote the unique
operator for which 〈Th, k〉 = 〈h, T ∗k〉 for all h ∈ H and k ∈ K. The operator
T ∗ is called the adjoint of T .

Example 5.4.3. Let H = Cn, let A ∈ Mn(C), and let TA ∈ B(H) be
multiplication by A. If A = (aij), then let A∗ be the matrix with ijth entry
aji. Then T

∗
A = TA∗ . This should be well known from a course in linear algebra,

but is also immediate from the definitions:

〈TAx, y〉 = y∗Ax = (A∗y)∗x = 〈x, TA∗y〉,
for all x, y ∈ Cn.



Bounded linear operators on Hilbert space 71

Example 5.4.4. Let H = L2[0, 1], and let g ∈ C([0, 1]). Then M∗
g =Mg. To

see this, we compute for all h, k ∈ C([0, 1])

〈Mgh, k〉 =
∫ 1

0

g(t)h(t)k(t)dt = 〈h,Mḡk〉,

so 〈h,M∗
g k〉 = 〈h,Mḡk〉. Because M∗

g and Mḡ are bounded, and because the
inner product is continuous, it follows that 〈h,M∗

g k〉 = 〈h,Mḡk〉 holds for all
h, k ∈ L2[0, 1], thus M∗

g =Mḡ.

Proposition 5.4.5. Let S, T be bounded operators between Hilbert spaces.
The following hold:

1. (T ∗)∗ = T .

2. ‖T ‖ = ‖T ∗‖.

3. (aS + bT )∗ = aS∗ + bT ∗ for a, b ∈ C.

4. (ST )∗ = T ∗S∗.

5. ‖T ‖2 = ‖T ∗T ‖.

6. If T is bijective and T−1 is bounded, then T ∗ is invertible and (T ∗)−1 =
(T−1)∗.

Exercise 5.4.6. Prove Proposition 5.4.5.

Remark 5.4.7. We will later learn that when T ∈ B(H,K) is invertible,
then T−1 is automatically bounded (see Theorem 8.3.5).

Proposition 5.4.8. Let T ∈ B(H,K). We have the following:

1. ImT⊥ = kerT ∗.

2. (ImT ∗)⊥ = kerT .

3. kerT⊥ = ImT ∗.

4. (kerT ∗)⊥ = ImT .

Proof. Items (1) and (2) are equivalent, and so are (3) and (4) (thanks to the
first item in Proposition 5.4.5).

To prove (1), let k ∈ K. Then T ∗k = 0 if and only if for all h, 0 =
〈T ∗k, h〉 = 〈k, Th〉, and this happens if and only if k ⊥ ImT . To prove (4),
apply ⊥ to both sides of (1) to obtain (kerT ∗)⊥ = ImT⊥⊥ = ImT .
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5.5 Special classes of operators

Definition 5.5.1. An operator T ∈ B(H) is said to be

• normal if T ∗T = TT ∗,

• self-adjoint if T = T ∗,

• positive if 〈Th, h〉 ≥ 0 for all h ∈ H .

An operator T ∈ B(H,K) is said to be

1. contractive, or a contraction, if ‖Th‖ ≤ ‖h‖ for all h ∈ H ,

2. isometric, or an isometry, if ‖Th‖ = ‖h‖ for all h ∈ H ,

3. unitary if it is a bijection satisfying 〈Tg, Th〉 = 〈g, h〉 for all g, h ∈ H .

Example 5.5.2. Let I denote that identity operator on H , that is Ih = h
for all h ∈ H . Then I belongs to all of the above categories.

Proposition 5.5.3. T ∈ B(H) is self-adjoint if and only if 〈Th, h〉 ∈ R for
all h ∈ H.

Proposition 5.5.4. For T ∈ B(H), the following are equivalent:

1. T is an isometry.

2. 〈Tg, Th〉 = 〈g, h〉 for all g, h ∈ H.

3. T ∗T = I.

Proposition 5.5.5. Let T ∈ B(H). T is unitary if and only if

T ∗T = TT ∗ = I.

Exercise 5.5.6. Prove the above propositions. Which of them fail when the
field of scalars C is replaced by R?

Example 5.5.7. Let M be a closed subspace of a Hilbert space. Then the
orthogonal projection PM ontoM is positive and self-adjoint. Indeed, if h ∈ H ,
write h = m + n where m ∈ M,n ∈ M⊥. Then 〈PMh, h〉 = 〈m,m + n〉 =
〈m,m〉 ≥ 0, so it is positive. By Proposition 5.5.3, PM is self-adjoint.

Alternatively, if h = m + n and h′ = m′ + n′ are decompositions of two
vectors according to H = M ⊕M⊥, then 〈PMh, h

′〉 = 〈m,m′〉 = 〈h, PMh
′〉,

thus PM = P ∗
M , so PM is self-adjoint by definition (why was it important to

give a different proof?).
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Example 5.5.8. Let S be the operator on ℓ2 given by

S(x1, x2, x3, . . . , ) = (0, x1, x2, . . .).

The operator S is called the unilateral shift or the forward shift (or simply
the shift). It is easy to see that S is an isometry. A computation shows that
S∗ is given by S∗(x1, x2, x3, . . .) = (x2, x3, . . .). The operator S∗ is called the
backward shift. Further computations show that S∗S = I, and SS∗ = PM ,
where M = {(1, 0, 0, 0, . . .)}⊥. So S is not normal.

5.6 Matrix representation of operators

Consider the Hilbert space ℓ2 = ℓ2(N). Suppose that we are given an
infinite matrix A = (aij)i,j∈N such that

∞∑

i,j=0

|aij |2 <∞. (5.6)

Since every row of A is in ℓ2, we can multiply A with elements of ℓ2 (considered
as infinite column vectors) as follows: the vector Ax is the sequence where the
ith element is

(Ax)i =

∞∑

j=0

aijxj

for all i ∈ N. As in Example 5.1.2, we find that Ax ∈ ℓ2, and in fact that the

operator TA : x 7→ Ax is a bounded operator with ‖TA‖ ≤
√∑∞

i,j=0 |aij |2.
Indeed,

‖Ax‖2 =

∞∑

i=0

∣∣∣∣∣∣

∞∑

j=0

aijxj

∣∣∣∣∣∣

2

≤ ‖x‖2
∞∑

i,j=0

|aij |2. (5.7)

It is common practice to slightly abuse notation and use the symbol A to
denote both the matrix A as well as the operator TA.

There are infinite matrices which do not satisfy (5.6) that give rise to
bounded operators; for example, the “infinite identity matrix” gives rise by
multiplication to the identity operator on ℓ2(N). There is no known condition
on the coefficients of an infinite matrix A (such as (5.6)) that guarantees that
the matrix multiplication by A gives rise to a well-defined bounded operator
on ℓ2.

On the other hand, every bounded operator on a Hilbert space has a
“matrix representation”.
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Definition 5.6.1. Let H be a Hilbert space with an orthonormal basis
{fi}i∈I , and let T ∈ B(H). The representing matrix of T with respect
to the basis {fi}i∈I is the array [T ] = (tij)i,j∈I given by

tij = 〈Tfj, fi〉, i, j ∈ I.

We also sometimes write [T ]ij for the ijth element tij .

For every h =
∑

j∈I〈h, fj〉fj ∈ H , the operation of T on h is given by

Th =
∑

i∈I


∑

j∈I

tij〈h, fj〉


 fi.

To see this, we compute the ith generalized Fourier coefficient of Th:

〈Th, fi〉 =
〈
T
∑

j∈I

〈h, fj〉fj , fi
〉

=
∑

j∈I

〈h, fj〉〈Tfj, fi〉,

as claimed.
A perhaps more concrete way to see how T works is as follows. Let ℓ2(I)

be the Hilbert space of “sequences” indexed by I (recall Exercise 3.4.7). Let
{ei}i∈I denote the standard basis of ℓ2(I), that is, ei = (δij)j∈I (i.e., ei has 1
in the ith slot and zeros elsewhere). The map U : fi 7→ ei extends to a unitary
map from H onto ℓ2(I), given by

Uh = U


∑

j∈I

〈h, fj〉fj


 =

∑

j∈I

〈h, fj〉ej = (〈h, fj〉)j∈I .

Multiplying the “infinite column vector” (〈h, fj〉)j∈I by the matrix [T ] gives

the column vector which has at its ith place the number
∑

j∈I tij〈h, fj〉, that
is

[T ]Uh =


∑

j∈I

tij〈h, fj〉




i∈I

.

We see that U∗[T ]Uh = Th for every h ∈ H , or simply

U∗[T ]U = T.

The relationship between T and [T ] is important enough that we pause to
make a definition.

Definition 5.6.2. If A ∈ B(H) and B ∈ B(K), then A and B are said to be
unitarily equivalent if there exists a unitary operator U : H → K such that

U∗BU = A.
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To summarize, we have that every bounded operator T is unitarily equiv-
alent to the operator on ℓ2(I) given by multiplication by the representing
matrix of T . The same considerations hold for operators acting between dif-
ferent Hilbert spaces H and K, or if different bases are used to represent H
before or after the action of T .

Example 5.6.3. Let f ∈ C([0, 1]). Then one can define a convolution opera-
tor Cf : PC[0, 1] → PC[0, 1] by

Cfg(x) = f ∗ g(x) =
∫ 1

0

f(x− t)g(t)dt.

For this definition to make sense, we extend f periodically to the whole real
line (with some ambiguity on the integers). By Cauchy-Schwarz, |Cfg(x)| ≤
‖f‖2‖g‖2 for all x ∈ [0, 1], so Cf is bounded with ‖Cf‖ ≤ ‖f‖2. We can extend
Cf to an operator defined on L2[0, 1]. By Exercise 4.5.12, the representing
matrix of Cf with respect to the basis {e2πinx}n∈Z is given by the doubly

infinite matrix that has f̂(n) on the nth place of the diagonal, and has 0s in
all off diagonal entries:

[Cf ] =




. . .

f̂(−1)

f̂(0)

f̂(1)

f̂(2)
. . .




.

Exercise 5.6.4. Prove that algebraic operations between operators corre-
spond to natural matrix operations. In particular, prove that

1. [S + T ]ij = [S]ij + [T ]ij,

2. [ST ]ij =
∑

k[S]ik[T ]kj ,

3. [T ∗]ij = [T ]ji.

5.7 Additional exercises

Exercise 5.7.1. Prove the “Hahn-Banach extension theorem for Hilbert
spaces”: Let H be a Hilbert space, M a subspace of H, and let f be a bounded
linear functional on M . Then there exists a bounded linear functional F on
H, such that ‖F‖ = ‖f‖ and F

∣∣
M

= f .
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Exercise 5.7.2. Let g ∈ C([0, 1]), and let Mg be the operator discussed in
Examples 5.1.7 and 5.4.4. Prove that ‖Mg‖ = ‖g‖∞ and that M∗

g =Mḡ.

Exercise 5.7.3. Let U be the operator on ℓ2(Z) that shifts every bi-infinite
sequence to the right; that is, U(xn)n∈Z = (xn−1)n∈Z. The operator U is called
the bilateral shift.

1. Prove that U is a unitary operator.

2. Find the matrix representation of U with respect to the standard basis
of ℓ2(Z).

3. Prove that U is unitarily equivalent to the multiplication operator Mg

on L2[0, 1], where g(t) = e2πit.

Exercise 5.7.4. Let G,H be Hilbert spaces, and suppose that we are given
subsets A ⊆ G and B ⊆ H . Suppose that there is a map ϕ : A → B.

1. Prove that there exists an isometry T : spanA → spanB such that
T (a) = ϕ(a) for all a ∈ A, if and only if

〈ϕ(a1), ϕ(a2)〉H = 〈a1, a2〉G for all a1, a2 ∈ A.

2. Prove that there exists a contraction T : spanA → spanB such that
T (a) = ϕ(a) for all a ∈ A, if and only if

n∑

i,j=1

cicj〈ϕ(ai), ϕ(aj)〉H ≤
n∑

i,j=1

cicj〈ai, aj〉G,

for all a1, . . . , an ∈ A and all c1, . . . , cn ∈ C.

Exercise 5.7.5. Prove that if T ∈ B(H) is a positive operator, then all its
eigenvalues are real and nonnegative. (Recall that a complex number λ is an
eigenvalue of T if there exists a nonzero h ∈ H such that Th = λh.)

Exercise 5.7.6. Prove that for every T ∈ B(H,K), the operator T ∗T is
positive. The converse is also true, but will not be proved in full generality in
this book. Can you prove the converse direction in finite dimensional spaces?

Exercise 5.7.7. Let A be anm×n matrix, and consider A also as an operator
between the Hilbert space Cn and Cm, with the standard inner product. Prove
that the operator norm ‖A‖ can be computed as follows:

‖A‖ =
√
λmax(A∗A),

where λmax(A
∗A) denotes the largest eigenvalue of A∗A. Does this continue

to hold true over the reals?

Exercise 5.7.8. Let A =
(
1 2 0 −2 −1
2 −1 1 −1 1

)
. Compute ‖A‖.
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Exercise 5.7.9. Let T ∈ B(H) such that T 2 = T . Such an operator is
sometimes called a projection (though sometimes, in the setting of Hilbert
spaces, the word projection is used to mean orthogonal projection). Prove the
following statements.

1. ImT is closed, and every h ∈ H has a unique decomposition h = m+n,
where m ∈ ImT and n ∈ kerT .

2. T is an orthogonal projection onto ImT if and only if T = T ∗.

3. T is an orthogonal projection onto ImT if and only if ‖T ‖ ≤ 1.

Exercise 5.7.10. Give an example of a projection which is not an orthogonal
projection. A projection T = T 2 ∈ B(H), with M = ImT and N = kerT , is
sometimes referred to as the projection onto M parallel to N . Explain why.

Exercise 5.7.11 (Lax-Milgram theorem). Let H be a real Hilbert space.
A bounded bilinear form on H is a function B : H × H → R which is
linear in each of its variables separately (i.e., B(f + g, h) = B(f, h) +B(g, h),
B(αf, g) = αB(f, g), and likewise in the second variable), and for which there
exists some C such that

|B(f, g)| ≤ C‖f‖‖g‖ for all f, g ∈ H.

A bilinear form is said to be coercive if there exists a constant c > 0 such
that

|B(f, f)| ≥ c‖f‖2 for all f ∈ H.

1. Prove that for every bounded bilinear form B onH , there exists a unique
bounded operator TB ∈ B(H), such that

B(f, g) = 〈TBf, g〉 for all f, g ∈ H.

2. Prove that if B is a coercive bounded bilinear form on H , then for every
bounded linear functional Φ ∈ H∗, there exists a unique uΦ ∈ H , such
that

B(uΦ, g) = Φ(g) for all g ∈ H.

Prove also that ‖uΦ‖ ≤ 1
c‖Φ‖.

The second statement that you proved is called the “Lax-Milgram theorem”,
and it is very useful in finding weak solutions to PDEs, in a way similar to
what we have done in Section 5.3.

Exercise 5.7.12. Let f ∈ C([0, 1]), and recall that Mg denotes the multipli-
cation operator on L2[0, 1].

1. Prove that for all f ∈ L2[0, 1], the Fourier coefficients of gf are given by

ĝf(n) =
∑

k∈Z

f̂(n− k)ĝ(k).

(Recall Exercise 4.5.12).
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2. Find the matrix representation of the operator Mg with respect to the
basis {e2πinx}n∈Z.

3. Let U be the bilateral shift (see Exercise 5.7.3). Prove that [Mg]U =
U [Mg] for every g ∈ C([0, 1]).

4. Let T be an operator on L2[0, 1] and let [T ] denote its matrix represen-
tation with respect to the basis {e2πinx}n∈Z. Show that if [T ]U = U [T ],
then the diagonals of T are constant, that is [T ]i,j = [T ]i+1,j+1 for all
i, j ∈ Z.

5. If [T ]U = U [T ], does it necessarily follow that [T ][Mg] = [Mg][T ] for
every g ∈ C([0, 1])?

Exercise 5.7.13. Let M be a closed subspace of a Hilbert space H .

1. The orthogonal projection PM can be considered as an operator in B(H),
in which case PM is self-adjoint. But PM can also as an operator in
B(H,M), and then PM cannot be self-adjoint if M 6= H . What is the
adjoint of PM when viewed this way?

2. If T ∈ B(H), we let T
∣∣
M

denote the restriction of T to M , given by

T
∣∣
M
m = Tm for all m ∈M.

Prove that T
∣∣
M

∈ B(M,H), and compute (T
∣∣
M
)∗.

Exercise 5.7.14 (Operator block matrices). Let {Hi}i∈I be a family of
Hilbert spaces, and let H = ⊕i∈IHi (as you defined in Exercise 3.6.8). For
every i, let Pi be the projection of H onto the natural copy of Hi in H (living
in the ith slot). For every i, j, let Tij ∈ B(Hj , Hi) be given by Tij = PiT

∣∣
Hj

.

The operator block matrix decomposition of T with respect to the de-
composition H = ⊕i∈IHi is the array (Tij)i,j∈I .

1. Prove that if h = (hi)i∈I , then Th is given by multiplying the “column
vector” (hi)i∈I by the matrix (Tij)i,j∈I , that is

Th =


∑

j∈I

Tijhj




i∈I

.

2. Prove that if S ∈ B(H), then the block matrix decomposition of ST
with respect to the decomposition H = ⊕i∈IHi is given by the ordinary
rule for matrix multiplication, that is

(ST )ij =
∑

k

SikTkj ,

where the above sum converges in the sense that for every x ∈ Hj , the
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series on the right-hand side of the following equation converges to the
left-hand side:

(ST )ijx =
∑

k

SikTkjx.

3. (Tricky) Construct an example of two operators S and T such that the
series

∑
k SikTkj does not converge in norm.

4. Let M be a closed subspace of Hilbert space H . Then every operator
T ∈ B(H) has a block decomposition

T =

(
T11 T12
T21 T22

)

with respect to the decomposition H = M ⊕M⊥. Here T11 ∈ B(M),
T12 ∈ B(M⊥,M), etc. Prove that there exists a bijection between
bounded operators on H and 2 × 2 operator block matrices as above
(there is also a bijection between operator block n × n matrices and
operators on H given a direct sum decomposition H =M1 ⊕ . . .⊕Mn).

5. Show that TM ⊆ M if and only if T has upper triangular form with
respect to the decomposition H = M ⊕ M⊥ (that is if and only if
T21 = 0).

6. Find the block decomposition of the orthogonal projection PM . Prove
that TM ⊆M if and only if PMTPM = TPM , and use this to verify the
previous item.

7. What is the block matrix decomposition of T
∣∣
M
?

Exercise 5.7.15. Let {Mi}i∈I be a family of pairwise orthogonal closed sub-
spaces of a Hilbert space H . Assume that the linear space spanned by sums of
elements from theMis is dense in H — in this case we say that {Mi}i∈I spans
H and we write ⊕i∈IMi = H . Suppose that we are given a family {Ai}i∈I

of operators Ai ∈ B(Mi), and that supi ‖Ai‖ < ∞. Prove that there exists a
unique operator A = ⊕i∈IAi ∈ B(H), such that Am = ⊕i∈IAim = Aim for
all i ∈ I and all m ∈ Mi. Show that for all i, Mi is reducing for A (meaning
that AMi ⊆Mi and AM

⊥
i ⊆M⊥

i ). Calculate ‖ ⊕i∈I Ai‖ and (⊕i∈IAi)
∗.

Exercise 5.7.16 (Partial isometries). Let H and K be Hilbert spaces. A
partial isometry from H to K is an operator V ∈ B(H,K), such that the
restriction V

∣∣
(kerV )⊥

of V to the orthogonal complement of the kernel is an

isometry. The space (kerV )⊥ is called the initial space of V , and ImV is
called the final space of V . Prove that if V is a partial isometry, then ImV
is closed. Prove also that V is a partial isometry if and only if one of the
following conditions holds:

1. V ∗V is an orthogonal projection.
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2. V ∗ is a partial isometry.

3. V V ∗V = V .

What is the relation between V and the projections V ∗V and V V ∗?

Exercise 5.7.17. Let {un}∞n=1 be an orthonormal system of functions in
L2[0, 1]. Let L2[−π, π] be given the normalized inner product 〈f, g〉 =
1
π

∫ π

−π f(t)ḡ(t)dt.

1. Prove that there exists a unique bounded linear operator T :
L2[−π, π] → L2[0, 1] that satisfies

T (cosnx) = 0 for all n = 0, 1, 2, . . .

and
T (sinnx) = un for all n = 1, 2, . . . .

2. Prove that T is a partial isometry. Determine the initial space of T .

3. Suppose that
∞∑

n=1

∣∣∣∣
∫ x

0

un(t)dt

∣∣∣∣
2

= min

{
x,

1

3

}
.

for all x ∈ [0, 1]. Determine the final space of T .

Exercise 5.7.18. Fix λ ∈ (0, 1), and define an operator T : C([0, 1]) →
C([0, 1]) by

T (f)(t) = f(λt).

1. Prove that T is bounded, and thus extends to a bounded linear operator
on L2[0, 1] (the extension will also be denoted by T ).

2. Find ‖T ‖, T ∗, T ∗T , TT ∗ as well as the kernel and the image of T .

3. Find all continuous fixed vectors of T , that is, all f ∈ C([0, 1]) such that
Tf = f .

4. Is it possible for a function f ∈ L2[0, 1] which is not in C([0, 1]) to be a
fixed vector of T , for some λ ∈ (0, 1)? (Explaining this rigorously might
be a little tricky; argue loosely.)

Exercise 5.7.19. Let M and N be two linear subspaces in a Hilbert space
H such that M ∩N = {0}. Let M +N be the linear subspace defined by

M +N = {m+ n : m ∈M,n ∈ N},

and let T :M +N → K be a linear operator from M +N to another Hilbert
space K. Assume that the following conditions hold:

1. M ∩N = {0},
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2. N is finite dimensional,

3. T
∣∣
M

is bounded.

Prove that T is bounded on M +N . Show that if any one of the above three
conditions is violated, then one cannot conclude that T is bounded.

Exercise 5.7.20. Let {Tn}∞n=1 be a sequence of operators on a Hilbert space
H , and suppose that

TiT
∗
j = 0 for all i 6= j,

and that
‖T ∗

i Tj‖ ≤ cicj for all i, j,

where {ci}∞i=1 is a sequence of nonnegative numbers such that
∑∞

i=1 ci = A.
Prove that the sum

∑∞
i=1 Ti determines a bounded operator T on H with

‖T ‖ ≤
√
2A. (Hint: to be precise, what must be proved is that for every

h ∈ H , the limit Th = limn→∞
∑n

i=1 Tih exists and satisfies ‖Th‖ ≤
√
2A‖h‖;

prove first the case where all Ti = 0 except for finitely many values of i, and
then recall Exercise 2.5.2.)
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Chapter 6

Hilbert function spaces

In this chapter, we present a couple of interesting applications of the Hilbert
space theory we learned thus far, in the setting of Hilbert function spaces. The
following chapters do not depend on this material, which is not essential for
further study in functional analysis. The reader who is in a hurry to study the
core of the basic theory may skip this chapter safely.

6.1 Reproducing kernel Hilbert spaces

6.1.1 The basic definition

Definition 6.1.1. A Hilbert function space on a set X is a Hilbert space
H which is a linear subspace of the vector space CX of all functions X → C,
such that for every x ∈ X , the linear functional of point evaluation at x, given
by f 7→ f(x), is a bounded functional on H .

The crucial property of point evaluations being bounded connects between
the function theoretic properties of H as a space of functions, and the Hilbert
space structure of H , and therefore also the operator theory on H . Hilbert
function spaces are also known as reproducing kernel Hilbert spaces (or
RKHS for short), for reasons that will become clear very soon.

When we say that H is a subspace of CX , we mean two things: (1) H
is a subset of CX ; and (2) H inherits its linear space structure from CX . In
particular, the zero function is the zero element of H , and two elements of H
which are equal as functions are equal as elements of H . Moreover, we add
functions and multiply them by scalars in the usual way.

Example 6.1.2. The Hilbert space ℓ2 = ℓ2(N) is a space of functions from N
to C, and point evaluation is clearly bounded. Thus ℓ2 is a Hilbert function
space on the set N. However, it is not very interesting as a Hilbert function
space, because the function theory of ℓ2 is not very rich.

In fact, every Hilbert space is a Hilbert function space on itself, by associ-
ating with every element g the function φg : h 7→ 〈g, h〉 (why not h 7→ 〈h, g〉?),
but this is, again, not a very interesting example. Perhaps the most interesting
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examples of Hilbert function spaces are those that occur when X is an open
subset of Cd, and now we shall meet one of the most beloved examples.

Example 6.1.3 (The Hardy space). Let D denote the open unit disc in the
complex plane C. Recall that every function f analytic in D has a power
series representation f(z) =

∑∞
n=0 anz

n. We define the Hardy space H2(D)
to be the space of analytic functions on the disc with square summable Taylor
coefficients, that is

H2(D) =

{
f(z) =

∞∑

n=0

anz
n :
∑

|an|2 <∞
}
.

This space is endowed with the inner product
〈∑

anz
n,
∑

bnz
n
〉
=
∑

anbn. (6.1)

Before worrying about function theoretic issues, we want to explain why
H2(D) is a Hilbert space. Note that the space of formal power series with
square summable coefficients, when endowed with the inner product (6.1),
is obviously isomorphic (as an inner product space) to ℓ2. Thus to show
that H2(D) is a Hilbert space, it suffices to show that it is the same as the
space of all formal power series with square summable coefficients. Indeed, if
f(z) =

∑∞
n=0 anz

n is a power series with square summable coefficients, then
its coefficients are bounded, so it is absolutely convergent in the open unit
disc. Moreover, for all w ∈ D,

|f(w)| ≤
∑

|anwn| ≤
(∑

|an|2
)1/2 (∑

|w|2n
)1/2

. (6.2)

Thus H2(D) is a space of analytic functions which as an inner product space
is isomorphic to ℓ2, and is therefore complete. By (6.2), the space H2(D) is a
Hilbert function space on D, since for every w ∈ D, the functional f 7→ f(w)
is bounded by (1− |w|2)−1/2.

By the Riesz representation theorem, this functional being bounded implies
that there exists some kw ∈ H2(D) such that f(w) = 〈f, kw〉 for all f ∈ H2(D).
Taking another look at (6.1), recalling that f(w) =

∑
anw

n, and putting these
two things together it is not hard to come up with the guess that kw(z) =∑∞

n=0 w
nzn. For |w| < 1, we have

∑ |wn|2 <∞, so kw ∈ H2(D). Plugging kw
in (6.1) we find

〈f, kw〉 =
〈∑

anz
n,
∑

wnzn
〉
=
∑

anw
n = f(w).

We will see below that there is a systematic way to find kw.

6.1.2 Reproducing kernels

Let H be a Hilbert function space on a set X . As point evaluation is a
bounded functional, the Riesz representation theorem implies that there is,
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for every x ∈ X , an element kx ∈ H such that f(x) = 〈f, kx〉 for all f ∈ H .
The function kx is called the kernel function at x. We define a function on
X ×X by

k(x, y) = ky(x).

The function k(·, ·) is called the reproducing kernel of H or simply the
kernel of H . The terminology comes from the fact that the functions ky =
k(·, y) enable one to reproduce the values of any f ∈ H via the relationship
f(y) = 〈f, ky〉. Note that k(x, y) = 〈ky , kx〉.
Example 6.1.4. The kernel function for H2(D) is

k(z, w) = kw(z) =
∑

wnzn =
1

1− zw
.

The kernel of the Hardy space is called the Szegő kernel.

Exercise 6.1.5. What is the kernel function of ℓ2(N)?

The kernel k has the following important property: If a1, . . . , an ∈ C and
x1, . . . , xn ∈ X , then

n∑

i,j=1

aiajk(xj , xi) =

n∑

i,j=1

aiaj〈kxi , kxj 〉 =
∥∥∥∥∥

n∑

i=1

aikxi

∥∥∥∥∥

2

≥ 0.

It follows that for every choice of points x1, . . . , xn ∈ X , the matrix(
k(xj , xi)

)n
i,j=1

is a positive semidefinite matrix, meaning that

〈(
k(xj , xi)

)n
i,j=1

v, v
〉
≥ 0 for all v ∈ Cn.

A function with this property is called a positive semidefinite kernel. Ev-
ery Hilbert function space gives rise to a positive semidefinite kernel — its
reproducing kernel. In fact, there is a bijective correspondence between posi-
tive semidefinite kernels and Hilbert function spaces.

Theorem 6.1.6. Let k be a positive semidefinite kernel on X. Then there
exists a unique Hilbert function space H on X such that k is the reproducing
kernel of H.

Remark 6.1.7. In the context of Hilbert spaces, one might mistakenly un-
derstand that the uniqueness claimed is only up to some kind of Hilbert space
isomorphism. To clarify, the uniqueness assertion is that there exists a unique
subspace H of the space CX of all functions on X , which is a Hilbert function
space, and has k as a reproducing kernel.

Proof. Define kx = k(·, x). Let G0 be the linear subspace of CX spanned by
the functions {kx : x ∈ X}. Equip G0 with the sesquilinear form

〈∑
aikxi ,

∑
bjkyj

〉
0
=
∑

aibjk(yj , xi).
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From the definition and the fact that k is a positive semidefinite kernel, the
form 〈·, ·〉0 satisfies all the properties of an inner product, except, perhaps, that
it is not definite; that is, the only property missing is 〈g, g〉0 = 0 ⇒ g = 0. This
means that the Cauchy-Schwartz inequality holds for this form on G0 (recall
Exercise 2.2.9). From this, it follows that the space N = {g ∈ G0 : 〈g, g〉0 = 0}
is a subspace, and also that 〈f, g〉0 = 0 for all f ∈ G0 and g ∈ N . This implies
that the quotient space G = G0/N can be equipped with the inner product

〈ḟ , ġ〉 = 〈f, g〉0.

Here we are using the notation ḟ to denote the equivalence class of f in G0/N .
That this is well-defined and an inner product follows from what we said about
N . Now, complete G, using Theorem 2.3.1, to obtain a Hilbert space H .

We started with a space of functions on X , but by taking the quotient and
completing we are now no longer dealing with functions on X . To fix this, we
define a map F : H → CX by

F (h)(x) = 〈h, k̇x〉. (6.3)

This is a linear map and it is injective because the set {k̇x : x ∈ X} spans a
dense subspace of G. Note that

F (k̇x)(y) = 〈k̇x, k̇y〉 = k(y, x). (6.4)

We may push the inner product from H to F (H), that is, we define
〈F (h), F (g)〉 by

〈F (h), F (g)〉 = 〈h, g〉,
and we obtain a Hilbert space of functions in CX . Point evaluation is bounded
by definition (see (6.3)), and the kernel function at x is F (k̇x). By (6.4),
F (k̇x) = kx.

Let us now identify between H and F (H). It follows that H is spanned by
the kernel functions {kx : x ∈ X}. The kernel function of this Hilbert function
space H is given by

〈k̇y, k̇x〉 = 〈ky, kx〉 = k(x, y),

as required.
Now suppose that L is another Hilbert function space on X that has k

as a reproducing kernel. By definition, the kernel functions are contained in
L, and since H is the closure of the space spanned by the kernel functions,
H ⊆ L. However, if f is in the orthogonal complement of H in L, then
f(x) = 〈f, kx〉 = 0 for all x ∈ X , thus f ≡ 0. This shows that L = H ,
completing the proof.

Exercise 6.1.8. Let H be a RKHS with kernel k. Let x1, . . . , xn ∈ X . Show
that the matrix

(
k(xi, xj)

)n
i,j=1

is positive definite (meaning that it is positive

semidefinite and invertible) if and only if the functions kx1 , . . . , kxn are linearly
independent, and this happens if and only if the evaluation functionals at the
points x1, . . . , xn are linearly independent as functionals on H .
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Exercise 6.1.9. Show how the proof of the above theorem is simplified when
k is assumed strictly positive definite (meaning that the matrix

(
k(xi, xj)

)n
i,j=1

is strictly positive definite for any choice of points). Show how at every stage
of the process one has a space of functions on X .

Proposition 6.1.10. Let H be a Hilbert function space on a set X. Let
{ei}i∈I be an orthonormal basis for H. Then the kernel k for H is given by
the formula

k(x, y) =
∑

i∈I

ei(x)ei(y), (6.5)

where the sum converges (absolutely) at every x, y ∈ Y .

Proof. We use the generalized Parseval identity

k(x, y) = 〈ky, kx〉
=
∑

i∈I

〈ky , ei〉〈ei, kx〉

=
∑

i∈I

ei(x)ei(y).

Example 6.1.11 (The Hardy space, revisited). We can now see how to come
up with the formula for the Szegő kernel (the kernel for the Hardy space). An
orthonormal basis for H2(D) is given by 1, z, z2, . . ., so by the proposition

k(z, w) =

∞∑

n=0

znwn =
1

1− zw̄
.

6.2 *The Bergman space

6.2.1 Some basic facts on analytic functions

In this section, we will require some notations and some very basic facts
about analytic functions. To keep the treatment self-contained, we will use
almost only facts that follow from first-year undergraduate material on power
series, and we will work with a definition of analytic function which is not the
standard definition (it turns out that this definition is equivalent to the usual
one). One fact that is more advanced and that we shall need is the fact that
the uniform limit of analytic functions is analytic. This fact — which appears
in any course on complex analysis — will follow from our results in the next
section; see Remark 6.3.11 (see [30] for the standard proof).
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For z0 ∈ C and r > 0, we let Dr(z0) denote the disc with center z0 and
radius r, that is

Dr(z0) = {z ∈ C : |z0 − z| < r}.

Definition 6.2.1. A function f : Dr(z0) → C is said to be analytic (or
analytic in Dr(z0)) if it has a power series representation

f(z) =

∞∑

n=0

an(z − z0)
n

that converges for every z ∈ Dr(z0).

The space of analytic functions on a disc D is denoted by O(D). The
following lemma is a well-known consequence of the theory of functions of a
complex variable, but it can also be proved directly using power series.

Lemma 6.2.2. Suppose that D is open disc. If f ∈ O(D), and z0 ∈ D, then
f is analytic in Dr(z0) as well, for any r > 0 such that Dr(z0) ⊆ D.

In other words, if a function has a power series representation around
a point in a disc, then it has a power series representation (converging in a
smaller disc, perhaps) around any other point of that disc. We leave the proof,
the acceptance in blind faith, or the task of looking up a proof1 to the reader.

From now on, we identify C with R2, and consider a function of the complex
variable z = x+ iy to be a function of two real variables x, y.

Lemma 6.2.3. If D is an open disc, f ∈ O(D), and Dr(z0) ⊂ D, then

f(z0) =
1

πr2

∫

Dr(z0)

f(x+ iy)dxdy. (6.6)

In other words, the value of f at z0 is equal to the mean of f in a disc
around z0.

Proof. By translating the variable, we may assume that z0 = 0. So we can
write f(z) =

∑∞
n=0 anz

n, where this sum converges uniformly in a neighbor-
hood of Dr(0). The integral can therefore be evaluated term by term. A direct
calculation using polar coordinates shows that

∫
Dr(0)

(x+ iy)ndxdy = 0 for all
n ≥ 1, so

1

πr2

∫

Dr(0)

f(x+ iy)dxdy =
1

πr2

∫

Dr(0)

a0dxdy = a0 = f(0),

as required.

1See [28, Theorem 8.4] for an elementary proof, or read [30] to understand the result in
the context of complex function theory.
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6.2.2 Definition of the Bergman space

Recall that D denotes the unit disc D = {z ∈ C : |z| < 1}. The Bergman
space L2

a(D) is the space of all analytic functions in the disc which are square
integrable on the disc with respect to Lebesgue measure, i.e.,

L2
a(D) = L2(D) ∩ O(D).

Of course no measure theory is required for this definition: analytic functions
are smooth, so they are integrable on every smaller disc, and for every f ∈
O(D) one may define

‖f‖2 = lim
r→1

√∫

x2+y2<r

|f(x+ iy)|2dxdy (6.7)

and then
L2
a(D) = {f ∈ O(D) : ‖f‖2 <∞}.

This space has an inner product defined by

〈f, g〉 =
∫

D

fgdxdy = lim
r→1

∫

x2+y2<r

fgdxdy.

Lemma 6.2.4. For every z0 ∈ D, the linear functional f 7→ f(z0) is bounded
on L2

a(D). In fact, if |z0| < 1− r then

|f(z0)| ≤
1√
πr

‖f‖2. (6.8)

Proof. Let r > 0 be such that r < 1− |z0|; equivalently, Dr(z0) ⊂ D. By (6.6)
we find that

|f(z0)| =
1

πr2

∣∣∣∣∣

∫

Dr(z0)

f

∣∣∣∣∣

≤ 1

πr2

(∫

Dr(z0)

|f |2
)1/2(∫

Dr(z0)

1

)1/2

≤ 1

πr2

(∫

D

|f |2
)1/2 √

πr

=
1√
πr

‖f‖2,

where the first inequality is the Cauchy-Schwarz inequality for integrals, and
the second inequality follows from monotonicity of the integral (integrating a
positive function on a bigger set gives a bigger value).
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6.2.3 The Bergman space as a Hilbert function space

Theorem 6.2.5. The Bergman space is a Hilbert function space.

Proof. That point evaluation is bounded follows from (6.8). It remains to show
completeness.

Let {fn} be a Cauchy sequence in L2
a(D). By (6.8) once more, we find that

for every z0 in the disc D1−r(0) we have

|fn(z0)− fm(z0)| ≤
1√
πr

‖fn − fm‖2. (6.9)

It follows that {fn} is a Cauchy sequence also in the uniform norm on
O(D1−r(0)). Since this is true for every r > 0, we find that {fn} is point-
wise convergent in D, say fn(z) → f(z) for all z ∈ D.

Now {fn} converges uniformly in D1−r(0), and since the uniform limit of
analytic functions is analytic (see Section VII.15 in [30]), we have that f is
analytic in D1−r(0). Since this is true for every r > 0, we have f ∈ O(D).
Since L2(D) is complete, fn converges to some element in L2(D), and this
element must be f ; thus f ∈ L2

a(D), and the proof is complete.
Did the last line of the proof convince the reader? It shouldn’t have, if

the student did not take a course on measure theory. Let us give another
explanation, with a few more details, regarding the last step. We need to
show that ‖f‖2 <∞ and that ‖fn − f‖2 → 0. Fix ǫ > 0, and let N ∈ N such
that for all m,n ≥ N , ‖fn − fm‖2 < ǫ. For every ρ ∈ (0, 1)

√∫

x2+y2<ρ

|fn − fm|2 ≤ ‖fn − fm‖2 < ǫ.

Since fm → f uniformly in Dρ(0), we take the limit as m → ∞ above to
obtain √∫

x2+y2<ρ

|fn − f |2 ≤ ǫ,

for all n ≥ N . As this holds for every ρ ∈ (0, 1), we get that fn − f ∈ L2
a(D),

thus f ∈ L2
a(D). Moreover we obtain that ‖fn − f‖2 ≤ ǫ, for all n ≥ N ,

therefore fn → f in L2. This completes the proof.

Since L2
a(D) is a reproducing kernel Hilbert space, we know that it has a

reproducing kernel. We now compute the kernel.

Proposition 6.2.6. The kernel of L2
a(D) is given by

k(z, w) =
1

π

1

(1− zw̄)2
.

Thus, for every f ∈ L2
a(D) and every z0 = x0 + iy0 ∈ D, we have the repro-

ducing formula

f(z0) =
1

π

∫

D

f(x+ iy)dxdy

(1− (x+ iy)(x0 − iy0))2
. (6.10)



Hilbert function spaces 91

Proof. We wish to use Proposition 6.1.10. For that, we need to find first an
orthonormal basis for L2

a(D). The sequence of monomials en(z) = zn, (for
n ≥ 0) is an obvious candidate. We use the polar representation z = reiθ, and
calculate

〈zm, zn〉 =
∫ 1

0

∫ 2π

0

rm+neiθ(m−n)rdθdr

and this 0 if m 6= n and equal to π/(n + 1) when m = n. An orthonormal
basis is therefore given by

1√
π
,

√
2

π
z,

√
3

π
z2, . . . ,

√
n+ 1

π
zn, . . .

(The completeness of this sequence in L2
a(D) is easy to establish). Using Propo-

sition 6.1.10 we find that the kernel of the Bergman space is given by

∞∑

n=0

n+ 1

π
(zw̄)n =

1

π

1

(1− zw̄)2
.

Now (6.10) follows from the reproducing property of the kernel.

6.3 *Additional topics in Hilbert function space theory

In this section, we will occasionally use a result or a notion from a later
chapter. Most readers will be able to read and enjoy it now; those who insist
on learning everything in a linear order may return to it after Chapter 8.

6.3.1 H2(D) as a subspace of L2(T)

We now continue to study the space H2(D), and give a useful formula for
the norm of elements in this space.

Let f(z) =
∑∞

n=0 anz
n ∈ H2(D). For any r ∈ (0, 1), define fr(z) = f(rz).

The power series of fr is given by

fr(z) =
∞∑

n=0

anr
nzn.

This series converges to fr uniformly on the closed unit disc. In fact, fr extends
to an analytic function on a neighborhood of the closed unit disc, and the series
converges uniformly and absolutely on a closed disc that is slightly larger than
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the unit disc. It follows that the following computations are valid:

1

2π

∫ 2π

0

|fr(eit)|2dt =
∞∑

m,n=0

1

2π

∫ 2π

0

amr
meimtanr

ne−intdt

=

∞∑

n=0

r2n|an|2 = ‖fr‖2H2 .

It would be nice to say that for every f ∈ H2(D)

‖f‖H2 =

(
1

2π

∫ 2π

0

|f(eit)|2dt
)1/2

,

and this is almost true, but we have to be careful because elements in H2(D)
are not defined on T = {z ∈ C : |z| = 1}. However, we do have the following
characterization of the norm of H2(D).

Lemma 6.3.1. A function f ∈ O(D) is in H2(D) if and only if

lim
r→1

∫ 2π

0

|f(reit)|2dt <∞.

If f ∈ H2(D), then

‖f‖2 = lim
r→1

1

2π

∫ 2π

0

|f(reit)|2dt.

Proof. Let f be analytic in the disc, and suppose it has power series repre-
sentation f(z) =

∑∞
n=0 anz

n. As before

1

2π

∫ 2π

0

|f(reit)|2 =
∞∑

n=0

r2n|an|2.

The right-hand side converges to
∑∞

n=0 |an|2 (justify this), so the limit of the
integrals is finite if and only if f ∈ H2(D).

Remark 6.3.2. It can be shown that much more is true: as r ր 1, the
functions eit 7→ fr(e

it) converge almost everywhere to a function f∗ ∈ L2(T),
and ‖f‖H2 = ‖f∗‖L2 . Moreover, H2(D) can be identified via the map f 7→ f∗

with the subspace of L2(T) consisting of all functions with Fourier series that
are supported on the nonnegative integers: if f(z) =

∑∞
n=0 anz

n ∈ H2(D),
then f∗(eit) =

∑∞
n=0 ane

int. For details, see [2].

6.3.2 Multiplier algebras

Let H be a Hilbert function space on X , to be fixed in the following
discussion. We now define a class of natural operators on H .
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Definition 6.3.3. The multiplier algebra of H , Mult(H), is defined to be

Mult(H) = {f : X → C : fh ∈ H for all h ∈ H}.

An element f ∈ Mult(H) is called a multiplier.

In this definition fh denotes the usual pointwise product of two functions:
[fh](x) = f(x)h(x). For every f ∈ Mult(H) we define an operator Mf : H →
H by

Mfh = fh.

It is not unusual to identify Mf and f , and we will do so too, but sometimes
it is helpful to distinguish between the function f and the linear operatorMf .

Proposition 6.3.4. For all f ∈ Mult(H), we have Mf ∈ B(H).

Proof. Obviously Mf is a well-defined linear operator. To show that it is
bounded, we use the closed graph theorem (see Exercise 8.5.3). Let hn →
h ∈ H , and suppose that Mfhn = fhn → g ∈ H . Since point evaluation is
continuous we have for all x ∈ X

hn(x) → h(x)

and
f(x)hn(x) → g(x),

thus fh(x) = g(x) for all x, meaning that Mfh = g, so the graph of Mf is
closed. By the closed graph theorem, we conclude that Mf is bounded.

Thus, {Mf : f ∈ Mult(H)} is a subalgebra of B(H). We norm Mult(H)
by pulling back the norm from B(H) (this means that we define ‖f‖Mult(H) =
‖Mf‖), and this turns Mult(H) into a normed algebra. We will see below that
it is a Banach algebra, under a natural assumption.

Standing assumption. From now on, we assume that for every x ∈ X there
exists a function h ∈ H such that h(x) 6= 0.

This assumption holds in most (but not all) cases of interest, and in
particular in the case of H2(D). It is equivalent to the assumption that
kx(x) = k(x, x) = ‖kx‖2 6= 0 for all x ∈ X . In fact, when the assumption
does not hold, then ‖ · ‖Mult(H) is not a norm, but only a seminorm.

One of the instances when it is helpful to make a distinction between
a multiplier f and the multiplication operator Mf that it induces is when
discussing adjoints.

Proposition 6.3.5. Let f ∈ Mult(H). For all x ∈ X, the kernel function
kx is an eigenvector for M∗

f with eigenvalue f(x) (see Definition 8.3.16).
Conversely, if T ∈ B(H) is an operator such that Tkx = λ(x)kx for all x ∈ X,
then there is an f ∈ Mult(H) such that λ(x) = f(x) for all x, and T =M∗

f .
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Proof. We let x ∈ X and compute for all h ∈ H

f(x)h(x) = 〈Mfh, kx〉 = 〈h,M∗
f kx〉.

But f(x)h(x) = 〈h, f(x)kx〉. Thus M∗
f kx = f(x)kx.

For the converse, suppose Tkx = λ(x)kx for all x ∈ X . Define f(x) = λ(x).
For all h ∈ H , we have T ∗h ∈ H too, so

〈T ∗h, kx〉 = 〈h, Tkx〉 = λ(x)〈h, kx〉 = f(x)h(x).

It follows that T ∗h = fh ∈ H , so f ∈ Mult(H). It also follows that T ∗ =
Mf .

Corollary 6.3.6. Mult(H) contains only bounded functions, and

sup
X

|f | ≤ ‖Mf‖.

Proof. This follows from the Propositions 6.3.4 and 6.3.5, since the eigenvalues
of M∗

f are clearly bounded by ‖M∗
f ‖ = ‖Mf‖.

Corollary 6.3.7. {Mf : f ∈ Mult(H)} is closed in the norm of B(H). In
fact, if {Tn} is a sequence in {Mf : f ∈ Mult(H)} and T ∈ B(H) satisfies

〈Tnf, g〉 n→∞−−−−→ 〈Tf, g〉 for all f, g ∈ H,

then T ∈ {Mf : f ∈ Mult(H)}.

Remark 6.3.8. If 〈Tnf, g〉 → 〈Tf, g〉 for all f, g ∈ H , then the sequence
{Tn} is said to converge to T in the weak operator topology. This notion
indeed corresponds to convergence of sequence in the so-called weak operator
topology, one of several different useful topologies one can define on B(H). In
essence, we are proving here that {Mf : f ∈ Mult(H)} is closed in the weak
operator topology.

Proof. We will prove the second assertion, which immediately implies the first
(why?). If Tn =Mfn is a sequence in {Mf : f ∈ Mult(H)} converging to T in
the weak operator topology, then it follows that T ∗

n → T ∗ in the weak operator
topology. Then for all x ∈ X and all h ∈ H ,

fn(x)h(x) = fn(x)〈h, kx〉 = 〈h, T ∗
nkx〉 → 〈h, T ∗kx〉.

By our standing assumption, the sequence {fn} converges pointwise, say to
a limit f0. We find that 〈h, T ∗kx〉 = f0(x)h(x), so kx is an eigenvector for
T ∗ with an eigenvalue f0(x). By Proposition 6.3.5, T = Mf0 ∈ {Mf : f ∈
Mult(H)}.
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Example 6.3.9. Let us find out what is the multiplier algebra ofH2(D). Since
1 ∈ H2(D), we have that Mult(H) ⊆ H2, and in particular every multiplier in
Mult(H) is an analytic function on D. By Corollary 6.3.6 we have that every
multiplier is bounded on the disc. Thus

Mult(H2(D)) ⊆ H∞(D),

where H∞(D) denotes the algebra of bounded analytic functions in D. On the
other hand, by the formula developed in Section 6.3.1, we have for f ∈ H∞(D)
and h ∈ H2(D),

lim
r→1

1

2π

∫ 2π

0

|f(reit)h(reit)|2dt ≤ ‖f‖2∞ lim
r→1

1

2π

∫ 2π

0

|h(reit)|2dt

= ‖f‖2∞‖h‖2H2 .

By Lemma 6.3.1, we obtain fh ∈ H2(D) and ‖fh‖H2 ≤ ‖f‖∞‖h‖H2 , so f ∈
Mult(H2(D)) and ‖Mf‖ ≤ ‖f‖∞. We conclude that Mult(H2(D)) = H∞(D),
with the norm ‖f‖Mult(H) = ‖f‖∞.

Exercise 6.3.10. The Segal-Bargmann space is the space of all entire func-
tions f for which

∫
C
|f(x+ iy)|2e−x2−y2

dxdy < ∞. Show that this space is a
Hilbert function space. What is the multiplier algebra of this space?

Remark 6.3.11. Note that as a consequence of Corollary 6.3.7 and Example
6.3.9, we have that H∞(D) is a complete space. It follows readily that the
limit of a uniformly convergent sequence of bounded analytic functions on
any disc is also bounded and analytic in that disc. This, in turn, implies that
if {fn} is a sequence of analytic functions on a domain D ⊂ C, and if fn → f
uniformly on all compact subsets of D, then f must be analytic in D. This
is a nontrivial theorem in complex analysis, that is usually proved using the
theory of complex integration. How much complex function theory did we use
to obtain this result?

6.3.3 Pick’s interpolation theorem

Given n distinct points z1, . . . , zn in the unit disc, and w1, . . . , wn complex
numbers, one can always find a polynomial p of degree at most n − 1 that
satisfies

p(zi) = wi for all i = 1, . . . , n.

One then says that p interpolates the data points (z1, w1), . . . , (zn, wn), and p
is said to be the interpolating polynomial. The existence and uniqueness of
the interpolating polynomial is an exercise in linear algebra. It is nice to know
that we can always map the points zi to the points wi with a function from
within a well-understood class of functions, or, to say it the other way around,
that we can fit the data points in the graph of a nice function. However, the
interpolating polynomial may behave in unexpected ways.
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Exercise 6.3.12. Fix n ≥ 2. Given anyM > 0, show that z1, . . . , zn ∈ D and
w1, . . . , wn ∈ C can be chosen so that if p is the interpolating polynomial of
degree at most n− 1, then

‖p‖∞
maxi |wi|

> M.

One is therefore led to consider the problem of interpolating the data with
other kinds of nice functions, and removing the restriction on the degree of
polynomials leads us quickly to analytic functions. The Pick interpolation
problem is the problem of finding a bounded analytic function that inter-
polates given data points. In this section, we will show how the framework
of Hilbert function spaces allows us to elegantly solve the Pick interpolation
problem. The material in this section is adapted from Chapter 6 of the mono-
graph [2], which contains an in-depth treatment of Pick interpolation.

Theorem 6.3.13 (Pick’s interpolation theorem). Let z1, . . . , zn ∈ D, and
w1, . . . , wn ∈ C be given. There exists a function f ∈ H∞(D) satisfying
‖f‖∞ ≤ 1 and

f(zi) = wi for all i = 1, . . . , n,

if and only if the following matrix inequality holds:

(
1− wiwj

1− zizj

)n

i,j=1

≥ 0.

The proof of the theorem will occupy the remainder of this section. The
necessary and sufficient condition for interpolation is that a certain n×n ma-
trix, with the element in the ij-th place equal to

1−wiwj

1−zizj
, is positive semidefi-

nite. Recall that an n×n matrix A is said to be positive semidefinite if the
operator TA : x 7→ Ax is a positive operator in the sense of Definition 5.5.1.
If A is positive semidefinite, then we write A ≥ 0.

Note that the matrix element
1−wiwj

1−zizj
appearing in the theorem is equal

to (1 − wiwj)k(zi, zj), where k(z, w) = 1
1−zw is the Szegő kernel, that is,

the reproducing kernel for the Hardy space H2(D). Given z1, . . . , zn ∈ D and
w1, . . . , wn ∈ C, the matrix

((1− wiwj)k(zi, zj))
n
i,j=1

is referred to as the Pick matrix.

A necessary condition for interpolation

Lemma 6.3.14. Let T ∈ B(H). Then ‖T ‖ ≤ 1 if and only if I − T ∗T ≥ 0.

Proof. Let h ∈ H . Then

〈h, h〉 − 〈Th, Th〉 = 〈(I − T ∗T )h, h〉 ≥ 0
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is equivalent to
‖Th‖2 ≤ ‖h‖2.

Proposition 6.3.15. Let H be a Hilbert function space on a set X with
a reproducing kernel k. A function f : X → C is a multiplier of norm
‖f‖Mult(H) ≤ 1, if and only if for every n ∈ N, and every n points x1, . . . , xn ∈
X, the associated Pick matrix is positive semidefinite, that is:

(
(1− f(xi)f(xj))k(xi, xj)

)
≥ 0.

Proof. Let us define the operator T : span{kx : x ∈ X} → H by extending
linearly the rule

Tkx = f(x)kx.

Suppose first that f is a multiplier of norm ‖f‖Mult(H) ≤ 1. Then by Proposi-
tion 6.3.5, T extends to H and is equal to T =M∗

f . Let x1, . . . , xn ∈ X . Then
for any c1, . . . , cn ∈ C,

0 ≤ 〈(I − T ∗T )
∑

cjkxj ,
∑

cikxi〉 =
∑

i,j

cjci(1 − f(xi)f(xj))〈kxj , kxi〉

=
∑

i,j

cjci(1 − f(xi)f(xj))k(xi, xj).

This implies that the Pick matrix is positive semidefinite.
Conversely, if the Pick matrix is positive semidefinite, the above calculation

combined with the lemma shows that T is a bounded operator on span{kx :
x ∈ X} with norm at most 1. Since the span of kxs is dense in H , we conclude
that T extends to a contraction on H , and by Proposition 6.3.5 again, we
obtain that f is a multiplier and that T =M∗

f .

Corollary 6.3.16. Let z1, . . . , zn ∈ D, and w1, . . . , wn ∈ C be given. A nec-
essary condition for there to exist a function f ∈ H∞(D) satisfying ‖f‖∞ ≤ 1
and

f(zi) = wi for all i = 1, . . . , n,

is that the following matrix inequality holds:

(
1− wiwj

1− zizj

)n

i,j=1

≥ 0.

Proof. This follows from the Proposition applied to the Hardy space, since
Mult(H2(D)) = H∞(D).
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The realization formula

Let H∞
1 denote the closed unit ball of H∞(D). A key to the solution of

the interpolation problem is the following characterization of functions inH∞
1 .

The reader should recall the notion of operator block matrices (see Exercise
5.7.14).

Theorem 6.3.17. Let f : D → C. Then f ∈ H∞
1 if and only if there is a

Hilbert space K and an isometry V : C⊕K → C⊕K with block structure

V =

(
a B
C D

)
,

such that
f(z) = a+ zB(I − zD)−1C (6.11)

for all z ∈ D.

Proof. For the proof of Pick’s interpolation theorem, we shall only require
that the condition that f is given by (6.11) for some V as in the theorem,
implies that f ∈ H∞

1 . Therefore, we will prove that this condition is sufficient,
and leave the necessity of the condition as an exercise (see Exercise 6.3.21 for
a hint).

For sufficiency, suppose that V is an isometry with a block decomposition
as in the theorem, and that f is given by (6.11). Then ‖D‖ ≤ 1, thus I − zD
is invertible for all z ∈ D, and (I − zD)−1 is an analytic operator valued
function. To be precise, by Proposition 8.3.9 below, (I − zD)−1 has a power
series representation

(I − zD)−1 =

∞∑

n=0

znDn.

Therefore f defined by (6.11) is analytic in D, because

f(z) = a+

∞∑

n=0

(BDnC)zn+1.

Note here that B ∈ B(K,C), Dn ∈ B(K) and C ∈ B(C,K), therefore
BDnC ∈ B(C) = C. In fact, |BDnC| ≤ 1 and this ensures that the series
converges in the disc.

To see that f ∈ H∞
1 we make a long computation:

1− f(z)f(z) = 1− (a+ zB(I − zD)−1C)∗(a+ zB(I − zD)−1C)

= . . .

= C∗ ((I − zD)−1
)∗ [

1− |z|2
]
(I − zD)−1C ≥ 0.

(To get from the first line to the second one we used the fact that

V ∗V = ( 1 0
0 I ) ,

which gives aa+C∗C = 1, aB+C∗D = 0 and B∗B+D∗D = I.) This implies
that |f(z)|2 ≤ 1 for all z ∈ D, in other words ‖f‖∞ ≤ 1, and the proof is
complete.
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Proof of Pick’s theorem

We now complete the proof of Pick’s interpolation theorem. Corollary
6.3.16 takes care of one direction: positivity of the Pick matrix is a neces-
sary condition for the existence of an interpolating f ∈ H∞(D) with norm
‖f‖∞ ≤ 1. It remains to show that the positivity condition is sufficient; this
will be achieved in Theorem 6.3.19 below, which gives more precise informa-
tion. We shall require the following lemma.

Lemma 6.3.18. Let k : X ×X → C be a positive semidefinite kernel. Then
there exists a Hilbert space K and a function F : X → K such that k(x, y) =
〈F (x), F (y)〉 for all x, y ∈ X. If X is a set with n points, then the dimension of
K can be chosen to be the rank of k when considered as a positive semidefinite
n× n matrix.

Proof. Define a kernel k̃(x, y) = k(y, x). If k is positive semidefinite, then so
is k̃. Let K be the reproducing kernel Hilbert space associated with k̃ as in
Theorem 6.1.6. Define F : X → K by F (x) = k̃x. Then we have

〈F (x), F (y)〉 = k̃(y, x) = k(x, y).

Recall that a rational function is a function of the form f = p
q where p

and q are polynomials. By the degree of a rational function f = p
q (assumed

to be in reduced form) we mean max{deg(p), deg(q)}.

Theorem 6.3.19. Let z1, . . . , zn ∈ D and w1, . . . , wn ∈ C be given. If the
Pick matrix (

1− wiwj

1− zizj

)n

i,j=1

is positive semidefinite and has rank m, then there exists a rational function f
of degree at most m such that ‖f‖∞ ≤ 1 and f(zi) = wi, for all i = 1, . . . , n.

A consequence of the boundedness of f is that the poles of f lie away from
the closed unit disc.

Proof. By Lemma 6.3.18, there are F1, . . . , Fn ∈ Cm such that
1−wiwj

1−zizj
=

〈Fi, Fj〉 for all i, j. We can rewrite this identity in the following form

1 + 〈ziFi, zjFj〉 = wiwj + 〈Fi, Fj〉.

By Exercise 5.7.4, it is possible to define an isometry V from

span{(1, ziFi) : i = 1, . . . , n} ⊆ C⊕ Cm

into
span{(wi, Fi) : i = 1, . . . , n} ⊆ C⊕ Cm,
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by sending (1, ziFi) to (wi, Fi) and extending linearly. Since isometric sub-
spaces have equal dimension, we can extend V to an isometry V : C⊕Cm →
C⊕ Cm.

The realization formula suggests a way to write down a function f ∈ H∞
1

given an isometric matrix in block form. So let us write

V =

(
a B
C D

)
,

where the decomposition is according to C⊕Cm, and define f(z) = a+zB(I−
zD)−1C. By Theorem 6.3.17, f ∈ H∞

1 , and it is rational because the inverse
of a matrix is given by rational formulas involving the entries. The degree of
f is evidently not greater than m. It remains to show that f interpolates the
data.

Fix i ∈ {1, . . . , n}. From the definition of V we have

(
a B
C D

)(
1
ziFi

)
=

(
wi

Fi

)
.

The first row gives a + ziBFi = wi. The second row gives C + ziDFi = Fi,
so solving for Fi we obtain Fi = (I − ziD)−1C (where the inverse is legal,
because ‖ziD‖ < 1). Plugging this in the first row gives

wi = a+ ziBFi = a+ ziB(I − ziD)−1C = f(zi),

thus f interpolates the data, and the proof is complete.

Remark 6.3.20. The argument that we used to prove Pick’s theorem has a
cute name: the lurking isometry argument. It is useful in many contexts.

Exercise 6.3.21. Complete the proof of Theorem 6.3.17 theorem. (Hint: use
a lurking isometry argument.)

6.4 Additional exercises

Exercise 6.4.1. Rewrite the proof of Theorem 6.1.6 so that it involves no
quotient-taking and no abstract completions.

Exercise 6.4.2. Prove that
{

1√
π
,

√
2

π
z,

√
3

π
z2, . . . ,

√
n+ 1

π
zn, . . .

}

is an orthonormal basis for L2
a(D).
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Exercise 6.4.3. What is the multiplier algebra of the Bergman space L2
a(D)?

Exercise 6.4.4. Let H be a Hilbert function space on a set X . A composi-
tion operator on H is a map of the form h 7→ h ◦ σ, where σ : X 7→ X is
some map.

1. Suppose that T : h 7→ h ◦ σ is a bounded composition operator. Find a
formula for T ∗.

2. True or false: there exists a composition operator whose adjoint is not a
composition operator.

3. Let σ be an analytic map defined on a neighborhood of the unit disc,
and assume that σ maps D into D. Show that σ induces a bounded com-
position operator on L2

a(D). Does it also induce a bounded composition
operator on H2(D)?

Exercise 6.4.5. Two Hilbert function spaces H on X (with kernel kH) and
G on W (with kernel kG) are said to be isomorphic as Hilbert function
spaces if there is a bijection σ : X →W such that

kH(x, y) = kG(σ(x), σ(y)) for all x, y ∈ X.

In other words, H and G are isomorphic as Hilbert function spaces if the map

kHx 7→ kGσ(x)

extends to a unitary map between H and G.

1. Prove that if H and G are isomorphic as Hilbert function spaces, then
their multiplier algebras are isometrically isomorphic (i.e., there exists
an algebraic isomorphism between the algebras that is also norm pre-
serving).

2. Are the Bergman space and the Hardy space isomorphic as Hilbert func-
tion spaces?

Exercise 6.4.6. For a Hilbert space H , and a set S ⊆ B(H), we define

S ′ = {T ∈ B(H) : ST = TS for all S ∈ S}.

In this exercise, we will consider the multiplier algebra of a Hilbert function
space as a subalgebra of B(H).

1. Prove that Mult(H2(D))′ = Mult(H2(D)).

2. Is it true that Mult(L2
a(D))

′ = Mult(L2
a(D))?

3. Is it true that Mult(H)′ = Mult(H) for all Hilbert function spaces?
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Exercise 6.4.7 (Agler2). Let G = C1([0, 1]) (the continuously differentiable
functions on the interval [0, 1]) with inner product

〈f, g〉 =
∫ 1

0

f(t)g(t)dt +

∫ 1

0

f ′(t)g′(t)dt.

1. Prove that point evaluation at any x ∈ [0, 1] is a bounded functional on
G.

2. Let H be the completion of G. Explain why H can be considered as
a concrete space of functions on [0, 1], in which point evaluation is
bounded. (H is actually equal to the Sobolev space H1[0, 1] of absolutely
continuous functions on [0, 1] with derivatives in L2[0, 1].)

3. Find the kernel of H .

4. Prove that every g ∈ G gives rise to a multiplier on H . Show that
‖Mg‖ > supt∈[0,1] |g(t)|, unless g is constant.

5. (Harder) Show that Mult(H) = H (as a set of functions).

2Agler also proves that a version of Pick’s theorem holds true in this space, see [1].



Chapter 7

Banach spaces

Up to this point, we discussed mainly Hilbert spaces. We defined the space
B(H,K) of bounded operators between two Hilbert spaces. On B(H,K) we
defined a norm,

‖T ‖ = sup
‖h‖=1

‖Th‖. (7.1)

This makes B(H,K) a normed space, and we will soon see that it is complete
with respect to this norm. Thus, even if we are only interested about ques-
tions in Hilbert spaces (and we are certainly not!), we are led nonetheless to
consider other kinds of normed spaces. This is a convenient point to switch to
a somewhat more general point of view, and enlarge our scope to include all
complete normed spaces — Banach spaces.

7.1 Banach spaces

7.1.1 Basic definitions and examples

We will continue to consider linear spaces over R or C, and we keep our
convention that whenever we need to refer to the scalar field we will take the
complex numbers.

Definition 7.1.1. A norm on a linear space X is a function ‖·‖ : X → [0,∞)
such that

1. ‖x‖ ≥ 0 for all x ∈ X , and ‖x‖ = 0 implies that x = 0.

2. ‖ax‖ = |a|‖x‖ for all x ∈ X and all a ∈ C.

3. ‖x+ y‖ ≤ ‖x‖+ ‖y‖ for all x, y ∈ X .

A normed space is simply a linear space that has a norm defined on it.

Definition 7.1.2. If X is a normed space, then the closed unit ball of X ,
denoted by X1, is the set

X1 = {x ∈ X : ‖x‖ ≤ 1}.

103
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Every normed space is a metric space, where the metric is induced by the
norm d(x, y) = ‖x− y‖. A normed space is said to have a certain property if
the underlying metric space has this property. For example, a normed space
is said to be separable if it is separable as a metric space, and it is said to be
complete if it is complete as a metric space.

Definition 7.1.3. A Banach space is a normed space which is complete.

Example 7.1.4. Every Hilbert space is a Banach space.

Example 7.1.5. Let X be a topological space. The space Cb(X) of bounded
continuous functions equipped with the sup norm ‖f‖∞ = supx∈X |f(x)| is
a Banach space. In particular, if X is a compact space, then C(X) equipped
with the norm ‖ · ‖∞ is a Banach space.

Let p ∈ [1,∞). For any finite or infinite sequence x = (xk)k we define

‖x‖p =

(∑

k

|xk|p
)1/p

.

We also define
‖x‖∞ = sup

k
|xk|.

An important family of finite dimensional Banach spaces is given by the spaces
commonly denoted by ℓpn (for p ∈ [1,∞] and n ∈ N), which are the vector space
Cn endowed with the norm ‖ · ‖p.

Not less important are the infinite dimensional ℓp spaces (p ∈ [1,∞]), given
by

ℓp = {x = (xk)
∞
k=0 ∈ CN : ‖x‖p <∞}.

For p = 2 we get the Hilbert space ℓ2 which we have already encountered. For
p = 1 or p = ∞, it is clear that ‖ · ‖p is a norm, but for p /∈ {1, 2,∞} it is not
apparent that ‖ · ‖p is a norm. Our present goal is to prove that it is.

Definition 7.1.6. Two extended real numbers p, q ∈ [1,∞] are said to be
conjugate exponents if

1

p
+

1

q
= 1.

If p = 1, then we understand this to mean that q = ∞, and vice versa.

Lemma 7.1.7 (Hölder’s inequality). Let p, q ∈ [1,∞] be conjugate exponents.
Then for any two (finite or infinite) sequences x1, x2, . . . and y1, y2, . . .

∑

k

|xkyk| ≤ ‖x‖p‖y‖q.
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Proof. The heart of the matter is to prove the inequality for finite sequences.
Pushing the result to infinite sequences does not require any clever idea, and
is left to the reader (no offense). Therefore, we need to prove that for every
x = (xk)

n
k=1 and y = (yk)

n
k=1 in Cn,

n∑

k=1

|xkyk| ≤
(

n∑

k=1

|xk|p
)1/p( n∑

k=1

|yk|q
)1/q

. (7.2)

The case p = 1 (or p = ∞) is immediate. The right-hand side of (7.2) is
continuous in p when x and y are held fixed, so it is enough to verify the
inequality for a dense set of values of p in (1,∞). Define

S =

{
1

p
∈ (0, 1)

∣∣∣p satisfies Equation (7.2) for all x, y ∈ Cn

}
.

Now our task reduces to that of showing that S is dense in (0, 1). By the
Cauchy-Schwarz inequality, we know that 1

2 ∈ S. Also, the roles of p and q
are interchangeable, so 1

p ∈ S if and only if 1− 1
p ∈ S.

Set a = q
2p+q (a is chosen to be the solution to 2ap = (1− a)q, we will use

this soon). Now, if 1
p ∈ S, we apply (7.2) to the sequences (|xk||yk|a)k and

(|yk|1−a)k, and then we use the Cauchy-Schwarz inequality, to obtain

n∑

k=1

|xkyk| =
n∑

k=1

|xk||yk|a|yk|1−a

≤
(

n∑

k=1

|xk|p|yk|ap
)1/p( n∑

k=1

|yk|(1−a)q

)1/q

≤



(

n∑

k=1

|xk|2p
)1/2( n∑

k=1

|yk|2ap
)1/2




1/p(
n∑

k=1

|yk|(1−a)q

)1/q

=

(
n∑

k=1

|xk|p
′

) 1
p′
(

n∑

k=1

|yk|q
′

) 1
q′

,

where 1
p′ = 1

2p and 1
q′ = 1

2p + 1
q . Therefore, if s = 1

p ∈ S, then s
2 = 1

2p ∈ S;

and if s = 1
q ∈ S, then s+1

2 = 1
2
1
q + 1

2 = 1
q + 1

2
1
p is also in S.

Since 1
2 is known to be in S, it follows by induction that for every n ∈ N

and m ∈ {1, 2, . . . , 2n − 1}, the fraction m
2n is in S. Hence S is dense in (0, 1),

and the proof is complete.

Remark 7.1.8. It is sometimes convenient to invoke Hölder’s inequality in
the form ∣∣∣∣∣

∑

k

xkyk

∣∣∣∣∣ ≤
(∑

k

|xk|p
)1/p(∑

k

|yk|q
)1/q

,
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which obviously follows from the one we proved. In fact, this form is equivalent
(prove it).

Lemma 7.1.9 (Minkowski’s inequality). For every p ∈ [1,∞] and every two
(finite or infinite) sequences x1, x2, . . . and y1, y2, . . .

‖x+ y‖p ≤ ‖x‖p + ‖y‖p.
In particular, if x, y ∈ ℓp, then x+ y ∈ ℓp.

Proof. Again, the cases p = 1,∞ are easy, and the result for infinite sequences
is a consequence of the result for finite sequences. Therefore, let p ∈ (1,∞),
and let x, y ∈ Cn. With q = p

p−1 , we use Hölder’s inequality and the identity

q(p− 1) = p to find
∑

k

|xk + yk|p =
∑

k

|xk + yk||xk + yk|p−1

≤
∑

k

|xk||xk + yk|p−1 +
∑

k

|yk||xk + yk|p−1

≤ ‖x‖p
(∑

k

|xk + yk|p
)1/q

+ ‖y‖p
(∑

k

|xk + yk|p
)1/q

= (‖x‖p + ‖y‖p) ‖x+ y‖p−1
p .

Minkowski’s inequality follows.

Theorem 7.1.10. For every p ∈ [1,∞] and all n ∈ N, the spaces ℓpn and ℓp

are Banach spaces.

Proof. Let us focus on the case of infinite sequences. By Minkowski’s inequal-
ity, ℓp is a vector space and ‖ · ‖p is a norm. For p 6= ∞, completeness is
established in precisely the same way that is was for the space ℓ2, by replac-
ing 2 by p. The case p = ∞ follows from Example 7.1.5.

Exercise 7.1.11. Prove directly that ℓ∞ is a Banach space.

The category of normed spaces is much richer than that of Hilbert spaces.
Unless p = 2, there does not exist an inner product on ℓp (or on ℓpn) that
gives rise to the ‖ · ‖p norm. Norms that are induced by an inner product are
exceptional.

Exercise 7.1.12 (Hard1). A norm on a normed space X is induced by an
inner product if and only if it satisfies the parallelogram law:

‖x+ y‖2 + ‖x− y‖2 = 2‖x‖2 + 2‖y‖2, for all x, y ∈ X.

Using the result in the exercise, it is not hard to show that some very
frequently occurring norms, such as the ‖ · ‖p norms or the operator norm on
B(H), are not induced by inner products (note that for showing that a norm
is not induced by an inner product, only the easy direction is required).

1See [15].
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7.1.2 Completion

Theorem 7.1.13. Every normed space X can be embedded isometrically in
a unique Banach space which contains X as a dense subset.

The proof of Theorem 7.1.13 is just like that of Theorem 2.3.1 (the com-
pletion Theorem in Hilbert spaces), only simpler. The unique Banach space
containing X is called the completion of X .

Exercise 7.1.14. Let ℓ0 denote the vector space of all finitely supported
sequences. For 1 ≤ p ≤ ∞, equip ℓ0 with the ‖ · ‖p norm. Compute the
completion of ℓ0 with respect to ‖ · ‖p.

Exercise 7.1.15. A function f ∈ C(Rk) is said to have compact support if
the support of f , defined to be supp(f) = {x : f(x) 6= 0}, is a compact subset
of Rk. A function f is said to vanish at infinity if for all ǫ > 0 there is a
compact K such that |f(x)| < ǫ for all x /∈ K. Let Cc(Rk) denote the space
of all compactly supported continuous functions, and let C0(Rk) denote the
space of all continuous functions vanishing at infinity. Prove that Cc(Rk) is
an incomplete normed space, and that the completion of Cc(Rk) is C0(Rk).

Example 7.1.16. Let D be an nice subset in Rk (for example, an open set, or
a square [0, 1]k, etc.). Let Cc(D) denote the continuous functions with compact
support in D. Define a norm on Cc(D) by ‖f‖p = (

∫
D |f(x)|pdx)1/p. The fact

that this is a norm depends on the Minkowski inequality for integrals (see
Exercise 7.5.6). Then Lp(D) = Lp(D, dx) can be identified with (and can also
be defined as) the completion of Cc(D) with respect to this norm.

Note that if p = 2 and D = [a, b], then thanks to Exercise 2.4.6 we get the
same definition of L2[a, b] as we introduced in Section 2.4.

Exercise 7.1.17. Prove that Lp(D) is separable (i.e., that Lp(D) contains
a countable dense subset) for all p ∈ [1,∞). Prove that ℓp is separable for
p ∈ [1,∞) and nonseparable for p = ∞.

Example 7.1.18. The previous example fits into a larger family of spaces,
which are defined in terms of measure theory. If (X,µ) is a measure space and
p ≥ 1, then one may define the Lebesgue spaces Lp(X,µ) as the space of all
measurable functions on X for which

∫
X
|f |pdµ <∞. If X = {1, 2, . . . , } and µ

is the counting measure, then we get the space ℓp (the counting measure is the
measure that assigns to each set S the value µ(S) = the number of elements
in S). The reader should consult [11] and [29] to learn about Lp spaces.
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7.2 Bounded operators

7.2.1 Definition and completeness

Let X and Y be normed spaces. We define the space of bounded linear
operators from X to Y just as we have in the Hilbert space case.

Definition 7.2.1. Let X and Y be normed spaces. A linear operator T :
X → Y is said to be bounded if the operator norm ‖T ‖ of T , defined as

‖T ‖ = sup
x∈X1

‖Tx‖,

satisfies ‖T ‖ <∞. The space of all bounded operators from X to Y is denoted
by B(X,Y ). If Y = X we abbreviate B(X) = B(X,X).

It follows immediately that ‖Tx‖ ≤ ‖T ‖‖x‖ for all x ∈ X . When equipped
with the operator norm ‖T ‖, the space B(X,Y ) becomes a normed space.

Exercise 7.2.2. Prove that ‖T ‖ = sup‖x‖=1 ‖Tx‖ is a norm on B(X,Y ).

Exercise 7.2.3. Show that for every T ∈ B(X,Y ),

‖T ‖ = sup
‖x‖≤1

‖Tx‖ = sup
‖x‖<1

‖Tx‖.

We have the notions of kernel and image of operators between Banach
spaces, defined identically as in the case of inner product spaces (recall Def-
inition 5.1.8). The proof of the following proposition is identical to proof of
Proposition 5.1.4.

Proposition 7.2.4. For a linear transformation T : X → Y mapping between
two normed spaces, the following are equivalent:

1. T is bounded.

2. T is continuous.

3. T is continuous at some x0 ∈ X.

Proposition 7.2.5. If Y is a Banach space, then B(X,Y ) is also a Banach
space.

Proof. Suppose that {An} is a Cauchy sequence in B(X,Y ). For all x ∈ X ,
{Anx} is a Cauchy sequence in the complete space Y . Define A(x) = limAnx.
It is easy to see that the map A is linear and bounded. Even though we wrote
down Ax = limAnx, we still did not show that An → A in B(X,Y ), because
this involves showing that ‖An −A‖ → 0. If n0 is chosen large enough so that
‖An −Am‖ is smaller than ǫ for m,n ≥ n0, then for all x ∈ X ,

‖(A−Am)x‖ = lim
n→∞

‖(An −Am)x‖ ≤ ǫ‖x‖.

Thus ‖A−Am‖ ≤ ǫ for m ≥ n0, hence An → A in norm.
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7.2.2 Examples of bounded operators

We let IX or I or 1 denote the identity mapping from X to itself. Clearly
I ∈ B(X), and so is every scalar multiple of it.

Definition 7.2.6. An operator T ∈ B(X,Y ) is said to be a contraction if
‖T ‖ ≤ 1. It is said to be isometric (or an isometry) if ‖Tx‖ = ‖x‖ for all
x ∈ X .

Example 7.2.7. Let X = C(K), where K is a compact topological space.
For every g ∈ X , we can define the multiplication operator

Mg : f 7→ gf.

Then Mg ∈ B(X), and ‖Mg‖ = ‖g‖∞.

Example 7.2.8. Let K be a compact topological space and let α : K → K
be a continuous function. Define a transformation U : C(K) → C(K) by
Uf = f ◦ α. Then U is a contraction operator on C(K).

The above examples were given by a concrete formula defined on the en-
tire space X . In practice many operators are defined first on a dense linear
subspace, and extended to the entire space X by continuity.

Exercise 7.2.9. Let D be a dense linear subspace of a normed space X . Let
Y be a Banach space, and let T ∈ B(D,Y ). Show that there is a unique
T̃ ∈ B(X,Y ) such that T̃

∣∣
D

= T and ‖T̃‖ = ‖T ‖. Moreover, prove that if T

is isometric, then T̃ is, too.

Example 7.2.10. Let α : [0, 1] → [0, 1] be a piecewise continuous function.
Assume further that α is measure preserving. By this we mean that for all
f ∈ PC[0, 1], ∫ 1

0

f ◦ α(x)dx =

∫ 1

0

f(x)dx. (7.3)

(We will see in Section 8.2 nontrivial examples of measure preserving maps.)
Define a transformation U : C([0, 1]) → PC[0, 1] by Uf = f ◦ α. By our
assumptions on α, U is well-defined, linear and isometric on C([0, 1]), which
is a dense subspace of Lp[0, 1] for all 1 ≤ p < ∞. By the above exercise,
U extends in a unique way to an isometry U : Lp[0, 1] → Lp[0, 1]. We may
continue to write Uf = f ◦α even for f ∈ Lp[0, 1], giving thereby a meaning to
the notion of the phrase “composing a function f ∈ Lp with α”. Composition
operators such as U are of much interest, and we will return to this subject
in Section 8.2.



110 A First Course in Functional Analysis

7.3 The dual space

7.3.1 Definition and examples

Definition 7.3.1. Let X be a normed space. A linear map from X into the
scalar field is called a linear functional. We let X∗ denote the space of all
bounded linear functionals on X . The space X∗ is called the dual space (or
the conjugate space) of X .

In some parts of the literature, the dual space is denoted by X ′.

Remark 7.3.2. The dual space X∗, being a space of bounded operators on
X , is a normed space with the norm

‖f‖ = sup
x∈X1

|f(x)| , f ∈ X∗.

By Proposition 7.2.5, X∗ is complete.

Example 7.3.3. Every Hilbert space can be identified (isometrically and
anti-linearly) with its dual in the following way

H∗ = {〈·, g〉 : g ∈ H}.

Example 7.3.4. The dual of ℓ1 can be isometrically identified with ℓ∞; this
is usually summarized by writing (ℓ1)∗ = ℓ∞.

To be precise, every b ∈ ℓ∞ gives rise to a functional Φb ∈ (ℓ1)∗ by way of
Φb(a) =

∑
n anbn. Clearly |Φb(a)| ≤ ‖b‖∞‖a‖1 for every a ∈ ℓ1, so Φb is well-

defined, bounded, and ‖Φb‖ ≤ ‖b‖∞. To complete the identification of (ℓ1)∗

with ℓ∞, we will show that the map b 7→ Φb is also isometric and surjective.
For every n, let en denote the element of ℓ1 with 1 in the nth slot and 0s

elsewhere. Then it is easy to see that for every a = (an)n ∈ ℓ1, we have the
convergent sum

a = lim
N→∞

N∑

n=0

anen =
∑

n∈N

anen.

Given Ψ ∈ (ℓ1)∗, we define a sequence b = (bn)n by bn = Ψ(en). Then
‖b‖∞ ≤ ‖Ψ‖. By linearity and continuity,

Ψ(a) = lim
N→∞

N∑

n=0

anΨ(en) = lim
N→∞

N∑

n=0

anbn = Φb(a),

whence, Ψ = Φb. Thus b 7→ Φb is surjective. Finally, ‖b‖∞ ≤ ‖Ψ‖ = ‖Φb‖ ≤
‖b‖∞, so b 7→ Φb is isometric.
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Example 7.3.5. Similarly to the above example, one can show that every
b ∈ ℓ1 gives rise to a bounded functional Γb on ℓ∞ given by

Γb(a) =
∑

anbn.

The map b 7→ Γb is an isometric linear map of ℓ1 into (ℓ∞)∗. We currently do
not have enough tools to determine whether this map is surjective (this issue
will be taken up again in Chapter 13; a reader who will solve this problem
before we get to that chapter deserves bonus points).

Exercise 7.3.6. Show that if 1 < p, q < ∞ are conjugate exponents, then
(ℓp)∗ = ℓq, where the isomorphism is similar to the one given in Example
7.3.4.

7.3.2 Weak convergence

In this section we introduce an important notion in Banach space theory,
that of weak convergence. Although the notion makes sense in any Banach
space, we will only prove significant results regarding this notion in the Hilbert
space setting.

Definition 7.3.7. A sequence {xn}∞n=1 in a normed space X is said to be
weakly convergent to x ∈ X if for every f ∈ X∗,

lim
n
f(xn) = f(x).

If {xn}∞n=1 weakly converges to x, then we write xn ⇀ x.

The usual (with respect to norm) convergence in a normed space is some-
times called strong convergence in discussions where confusion may be
caused. It is clear from the definition that strong convergence implies weak
convergence, but the converse does not hold.

Example 7.3.8. Let H be a Hilbert space and let {en}∞n=1 be an orthonormal
sequence. By Bessel’s inequality, 〈en, h〉 → 0 for every h ∈ H , thus en ⇀ 0.
Clearly, the sequence does not converge strongly to 0. Incidently, note that
the norm is “not continuous with respect to weak convergence”.

Exercise 7.3.9. Prove that the limit of a weakly convergent sequence in a
Hilbert space is unique. What can you say about the uniqueness of the weak
limit in a Banach space?

One may go on to define the so-called weak topology on a normed space X ,
but care is needed, since this topology is not determined in general by con-
vergent sequences. As the above example hints, the weak and norm topologies
differ in general, but they are very closely related — for example convex sets
are closed in one topology if and only if they are closed in the other. In the
setting of Hilbert spaces, this fact follows from the following, stronger result.
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Theorem 7.3.10 (Banach-Saks theorem). Let H be a Hilbert space, and let
{hn}∞n=1 be a sequence such that hn ⇀ h. Then there exists a subsequence
{hnk

}∞k=1 whose Cesàro means converge to h in norm, i.e.,

1

N

N∑

k=1

hnk
→ h.

We will prove this proposition below. But first, we need another nontrivial
result (see Exercise 7.5.17 for a generalization).

Theorem 7.3.11 (Principle of uniform boundedness (baby version)). Let
{hn} be a weakly convergent sequence in a Hilbert space. Then {hn} is bounded:
supn ‖hn‖ <∞.

Proof. Suppose that {hn} is a weakly convergent sequence. For every N ∈ N,
we define

FN = {g ∈ H : |〈g, hn〉| ≤ N‖g‖ for all n}.
Every FN is closed (it is an intersection over n of closed sets). As {〈g, hn〉}n is
a convergent sequence for every fixed g, it is bounded, thus H = ∪NFN . The
space H is complete, therefore Baire’s category theorem (Theorem A.2.17)
implies that there is some N such that FN has nonempty interior. Suppose
that Br(g) ⊂ FN . This means that

‖g − f‖ < r implies that |〈f, hn〉| ≤ N‖f‖ for all n.

We thus have that if ‖f‖ < r, then for all n,

|〈f, hn〉| ≤ |〈g + f, hn〉|+ |〈g, hn〉| ≤ N(‖f + g‖+ ‖g‖).
Taking the supremum over all f with ‖f‖ < r, it follows that ‖hn‖ ≤
r−1(2‖g‖+ r) for all n.

Proof of the Banach-Saks Theorem. We may assume that hn ⇀ 0 (oth-
erwise, replace hn with hn − h). We need to find a subsequence {hnk

} such
that

1

N

N∑

k=1

hnk
→ 0.

Choose a subsequence such that for every k, we have |〈hni , hnk
〉| < 2−k for all

i = 1, 2, . . . , k − 1. But then
∥∥∥∥∥
1

N

N∑

k=1

hnk

∥∥∥∥∥

2

=
1

N2

N∑

k=1

‖hnk
‖2 + 1

N2

∑

1≤k 6=j≤N

〈hnj , hnk
〉

≤ supn ‖hn‖2
N

+
2

N2

N∑

k=2

k−1∑

j=1

2−k.

Thanks to the principle of uniform boundedness, the right-hand side converges
to 0.
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Exercise 7.3.12. Let A be linear operator between Hilbert spaces, and as-
sume that A is weakly sequentially continuous, in the sense that

hn ⇀ h implies that Ahn ⇀ Ah.

Prove that A is bounded. Conversely, prove that a bounded operator is weakly
sequentially continuous.

Exercise 7.3.13. Suppose that {hn} is a sequence in a Hilbert space H such
that for every g ∈ H , the sequence {〈hn, g〉} is convergent. Then {hn} is a
weakly convergent sequence, that is, there is some h ∈ H such that

〈hn, g〉 → 〈h, g〉
for all g ∈ H . This property is called weak sequential completeness.

7.4 *Topological vector spaces

Before moving on, it should be mentioned that Banach spaces, though by
far more general than Hilbert spaces, do not cover all the kinds of topological
vector spaces that arise in analysis or in applications.

Consider for example the space C(Ω), where Ω ⊆ Rk. When Ω is not com-
pact there exist unbounded continuous functions on it. Thus one cannot de-
fine the supremum norm for all elements in C(Ω). However, for every compact
subset K of Ω and every f ∈ C(Ω), we can define ‖f‖K = supx∈K |f(x)|.
If K1,K2, . . . is a sequence of compact sets such that Ω = ∪nKn and
Kn ⊂ intKn+1 for all n, then we may define a measure of distance between
elements in C(Ω) by

d(f, g) =
∑

n

2−n ‖f − g‖Kn

1 + ‖f − g‖Kn

.

One shows that d is a complete metric on C(Ω), and that a sequence {fn}
converges to f in (C(Ω), d) if and only if fn → f uniformly on every compact
subset of Ω.

It can be shown that there is no norm one can define on C(Ω) that in-
duces this metric. Other examples of interesting function spaces which are not
linearly homeomorphic to Banach spaces are C∞(Ω) (the space of infinitely
differentiable functions on Ω) or O(Ω) (the space of analytic functions on Ω)
when Ω is a domain in C.

A vector space which is also a complete metric space with a translation
invariant metric which has a convex local base at 0 is called a Fréchet space.
There are even more general topological vector spaces of interest in analysis,
especially locally convex topological vector spaces. These spaces are be-
yond the scope of this book. But the readers are advised to greet them with
a open heart when they come their way.
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7.5 Additional exercises

Exercise 7.5.1. Prove that if X is a topological space, then the space Cb(X)
of all bounded continuous functions on X with the supremum norm is a Ba-
nach space (replace X with a metric space or even a subset of Rk if you are
not comfortable with abstract topological spaces).

Exercise 7.5.2. Prove that a finite dimensional subspace of a normed space
is closed, and that every finite dimensional normed space is a Banach space.

Exercise 7.5.3. Let Ck([a, b]) denote the space of functions (real-valued or
complex-valued, whatever the reader prefers) that are k times differentiable,
such that f, f ′, . . . f (k) ∈ C([a, b]). For every f ∈ Ck([a, b]), define ‖f‖Ck =
‖f‖∞ + . . .+ ‖f (k)‖∞, that is,

‖f‖Ck = sup
t∈[a,b]

|f(t)|+ sup
t∈[a,b]

|f ′(t)|+ . . .+ sup
t∈[a,b]

|f (k)(t)|.

Prove that (Ck([a, b]), ‖ · ‖Ck) is a Banach space.

Exercise 7.5.4. For any r, p ∈ [1,∞] and every m,n ∈ N, the space
Mm,n(C) of m × n matrices can be identified with the space of bounded op-
erators B(ℓpn, ℓ

r
m). Find a formula, in terms of the coefficients of a matrix

A = (aij)
m,n
i,j=1, for the operator norms

‖A‖ℓ1n→ℓpm and ‖A‖ℓpn→ℓ∞m
for p ∈ [1,∞].

Exercise 7.5.5. Prove that an infinite matrix A = (aij)
∞
i,j=0 gives rise to a

bounded operator on ℓ1 by matrix multiplication (similarly to Section 5.6), if
and only if

sup

{ ∞∑

i=0

|aij | : j ∈ N

}
<∞.

Prove that the expression above is then equal to the operator norm ‖A‖.

Exercise 7.5.6. Let D be a nice, bounded subset of Rk (for example D =
[−R,R]k for some R > 0, or any other set you know how to integrate on).
Prove that for any f, g ∈ C(D) the following continuous versions of Hölder’s
and Minkowski’s inequalities hold:

∣∣∣∣
∫

D

f(x)g(x)dx

∣∣∣∣ ≤
(∫

D

|f(x)|pdx
)1/p(∫

D

|g(x)|q
)1/q

,

and

(∫

D

|f(x) + g(x)|pdx
)1/p

≤
(∫

D

|f(x)|pdx
)1/p

+

(∫

D

|f(x)|pdx
)1/p

.
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(Hint: Hölder’s inequality follows from the discrete Hölder’s inequality
(Lemma 7.1.7) by first considering functions that attain finitely many val-
ues, and then using approximation considerations. If you get confused, prove
for k = 1.)

Exercise 7.5.7. Let X and Y be normed spaces. Define a direct sum vector
space

X ⊕ Y = {(x, y) : x ∈ X, y ∈ Y },
with the obvious addition and multiplication by scalar operations. We intro-
duce norms on X ⊕ Y ; for p ∈ [1,∞) we define

‖(x, y)‖⊕,p = (‖x‖pX + ‖y‖pY )
1/p

.

We also define
‖(x, y)‖⊕,∞ = max{‖x‖X , ‖y‖Y }.

Prove that for every p, the space (X⊕Y, ‖·‖⊕,p) is a Banach space. Prove that
for every pair of conjugate exponents p, q ∈ [1,∞], the dual of (X⊕Y, ‖ ·‖⊕,p)
can be identified with (X ⊕ Y, ‖ · ‖⊕,q); that is, loosely speaking:

(X ⊕ Y, ‖ · ‖⊕,p)
∗ = (X ⊕ Y, ‖ · ‖⊕,q).

Exercise 7.5.8. The purpose of this exercise is to prove that normed spaces
that have the same closures have the same completion.

Let X be a normed space and let Y ⊂ X be a dense subspace. Let Ỹ
and X̃ be the completions of Y and X , respectively. Let VY : Y → Ỹ and
VX : X → X̃ denote the embeddings. Prove that there is a surjective isometric
isomorphism U : Ỹ → X̃ such that UVY = VX

∣∣
Y
. Moreover, show that if X,Y

are Hilbert spaces, then U is a unitary. In other words, the completions of X
and Y can be canonically identified via an isometric isomorphism that “fixes
Y ”.

Exercise 7.5.9 (Existence of best approximation in finite dimensional normed
spaces). Let X be a finite dimensional normed space, let S ⊆ X be a closed
convex subset, and let x ∈ X . Prove that there exists a point s ∈ S, such that

‖x− s‖ = d(x, S) = inf{‖x− y‖ : y ∈ S}.

Exercise 7.5.10 (Non-uniqueness of best approximation in Banach spaces).
Give an example of a Banach space X , a closed convex subset S ⊆ X , and a
point x ∈ X , such that there is more than one s ∈ S for which

‖x− s‖ = d(x, S) = inf{‖x− y‖ : y ∈ S}.

Does such an example exist if S is assumed to be a linear subspace?
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Exercise 7.5.11 (Nonexistence of best approximation in Banach spaces).
Construct an example of a Banach space X , a closed convex subset S ⊆ X ,
and an element x ∈ X , such that there is no s ∈ S for which

‖x− s‖ = d(x, S) = inf{‖x− y‖ : y ∈ S}.

(Hint: Let X be CR([0, 1]) with the supremum norm, and let S = {f ∈ X :∫ 1

0 f(t)dt =
1
2 and f(0) = 1}.)

Exercise 7.5.12 (Existence and uniqueness of best approximation in uni-
formly convex Banach spaces). A normed space X is said to be uniformly
convex if all ǫ > 0, there exists δ > 0, such that for all x, y ∈ X1

‖x− y‖ > ǫ implies that

∥∥∥∥
x+ y

2

∥∥∥∥ < 1− δ.

1. Prove that every Hilbert space is uniformly convex.

2. Give an example of a Banach space, in which the norm is not induced
by an inner product, that is uniformly convex.

3. Prove that in a uniformly convex Banach space X , for every closed and
convex set S ⊆ X and every x ∈ X , there exists a unique s ∈ S such
that

‖x− s‖ = d(x, S) = inf{‖x− y‖ : y ∈ S}.

Exercise 7.5.13. Prove that, for all p ∈ [1,∞], the weak limit of a sequence
in ℓp is unique.

Exercise 7.5.14. Let p, q ∈ (1,∞) be conjugate exponents, and let (ℓp)1 and
(ℓq)1 be their unit balls. Let {gk} be a dense sequence in (ℓq)1 = ((ℓp)∗)1.
Define d : (ℓp)1 × (ℓp)1 → [0,∞) by

d(x, y) =
∞∑

k=1

2−k|gk(x− y)|.

1. Prove that d is a metric.

2. Prove that a sequence {xn} in (ℓp)1 converges weakly to x ∈ (ℓp)1 if and
only if this series converges to x in the metric d.

3. Prove that ((ℓp)1, d) is a compact metric space.

Exercise 7.5.15 (Difficult). Prove that a sequence in ℓ1 is weakly convergent
if and only if it is strongly convergent.

Exercise 7.5.16. Prove that a Hamel basis in an infinite dimensional Banach
space must be uncountable (Hint: if {v1, v2, . . .} is a Hamel basis for X , then
X is the countable union ∪n span{v1, . . . , vn}; now use Baire’s theorem.)
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Exercise 7.5.17 (Principle of uniform boundedness). We called Theorem
7.3.11 a “baby version” of the principle of uniform boundedness. The general
principle of uniform boundedness states that if {Ti}i∈I is a family of bounded
operators from a Banach space X into a Banach space Y , and if

sup
i∈I

‖Tix‖ <∞ for all x ∈ X,

then
sup
i∈I

‖Ti‖ <∞.

In other words, a pointwise bounded family of operators is uniformly bounded.
Prove the principle of uniform boundedness.
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Chapter 8

The algebra of bounded operators on
a Banach space

In the previous chapter we defined the space B(X,Y ) of bounded operators
between two normed spaces. In this chapter, we will take a closer look at this
space. We will make definitions and prove results in the general setting of
operators acting between normed spaces, whenever we can do so easily. On
the other hand, we will not hesitate to assume that the underlying spaces
are Hilbert spaces, if this helps us obtain a stronger result or streamlines
the presentation. The fact that a Hilbert space is its own dual (the Riesz
representation theorem) makes the operator theory of Hilbert spaces far more
tractable than the operator theory on any other infinite dimensional Banach
space.

8.1 The algebra of bounded operators

Let X,Y, Z be normed spaces. If T : X → Y and S : Y → Z are linear
operators, then their composition S ◦ T is the map S ◦ T : X → Z given by
S ◦ T (x) = S(T (x)). The composition S ◦ T is usually denoted by ST . We
begin by making a simple and crucial observation.

Proposition 8.1.1. Let X,Y, Z be normed spaces. For every S ∈ B(Y, Z)
and T ∈ B(X,Y ), ST ∈ B(X,Z) and in fact

‖ST ‖ ≤ ‖S‖‖T ‖.

Proof. Immediate.

We therefore obtain that for every normed space X , the normed space
B(X) = B(X,X) is an algebra, that is, B(X) is a ring with unit, which is
also a vector space (complex or real, depending on the scalar field of X), such
that the vector space and ring operations are compatible.

If T ∈ B(X), then T n = T ◦ T ◦ · · · ◦ T (the composition of T with itself,
n times) is also in B(X), and moreover ‖T n‖ ≤ ‖T ‖n. If p(z) =∑n

k=0 akz
k is

119
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a polynomial, then we can also naturally define p(T ) to be the operator

p(T ) =

n∑

k=0

akT
k,

and it is clear that p(T ) ∈ B(X), because it is the sum of bounded operators.
The “zeroth power” T 0 is understood as the identity operator: T 0 = I. When
c is a scalar, it is customary to write c for the operator cI, thus we write

p(T ) = a0 + a1T + · · · anT n.

What can we say about the norm of p(T )? We can estimate the norm of p(T )
using the triangle inequality: ‖p(T )‖ ≤ ∑ |ak|‖T ‖k. One can sometime do
better; see Exercise 10.5.12.

8.2 An application to ergodic theory

8.2.1 The basic problem of ergodic theory

In the study of discrete dynamical systems, one considers the action of
some map T on a space X . Ergodic theory is the part of dynamical systems
theory in which one is interested in the action of a measure preserving trans-
formation T on a measure spaceX . Perhaps surprisingly, the origins of ergodic
theory are in mathematical physics - statistical mechanics, to be precise1.

Since our goal here is merely to illustrate how operator theory can be
applied to ergodic theory, we will work in the simplest possible setup: our space
X will be the unit interval [0, 1], and our transformation T : [0, 1] → [0, 1]
will be piecewise continuous (we will not, however, need to assume that T
is invertible). Anybody who took a course in measure theory will be able to
generalize to the setting where X is a probability space; the operator theoretic
details will remain the same.

We assume further that T is measure preserving. Recall from Example
7.2.10 that by this we mean that for all f ∈ PC[0, 1],

∫ 1

0

f ◦ T (x)dx =

∫ 1

0

f(x)dx.

It is not entirely clear at first whether there are interesting examples of mea-
sure preserving maps.

Example 8.2.1. For α ∈ (0, 1), let T (x) = x+ α ( mod 1), that is

T (x) =

{
x+ α x+ α < 1

x+ α− 1 x+ α ≥ 1
.

1See the section “Ergodic theory: an introduction” in [24].
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Then
∫ 1

0

f ◦ T (x)dx =

∫ 1−α

0

f(x+ α)dx +

∫ 1

1−α

f(x+ α− 1)dx

=

∫ 1

α

f(x)dx+

∫ α

0

f(x)dx

=

∫ 1

0

f(x)dx.

Example 8.2.2. Let

T (x) =

{
2x x ∈ [0, 1/2]

2x− 1 x ∈ (1/2, 1]
.

Then

∫ 1/2

0

f(2x)dx +

∫ 1

1/2

f(2x− 1)dx =
1

2

∫ 1

0

f(t)dt+
1

2

∫ 1

0

f(t)dt

=

∫ 1

0

f(t)dt,

so T is measure preserving. Note that T ([0, 1/2]) = [0, 1], so it does not do
what one might naively think that a “measure preserving” map should do.
However, T does satisfy that the measure of T−1(A) is equal to the measure
of A for every A ⊆ [0, 1], and this turns out to be the important property
(the standard definition of a measure preserving transformation on [0, 1], is a
transformation T such that the Lebesgue measure of T−1(A) is equal to the
Lebesgue measure of A, for every measurable subset A ⊆ [0, 1]).

Example 8.2.3. One may also take T (x) = 2x for x ∈ [0, 1/2] and T (x) =
2 − 2x for x ∈ (1/2, 1], etc. It should be clear now how to define an infinite
family of measure preserving transformations on [0, 1].

Given some fixed measure preserving map T , we pick a point x ∈ [0, 1],
and we start moving it around the space [0, 1] by applying T again and again.
We get a sequence x, T (x), T 2(x), . . . in [0, 1]. The basic problem in ergodic
theory is to determine the statistical behavior of this sequence. To quantify
the phrase “statistical behavior”, one may study the large N behavior of the
so-called time averages

1

N + 1

N∑

n=0

f(T n(x)),

for functions f ∈ PC[0, 1], say.
Why would this be interesting? Suppose, for example, that f = χ(a,b) is the

indicator function of some interval: f(x) = 1 if and only if x ∈ (a, b), otherwise
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f(x) = 0. In this case, the sum
∑N

n=0 f(T
n(x)) counts the number of times

that T n(x) visited the interval (a, b) in the first N + 1 steps that x takes
along the sequence x, T (x), T 2(x), . . .. The time averages therefore measure
the fraction of the “time” that the sequence T n(x) spends inside (a, b). When
one takes the limit N → ∞, if that limit exists, one gets a measure of how
much time the sequence spends inside (a, b) in the long run.

If the sequence T n(x) behaves in a completely “random” manner, what

would be our best guess for the limit of 1
N+1

∑N
n=0 f(T

n(x))? If we think of
the probability of T n(x) being at a certain point in [0, 1] as being uniformly
distributed on [0, 1], then the best guess, intuitively, would be that

lim
N→∞

1

N + 1

N∑

n=0

f(T n(x)) = b− a.

Note that for f = χ(a,b), the value b− a is equal to
∫ 1

0
f(t)dt, so our guess is

lim
N→∞

1

N + 1

N∑

n=0

f(T n(x)) =

∫ 1

0

f(t)dt (8.1)

for indicator functions of intervals.
Now, maybe we would like to use some more complicated function f to

measure the distribution of the sequence T n(x). But if (8.1) holds for indicator
functions then it holds for step functions, and then also presumably for other
functions by some limiting process.

The equality (8.1) is called, sometimes, the Ergodic Hypothesis. It describes
a situation where taking the time average (that is, starting at a point x and
taking the average of repeated measurements f(T n(x))) is equal to the space

average
∫ 1

0 f(t)dt (which is the expected value of f on the probability space
[0, 1]). I certainly do not claim that we have justified (8.1); in fact (8.1) does
not always hold. All that we said is that we might expect (8.1) to hold if the
sequence T n(x) is spread out on the interval in a random or uniform way.
The various ergodic theorems proved in ergodic theory make this very loose
discussion precise.

8.2.2 The mean ergodic theorem

The mean ergodic theorem discusses the validity of (8.1) in the setting of
L2[0, 1]. (The reason why it is called mean is that convergence in the L2 norm
used to be called convergence in the mean). The first thing one has to do is
to make sense of the composition f ◦ T in L2[0, 1]. The problem is that if
f ∈ L2[0, 1], then f is not defined by the values it attains at points x ∈ [0, 1],
so it is not clear what we mean by f ◦ T . However, we saw in Example 7.2.10
that a measure preserving transformation induces an isometric operator on
Lp[0, 1] for every 1 ≤ p <∞, given by

Uf = f ◦ T
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for f ∈ C([0, 1]) and extended continuously to Lp[0, 1] for any 1 ≤ p <∞.

Definition 8.2.4. A transformation T : [0, 1] → [0, 1] is said to be ergodic
if for all f ∈ L2[0, 1], the equality f = f ◦ T implies that f = const. That is,
f is ergodic if the composition operator U : L2[0, 1] → L2[0, 1] has no fixed
vectors, except the constant functions.

Theorem 8.2.5 (von Neumann’s mean ergodic theorem). Let T be a measure
preserving (piecewise continuous) ergodic transformation on [0, 1]. Then for
all f ∈ L2[0, 1]

lim
N→∞

1

N + 1

N∑

n=0

f ◦ T n =

∫ 1

0

f(t)dt (8.2)

in the L2 norm, where the right-hand side denotes the constant function with

value
∫ 1

0
f(t)dt.

Remark 8.2.6. Recalling the discussion surrounding (8.1), one immediately
sees the limitation of this theorem. It does not tell us what happens for a
particular x in the time averages, but only gives us norm convergence of
the sequence of functions 1

N+1

∑N
n=0 f ◦ T n. Typically, pointwise (or almost

everywhere pointwise) convergence theorems are harder to prove.

The operator U that we defined above is an isometry, and in particular it
satisfies ‖U‖ ≤ 1, that is, U is a contraction. Theorem 8.2.5 is an immediate
consequence of the following theorem.

Theorem 8.2.7. Let H be a Hilbert space and let A ∈ B(H) be a contraction.
Define M = {h : Ah = h}, and let PM be the orthogonal projection onto M .
Then for all h ∈ H,

lim
N→∞

1

N + 1

N∑

n=0

Anh = PMh

in norm.

To see how Theorem 8.2.5 follows from Theorem 8.2.7, note simply that if
T is ergodic, then M = {f : Uf = f} is the one-dimensional space of constant

functions, so PMf = 〈f, 1〉1 =
∫ 1

0
f(t)dt.

Proof. The first step of the proof requires a bit of inspiration. Recall that
‖A∗‖ = ‖A‖ ≤ 1. Let h ∈ M be a unit vector, and consider 〈A∗h, h〉 =
〈h,Ah〉 = 〈h, h〉 = 1. From the Cauchy-Schwarz inequality, 1 = |〈A∗h, h〉| ≤
‖A∗h‖‖h‖ ≤ 1, so |〈A∗h, h〉| = ‖A∗h‖‖h‖. From the equality part of Cauchy-
Schwarz this can only happen when A∗h = ch. But reconsidering 〈A∗h, h〉 = 1
it is evident that c = 1. Thus A∗h = h. Because of the symmetry of the adjoint
operation, we get a nice little result: for a contraction A,

Ah = h if and only if A∗h = h.
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Next, we try to understand what the decomposition H =M ⊕M⊥ looks like.
Note that M = ker(I −A). By our nice little result, ker(I −A) = ker(I −A∗).
Therefore, using Proposition 5.4.8, M⊥ = ker(I − A∗)⊥ = Im(I −A). So M
induces the decomposition

H = ker(I −A)⊕ Im(I −A).

If h ∈M = ker(I − A), then 1
N+1

∑N
n=0A

nh = h = PMh, and the conclusion
of the theorem holds for this h.

Let g ∈ Im(I − A). Then g has the form g = f − Af for some f . We
compute

1

N + 1

N∑

n=0

An(f −Af) =
1

N + 1
(f −AN+1f) → 0.

We have used the fact that ‖AN+1‖ ≤ ‖A‖N+1, so that f−AN+1f is bounded.
Now consider y ∈ Im(I −A), and fix ǫ > 0. There is some g ∈ Im(I − A)

such that ‖y − g‖ < ǫ. For some N0, ‖ 1
N+1

∑N
n=0A

ng‖ < ǫ for all N ≥ N0.

Then, for N ≥ N0 we break up
∑N

n=0A
ny as

∑N
n=0A

n(y − g) +
∑N

n=0A
ng

to find that
∥∥∥∥∥

1

N + 1

N∑

n=0

Any

∥∥∥∥∥ ≤
∥∥∥∥∥

1

N + 1

N∑

n=0

An

∥∥∥∥∥ ‖y − g‖+
∥∥∥∥∥

1

N + 1

N∑

n=0

Ang

∥∥∥∥∥
< 2ǫ,

demonstrating that 1
N+1

∑N
n=0A

ny → 0 = PMy. Thus the theorem holds for

all y ∈ M⊥. Finally, since H = M ⊕M⊥, it follows that the theorem holds
on all of H .

8.3 Invertible operators and inverses

Definition 8.3.1. An operator A ∈ B(X,Y ) is said to be invertible if there
exists B ∈ B(Y,X) such that

AB = IY , BA = IX .

In this case B is called the inverse of A, and is denoted A−1.

Thus, in the case X = Y , A is said to be invertible if it is an invertible
element of the algebra B(X). It is clear that if A is invertible, then it is
bijective. What may not be clear — and rightly so, because it is a nontrivial
question — is whether or not a bounded linear operator which is bijective, is
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also invertible in the sense of this definition. To emphasize, a bijective linear
operator A always has a linear inverse A−1. The question is, if in addition A
is assumed bounded, does it follow that A−1 is also bounded?

This turns out to be true when X and Y are Banach spaces, and this
fact is known as the inverse mapping theorem. It is a special case of the open
mapping theorem, the general case of which we shall not discuss. We will prove
the inverse mapping theorem for operators on Hilbert spaces.

Definition 8.3.2. An operator A ∈ B(X,Y ) is said to be bounded below if
there exists ǫ > 0 such that

‖Ax‖ ≥ ǫ‖x‖, for all x ∈ X.

Exercise 8.3.3. Let X and Y be Banach spaces and A ∈ B(X,Y ).

1. If A is bounded below, then for every closed subspace F ⊆ X , A(F ) is
closed.

2. If A is bounded below and Im(A) is dense, then A is invertible.

8.3.1 The inverse mapping theorem in Hilbert spaces

Our proof of the inverse mapping theorem relies on the following neat fact
(of independent interest), which should be considered as a kind of converse to
the fact that every bounded operator between Hilbert spaces has an adjoint.

Throughout this section, H and K denote Hilbert spaces.

Theorem 8.3.4. Let A : H → K and B : K → H be linear maps. If

〈Ah, k〉 = 〈h,Bk〉,

for all h ∈ H and k ∈ K, then A and B are bounded, and B = A∗.

Proof. It suffices to show that A is bounded, the rest follows easily. By Exercise
7.3.12, it suffices to show that A is weakly sequentially continuous, in the sense
that

hn ⇀ h implies that Ahn ⇀ Ah.

But if hn ⇀ h, then for all k ∈ K,

〈Ahn, k〉 = 〈hn, Bk〉 → 〈h,Bk〉 = 〈Ah, k〉,

showing that Ahn ⇀ Ah, and we are done.

Theorem 8.3.5 (Inverse mapping theorem). Let A ∈ B(H,K) be a bijective
linear operator. Then A has a bounded inverse.
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Proof. Let A−1 be the (algebraic) inverse of A. We need to show that A−1 is
bounded. For this, it suffices to show that there exists a B ∈ B(H,K) such
that for all h ∈ H , k ∈ K,

〈A−1k, h〉 = 〈k,Bh〉.

We will show that A∗ is (algebraically) invertible. It is then clear that B =
(A∗)−1 does the trick; indeed, just consider

〈k, (A∗)−1h〉 = 〈AA−1k, (A∗)−1h〉 = 〈A−1k, h〉.

Now, kerA∗ = ImA⊥ = 0, so A∗ is one-one. Moreover, ImA∗ = kerA⊥ = H ,
so A∗ has dense image. It is left to show that ImA∗ is closed.

Assume that h ∈ ImA∗, so A∗kn → h for some sequence {kn} in K. For
any g ∈ K

〈kn, g〉 = 〈kn, AA−1g〉 = 〈A∗kn, A
−1g〉,

and the right-hand side converges to 〈h,A−1g〉. This means that {kn} is a
weakly convergent sequence (see Exercise 7.3.13), so there is a y ∈ K such
that kn ⇀ y.

But since A∗ is continuous, it follows from Exercise 7.3.12 that A∗kn ⇀
A∗y. On the other hand, A∗kn → h. From uniqueness of the weak limit we
have that h = A∗y ∈ ImA∗, and this completes the proof.

Exercise 8.3.6. Let H,K be Hilbert spaces and let A ∈ B(H,K). The
following are equivalent.

1. A is invertible.

2. A is bounded below and ImA is dense in K.

3. A and A∗ are bounded below.

4. A∗ is invertible.

8.3.2 Perturbations of invertible operators

We return now to the study of bounded operators on general Banach
spaces. Our goal in this section is to prove that an operator which is “suf-
ficiently close” to an invertible operator is also invertible. Before proving the
basic result, we need to discuss convergence of series in normed spaces.

Definition 8.3.7. Let {xn}∞n=1 be a sequence in a normed space X . We say
the series

∑∞
n=1 xn converges absolutely if

∞∑

n=1

‖xn‖ <∞.
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It is easy to see that if
∑
xn converges absolutely, then the sequence{∑N

n=1 xn

}∞

N=1
is a Cauchy sequence. Thus, if X is complete, then there

exists a limit
∞∑

n=1

xn = lim
N→∞

N∑

n=1

xn.

It is also clear that this limit does not depend on the order in which the sum
is taken. Therefore, this sum also exists in the same sense as when discussing
convergence of infinite series in Hilbert spaces. Making the obvious modifica-
tion of Definition 3.3.4 to normed spaces, we can say that in a Banach space,
an absolutely convergent series is also convergent.

We also have the following fact, which is sometimes useful.

Exercise 8.3.8. Let X be a normed space. The following are equivalent:

1. X is complete.

2. Every absolutely convergent series converges to an element of X .

From here on, let X be a Banach space.

Proposition 8.3.9. Let A ∈ B(X), ‖A‖ < 1. Then I −A is invertible, and

(I −A)−1 =

∞∑

n=0

An. (8.3)

Remark 8.3.10. The formula (8.3) for the inverse of I −A is referred to as
the Neumann series of A. The reader must have noticed the analogy with the
Taylor series of (1 − z)−1 for |z| < 1. There is a way to give meaning to the
expression f(A) when f is an analytic function; see Exercise 8.5.11.

Proof. Since ‖An‖ ≤ ‖A‖n and ‖A‖ < 1, we have that the Neumann series of
A converges absolutely, thus (since B(X) is complete) there is a well-defined
element

∞∑

n=0

An = lim
N→∞

N∑

n=0

An ∈ B(X).

We have to check that (I −A)
∑
An =

∑
An(I −A) = I. Now,

(I −A)

∞∑

n=0

An = lim
N→∞

(I −A)

N∑

n=0

An,

(why?), and

(I −A)

N∑

n=0

An = I −AN+1 → I,

so (I −A)
∑
An = I. Similarly,

∑
An(I −A) = I.



128 A First Course in Functional Analysis

Corollary 8.3.11. Let A ∈ B(X) be invertible. For every B ∈ B(X), if
‖A−B‖ < 1

‖A−1‖ , then B is also invertible.

Exercise 8.3.12. Prove the above corollary. (Hint: write I − A−1B =
A−1(A−B) and use Proposition 8.3.9 to write down an inverse for A−1B.)

Definition 8.3.13. Let GL(X) denote the set of invertible elements in B(X).
GL(X) is referred to as the general linear group of X .

Exercise 8.3.14. By Corollary 8.3.11, GL(X) is an open subset of B(X).
Show that when endowed with the multiplication and topology of B(X),
GL(X) is a topological group, meaning that it is a group in which the group
operations (multiplication and inverse) are continuous. (Hint: to show that
A 7→ A−1 is continuous, examine the form of the inverse obtained in the
previous exercise.)

8.3.3 The spectrum of a bounded operator

In this section, X denotes a complex Banach space.

Definition 8.3.15. Let A ∈ B(X). The resolvent set of A is the set

ρ(A) = {λ ∈ C : A− λI ∈ GL(X)}.

The spectrum of A, σ(A), is defined to be the complement of the resolvent
set, that is

σ(A) = C \ ρ(A) = {λ ∈ C : A− λI /∈ GL(X)}.

Definition 8.3.16. Let A ∈ B(X). If λ ∈ C is a scalar for which there exists
a nonzero x ∈ X such that Ax = λx, then λ is said to be an eigenvalue of
A, and x is said to be an eigenvector corresponding to λ. The space spanned
by all eigenvectors corresponding to an eigenvalue λ is called the eigenspace
corresponding to λ. The point spectrum of A, denoted by σp(A) is the set
of all eigenvalues of A.

In other words, λ is an eigenvector if and only if A−λI is not injective. If X
is finite dimensional, σ(A) = σp(A). However, when X is infinite dimensional,
then the spectrum of an operator can contain points that are not eigenvalues.

Example 8.3.17. Let {wn} be a sequence of positive numbers tending to 0.
Define an operator A : ℓ2 → ℓ2 by

A(an) = (wnan).

Then A is a bounded operator, and ‖A‖ = sup |wn|. Moreover, from the
definitions we see that λ ∈ σp(A) if and only if λ = wn for some n. In
particular, 0 is not an eigenvalue. On the other hand, A = A − 0I is not
invertible, because if it was, it would have to be bounded below (Exercise
8.3.6). Thus 0 is a point in the spectrum which is not an eigenvalue.
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In fact, there are operators with no eigenvalues whatsoever. On the other
hand, the spectrum is never empty.

Theorem 8.3.18. For every A ∈ B(X), the spectrum σ(A) is a nonempty,
compact subset of C contained in {z ∈ C : |z| ≤ ‖A‖}.

Proof. We shall not prove2 that σ(A) is nonempty; this beautiful proof will
be given in a more advanced course in functional analysis (we will, however,
prove later that the spectrum is nonempty for self-adjoint operators on a
Hilbert space, and also for compact operators on a Banach space).

Corollary 8.3.11 shows that ρ(A) is open, thus σ(A) is closed. Now if
|λ| > ‖A‖, then ‖λ−1A‖ < 1, so λ−1A− I is invertible, hence A− λI is, too.
Thus, σ(A) is contained in {z ∈ C : |z| ≤ ‖A‖}.

Remark 8.3.19. If we were working over the reals, then it would not be true
that the spectrum is nonempty. This is one of the most significant differences
between operator theory over the reals and operator theory over the complex
numbers. Recall that in finite dimensional linear algebra, the fact that every
operator has an eigenvalue follows from the fundamental theorem of algebra.
In infinite dimensional spaces, the proof that σ(A) is nonempty uses complex
function theory in a nontrivial way.

Exercise 8.3.20. For an operator A on a Hilbert space, show that

σ(A∗) = {λ̄ : λ ∈ σ(A)}.

Exercise 8.3.21. Let S be the unilateral shift on ℓ2, defined in Example
5.5.8. Compute σ(S) and σp(S) (Hint: consider also S∗.)

8.4 *Isomorphisms

We pause the development of the theory to discuss the question when are
two Banach spaces the same? Recall that Hilbert spaces which had orthonor-
mal bases of the same cardinality turned out to be isomorphic, so they all
enjoy the same structure and the same geometry. When it comes to Banach
spaces the landscape is much more diverse. Although we hardly have any tools
to begin mapping the landscape at this point, we raise the issue now, so we
can think about this interesting problem as we go along.

2This is the only result in this book that is stated without proof, the reason being that
any proof of it requires a theorem from complex analysis (typically Liouville’s theorem),
which the student is not assumed to know. Accordingly, this result will not be used in the
sequel.
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8.4.1 Isomorphisms and equivalent norms

In the following discussion, let X and Y be normed spaces. Recall that, by
Definition 8.3.1, a bounded operator T is said to be invertible if it is bijective
and has a bounded inverse.

Definition 8.4.1. An invertible operator T ∈ B(X,Y ) is called an iso-
morphism. The spaces X and Y are said to be isomorphic if there is an
isomorphism between them.

Definition 8.4.2. An operator T ∈ B(X,Y ) is said to be an isometry if
‖Tx‖ = ‖x‖ for all x ∈ X . The spaces X and Y are said to be isometri-
cally isomorphic (or simply isometric) if there is an isometric isomorphism
between them.

Note that the notion of isomorphism that we defined here is much weaker
than the one we defined for Hilbert spaces in Definition 3.4.3 (though no
confusion should occur, as Exercise 8.4.3 below shows). Indeed, a Hilbert space
cannot be isometrically isomorphic to a Banach space that is not Hilbert
(why?), but it certainly can be isomorphic to one. In fact, we will soon see
that all complex n-dimensional normed spaces are isomorphic to Cn with the
standard inner product.

Exercise 8.4.3. Let H and K be Hilbert spaces.

1. Prove that if H is isomorphic to K as Banach spaces, then they are also
isomorphic as Hilbert spaces in the sense of Definition 3.4.3.

2. Give an example of a Banach space isomorphism between Hilbert spaces
that is not a Hilbert space isomorphism.

3. Prove that if T : H → K is an isometric isomorphism, then it is a
unitary map.

Exercise 8.4.4. Prove that ℓp is not isomorphic to ℓ∞ for all 1 ≤ p < ∞.
(Harder: what can you say if we replace ℓ∞ by ℓq, for some q ∈ [1,∞)?)

Definition 8.4.5. Let X be a normed space with a norm ‖ ·‖, and let ‖ ·‖′ be
another norm defined on X . The norms ‖·‖ and ‖·‖′ are said to be equivalent
if there exists two positive constants c, C such that

c‖x‖ ≤ ‖x‖′ ≤ C‖x‖ for all x ∈ X.

Clearly ‖ · ‖ and ‖ · ‖′ are equivalent if and only if the identity map is an
isomorphism from (X, ‖ · ‖) onto (X, ‖ · ‖′).
Exercise 8.4.6. Let (X, ‖ · ‖X) and (Y, ‖ · ‖Y ) be normed spaces, and let
T : X → Y be a bijective linear map. Prove that if we define ‖x‖′ = ‖Tx‖Y ,
then ‖ · ‖′ is a norm on X . Prove that T is an isomorphism from (X, ‖ · ‖X)
onto (Y, ‖ · ‖Y ) if and only if ‖ · ‖ and ‖ · ‖′ are equivalent.

Exercise 8.4.7. Prove that the ‖ · ‖p norms on ℓ0 (the space of all finitely
supported sequences) are all mutually nonequivalent.
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8.4.2 Finite dimensional normed spaces

Theorem 8.4.8. All norms on Cn are equivalent. In other words, every two
normed spaces of the same dimension over C are isomorphic.

Remark 8.4.9. This same result — with the same proof — holds true for
real spaces.

Proof. Let ℓ2n denote the space Cn with the norm ‖ · ‖2. Let X be an n-
dimensional vector space with norm ‖ · ‖. We know from linear algebra that
every n-dimensional vector space over C is linearly isomorphic to Cn, so let
T : ℓ2n → X be a bijective linear map. We need to prove that T is bounded
and bounded below (Exercise 8.3.3).

Let e1, . . . , en be the standard basis of ℓ2n. Put

M =

(
n∑

k=1

‖T (ek)‖2
)1/2

.

Then

∥∥∥∥∥T
(

n∑

k=1

akek

)∥∥∥∥∥ ≤
n∑

k=1

|ak|‖T (ek)‖ ≤M

(
n∑

k=1

|ak|2
)1/2

=M

∥∥∥∥∥
n∑

k=1

akek

∥∥∥∥∥
2

,

where the second inequality follows from the Cauchy-Schwarz inequality. This
shows that T : ℓ2n → X is a bounded operator with ‖T ‖ ≤ M . On the
other hand, for every x 6= 0, Tx 6= 0. Therefore, since T is continuous and
{x ∈ Cn : ‖x‖2 = 1} is compact,

inf
‖x‖2=1

‖Tx‖ > 0.

It follows that T is bounded below, and the proof is complete.

8.5 Additional exercises

Exercise 8.5.1. Let T : [0, 1] → [0, 1] be a piecewise continuous map.

1. Prove the converse of the mean ergodic theorem: if for every f ∈ L2[0, 1],

lim
N→∞

1

N + 1

N∑

n=0

f ◦ T n =

∫ 1

0

f(t)dt

in the L2 norm, then T is ergodic.
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2. Prove that the transformation T (x) = x+ α ( mod 1) is ergodic if and
only if α is an irrational number.

3. Prove that if α is an irrational number and T is as above, then, for
every f ∈ C([0, 1]), and for every point x ∈ [0, 1], the time averages

1
N+1

∑N
n=0 f(T

n(x)) converge, as N → ∞, to the mean
∫ 1

0
f(t)dt.

Exercise 8.5.2. Let A = (aij)
∞
i,j=0 be an infinite matrix where aij = 2−i−j−1.

Prove that A defines a bounded operator on ℓp (given by matrix multiplica-
tion) for p = 1, 2,∞. For which of these values of p is this operator invertible?

Exercise 8.5.3 (Closed graph theorem for Hilbert spaces). Let H and K be
Hilbert spaces, and let T : H → K be a linear operator. The graph of T is
the following linear subspace of H ⊕K:

G(T ) = {(h, Th) : h ∈ H}.

The operator T is said to have a closed graph if G(T ) is a closed subspace
of the Hilbert space H ⊕K.

1. Prove that if T is bounded, then G(T ) is closed.

2. Prove that G(T ) is closed if and only if the following condition holds:
whenever there is a sequence {hn} ⊂ H such that hn → h and Thn → k,
then k = Th.

3. Prove that if G(T ) is closed, then T is bounded. (Hint: consider the
bijective linear operator h 7→ (h, Th) of H onto G(T ), and use Theorem
8.3.5.)

The statement that an operator with closed graph is bounded is called the
closed graph theorem. It also holds true for operators between Banach spaces,
and the proof is the same; one just needs the inverse mapping theorem for
general Banach spaces.

Exercise 8.5.4. Let H be a Hilbert function space on a set X , and let
f : X → C. Suppose that for every h ∈ H , the function fh is also in H . Prove
that the multiplication operator

Mf : h 7→ fh, h ∈ H

is bounded.

Exercise 8.5.5. Let A = (aij)
∞
i,j=0 be an infinite matrix, and assume that

every row of A is in ℓ2, i.e.,
∑∞

j=0 |aij |2 < ∞ for all i ∈ N. Assume further
that matrix multiplication by A gives rise to a well-defined linear operator,
which is also denoted by A. Prove that A has to be bounded.

Exercise 8.5.6 (Open mapping theorem in Hilbert spaces). Let X and Y be
Banach spaces. A map T : X → Y is said to be an open map if for every
open set U ⊆ X , the image T (U) is an open set in Y .



The algebra of bounded operators on a Banach space 133

1. Prove that T is an open map if and only if there exists a positive r > 0,
such that

T ({x ∈ X : ‖x‖ < 1}) ⊃ {y ∈ Y : ‖y‖ < r}.

2. Prove that if T : H → K is a surjective and bounded operator between
Hilbert spaces, then it is an open map. (Hint: consider T

∣∣
kerT⊥

.)

It is also true in the setting of Banach spaces that a surjective and bounded
linear map is an open map — this is the open mapping theorem. We challenge
the reader to try to prove this general result (the proof does not require
learning new material, only a bit of ingenuity).

Exercise 8.5.7. Let X be a Banach space and let T ∈ B(X). Assume that
there is an N ∈ N for which ‖TN‖ < 1. Prove or give a counterexample to
each of the following claims:

1. ‖T ‖ < 1.

2. T n n→∞−−−−→ 0.

3. I − T is invertible.

Exercise 8.5.8. Let a ∈ Cper([0, 1]) such that ‖a‖∞ ≤ 1. Let T : [0, 1] →
[0, 1] be the piecewise continuous map T (x) = x+ α ( mod 1). Suppose that
{x ∈ [0, 1] : |a(x)| < 1} 6= ∅. Prove that for every g ∈ Cper([0, 1]), there exists
a unique f ∈ Cper([0, 1]) that satisfies the following functional equation:

f(x) + a(x)f(T (x)) = g(x) for all x ∈ [0, 1].

Write down a formula for the solution f in terms of a, T and g.

Exercise 8.5.9. Let c and c0 be the subspaces of ℓ∞ given by

c = {x = (xn)
∞
n=0 ∈ ℓ∞ : lim

n→∞
xn exists},

and
c0 = {x = (xn)

∞
n=0 ∈ ℓ∞ : lim

n→∞
xn = 0}.

1. Prove that (c0)
∗ is isometrically isomorphic to ℓ1.

2. Prove that c∗ is also isometrically isomorphic to ℓ1.

3. Prove that c0 is isomorphic as a Banach space to c.

4. Prove that c0 is not isometrically isomorphic to c (no hint; this is meant
to challenge your creativity).

Exercise 8.5.10. Recall that an operator T on a complex Hilbert space
H is said to be positive if 〈Th, h〉 ≥ 0 for all h ∈ H . And operator T is
said to be strictly positive if there exists a positive constant c such that
〈Th, h〉 ≥ c‖h‖2 for all h ∈ H . Prove or give a counterexample to each of the
following claims:
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1. T is strictly positive if and only if T is positive and invertible.

2. T is strictly positive if and only if 〈Th, h〉 > 0 for all h ∈ H .

3. Let A and B be two positive operators on H , letM be a closed subspace
of H , and let P = PM and Q = I−P = PM⊥ . If PAP is strictly positive
onM and QBQ is strictly positive onM⊥, then A+B is strictly positive
on H .

4. Let A and B be two positive operators on H , letM be a closed subspace
of H , and let P = PM and Q = I − P = PM⊥ . Now we add the
assumption that M is invariant under A (i.e., AM ⊆ M). If PAP is
strictly positive on M and QBQ is strictly positive on M⊥, then A+B
is strictly positive on H .

Exercise 8.5.11 (Analytic functional calculus). Let Dr(0) = {z ∈ C : |z| <
r} be the disc of radius r > 0 around 0. We let O(Dr(0)) denote the set of all
analytic (or holomorphic) functions on Dr(0). Recall that g ∈ O(Dr(0)) if and
only if g has a power series representation g(z) =

∑∞
n=0 anz

n, that converges
absolutely in Dr(0). The radius of convergence R of the power series is given
by R−1 = lim sup |an|1/n, and satisfies R ≥ r.

Let X be a Banach space.

1. Let A ∈ B(X) such that ‖A‖ < r. Prove that if g(z) =
∑
anz

n ∈
O(Dr(0)), the series

∑∞
n=0 anA

n converges in norm. Define g(A) =∑∞
n=0 anA

n.

2. Prove that if f ∈ O(Dr(0)) too, then (f+g)(A) = f(A)+g(A) and that
fg(A) = f(A)g(A).

3. Prove that if ‖An‖ < r for all n and if An → A, then g(An) → g(A)
(Hint: use

An −Bn = (A−B)(An−1 +An−2B + . . . ABn−2 +Bn−1)

and the radius of convergence.)

4. Suppose that h ∈ O(Dρ(0)) and that ‖g(A)‖ < ρ. Prove that h◦ g(A) =
h(g(A)).

Given A ∈ B(X), the mapping g 7→ g(A) is called analytic (or holomorphic)
functional calculus. In fact, the analytic functional calculus can be extended
to a larger class of functions and operators: whenever U ⊆ C is an open set
(not necessarily a disc) and g ∈ O(U) (not necessarily given by a power series
that converges in all of U), one can define g(A) for every A ∈ B(X) with
σ(A) ⊂ U ; for details, see, e.g., [16, Section 3.3].

Exercise 8.5.12. Following Exercise 8.5.11, we define for all A ∈ B(X)

exp(A) =
∞∑

n=0

An

n!
.
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1. Prove that if A and B commute (i.e., AB = BA), then

exp(A+B) = exp(A) exp(B)

2. Prove that if A is a self-adjoint element of B(H) (H a Hilbert space),
then exp(iA) is a unitary operator.

3. Fix A ∈ B(X), and define for every t ∈ [0,∞)

Tt = exp(tA).

Show that {Tt}t≥0 forms a uniformly continuous semigroup, in the sense
that (i) T0 = IX ; (ii) Ts+t = TsTt for all s, t ≥ 0; and (iii) limt→t0 Tt =
Tt0 .

4. Prove that the semigroup {Tt}t≥0 is differentiable at 0, in the sense that
the limit

lim
tց0

Tt − I

t

exists. What is the value of this limit?

Exercise 8.5.13. For every t ∈ [0,∞), we define an operator St on C([0, 1])
by

(Stf)(x) =

{
0 x ∈ [0, t)

f(x− t) x ∈ [0, 1] ∩ [t,∞)
.

1. Prove that St is bounded on (C([0, 1]), ‖ · ‖1), where ‖f‖1 =
∫ 1

0
|f(t)|dt.

Therefore St extends to a bounded operator on L1[0, 1] (the completion
of (C([0, 1]), ‖ · ‖1)).

2. Prove that the family {St}t≥0 forms a strongly continuous semigroup,
in the sense that (i) S0 = I; (ii) Ss+t = SsSt for all s, t ≥ 0; and (iii)
limt→t0 Stf = St0f for all f ∈ L1[0, 1].

3. Prove that for every f in the subspace C1([0, 1]) of continuously differ-
entiable functions on [0, 1], the limit

lim
tց0

Stf − f

t

exists in L1[0, 1] and defines a linear operator A : C1([0, 1]) → L1[0, 1].
Describe the operator A.

4. Is the operator A bounded on (C1([0, 1]), ‖ · ‖1)?

5. Prove that the limit

lim
tց0

St − I

t

does not exist in the operator norm.
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Exercise 8.5.14. Let U be the bilateral shift on ℓ2(Z) (see Exercise 5.7.3).
For each of the operators U and U∗ find the spectrum and the point spectrum.

Exercise 8.5.15. Let T be a linear operator and let v1, . . . , vn be n eigenvec-
tors corresponding to n distinct eigenvalues λ1, . . . , λn. Prove that v1, . . . , vn
are linearly independent.

Exercise 8.5.16. For every compact set K in the complex plane, prove that
there exists a bounded operator T on a separable Hilbert space such that
σ(T ) = K. Much harder: does there also exist a bounded operator on a sepa-
rable Hilbert space such that σp(T ) = K?

Exercise 8.5.17. Let A be a self-adjoint operator on a Hilbert space H .
Define an operator T on H ⊕H by

T =

(
0 A
A 0

)
.

Find σ(T ) and σp(T ) in terms of σ(A) and σp(A).

Exercise 8.5.18. On the space C1([a, b]) we define three norms:

1. ‖f‖ = ‖f‖∞ + ‖f ′‖∞ (recall Exercise 7.5.3),

2. ‖f‖′ = |f(0)|+ ‖f ′‖∞,

3. ‖f‖∗ = ‖f‖∞ + |f ′(0)|.

Determine which of these norms is equivalent to one of the others.



Chapter 9

Compact operators

9.1 Compact operators

Throughout, X and Y denote Banach spaces. Recall that the closed unit
ball in X is oftentimes denoted X1, or (X)1.

Definition 9.1.1. A linear operator A : X → Y is said to be compact if
the image of X1 under A is precompact (i.e., A(X1) is compact in Y ). We
let K(X,Y ) denote the space of all compact operators from X to Y , and we
write K(X) for K(X,X).

Since a subset of a metric space is compact if and only if it is sequentially
compact (Theorem A.3.26), we have the following convenient reformulation
of the definition: An operator A is compact if and only if for every bounded
sequence {xn} in X, there is a subsequence {xnk

} such that {Axnk
} is con-

vergent.

Exercise 9.1.2. Prove that a compact operator is bounded.

Definition 9.1.3. A bounded linear operator A : X → Y is said to have
finite rank if ImA is a finite dimensional subspace.

Remark 9.1.4. Note that we reserve the term finite rank operator to
bounded operators. Unbounded operators which have a finite dimensional im-
age are usually not referred to as finite rank operators; this is just a manner
of terminological convenience.

Example 9.1.5. A finite rank operatorA is compact. Indeed, if A is bounded,
then A(X1) is a bounded subspace of the finite dimensional space ImA, hence
by the Heine-Borel theorem (Theorem A.3.27) it is precompact.

In particular, operators on finite dimensional spaces are compact. It might
seem like this would imply that the theory of compact operators is interest-
ing only in the infinite dimensional setting. However, from the analysis of
compact operators one may obtain elegant proofs for theorems pertaining to
operators on finite dimensional spaces (see, for example, the Spectral Theorem
for normal compact operators on a Hilbert space, Theorem 10.3.7).
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Example 9.1.6. Let k ∈ C([0, 1]2), and define an operator K : C([0, 1]) →
C([0, 1]) by

Kf(x) =

∫ 1

0

k(x, t)f(t)dt.

Then K is a bounded operator with ‖K‖ ≤ ‖k‖∞, as one may check di-
rectly. The image of the closed unit ball C([0, 1])1 under K is bounded, by
the boundedness of K. We will show that K [C([0, 1])1] is equicontinuous —
the Arzelà-Ascoli theorem then implies that K [C([0, 1])1] is precompact (see
Definition A.4.4 and Theorem A.4.6).

To establish equicontinuity, let ǫ > 0 be given. Choose δ such that |x−y| <
δ implies that |k(x, t)−k(y, t)| < ǫ for all t (this is possible since k is uniformly
continuous on [0, 1]2; see Proposition A.3.28). For any f ∈ C([0, 1])1, we have

|Af(x)−Af(y)| ≤
∫ 1

0

|k(x, t)− k(y, t)||f(t)|dt < ǫ‖f‖∞ ≤ ǫ.

This shows that A (C([0, 1])1) is equicontinuous, and we are done.

Theorem 9.1.7. Let X,Y and Z be Banach spaces, and let A,B ∈ B(X,Y ),
and C ∈ B(Y, Z).

1. If A is compact, then so is any scalar multiple of A.

2. If A and B are compact, then A+B is compact.

3. If A or C are compact, then CA is compact.

4. If An is a sequence of compacts and An → A, then A is compact.

Proof. Let {xn} be a sequence in X1.
For (1) and (2), choose a subsequence {yk} = {xnk

} such that Ayk con-
verges. The sequence {yk} is still bounded, so choose a sub-subsequence such
that Bykl

converges. Then for any scalar λ,

Aykl
+ λBykl

converges.
If A ∈ B(X,Y ), then {Axn} is bounded, so {CAxn} has a convergent

subsequence if C ∈ K(Y, Z). If, on the other hand A ∈ K(X,Y ) and C ∈
B(Y, Z), then {Axn} has a convergent subsequence, which remains convergent
after applying C.

Finally, let An be compacts converging to A. Given a sequence {xn} in X1

we will construct a subsequence {yn} of {xn} such that {Ayn} is convergent.
The construction of {yn} is done using an argument called a “diagonalization
argument”, which goes as follows.

Let {y1k}k be a subsequence of {xn} such that {A1y1k} is norm convergent.
Supposing that we have defined sequences {yjk}k for j = 1, . . . n−1 such that
{Aiyjk}k converges for i ≤ j, we define inductively {ynk}k to be a subsequence
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of {y(n−1)k}k so that {Anynk}k converges. We now define a sequence by yn =
ynn for all n. Then {Ayn} is Cauchy, hence convergent.

Indeed, fix ǫ > 0, and let N be such that ‖AN −A‖ < ǫ. We estimate

‖Aym −Ayn‖ ≤ ‖Aym −ANym‖+ ‖ANym −ANyn‖+ ‖ANyn −Ayn‖
< ǫ+ ‖ANym −ANyn‖+ ǫ,

and the middle term tends to zero as m,n→ ∞. This is because {ANyn}n is
a Cauchy sequence, for {yn}n is eventually a subsequence of {yNk}k, which
was chosen so that {ANyNk}k is convergent. That completes the proof.

Exercise 9.1.8. Find an alternative proof of the fact that the limit of compact
operators is compact, using the characterization a metric space is compact if
and only if it is complete and totally bounded (see Theorem A.3.26).

Example 9.1.9. Given k ∈ L2([0, 1]2), one can define an operator K :
L2[0, 1] → L2[0, 1] by

Kf(x) =

∫ 1

0

k(x, t)f(t)dt , f ∈ L2[0, 1]. (9.1)

The standard way to make sense of the above definition is to use measure
theory. However, there is a way to understand such integral operators without
knowing the measure theoretic definition of L2[0, 1]. To see how to do this,
assume first that k is continuous. In this case we can define the function
Kf to be given at the point x by (9.1) whenever f is a continuous function.
Applying the Cauchy-Schwarz inequality for integrals of continuous functions,
we see that ‖Kf‖2 ≤ ‖k‖2‖f‖2, therefore (9.1) defines a bounded operator
on (C([0, 1]), ‖ · ‖2), and that already determines what the operator K does
on all of L2[0, 1]. Thus, when k is continuous, we can define K on L2[0, 1] by
first defining it on C([0, 1]) according to (9.1), and the extending it to L2[0, 1]
using Proposition 5.1.6.

When k is not continuous, one can find a sequence of continuous functions
kn tending to k in L2([0, 1]2). Then the corresponding operators Kn form a
Cauchy sequence, that converges in norm to the “integral” operator K, which
is compact, thanks to Theorem 9.1.7 (see Exercise 10.5.3 for details).

9.2 The spectrum of a compact operator

Throughout this section, X denotes a Banach space.

Lemma 9.2.1. Let Y be a closed subspace of X. Then if Y 6= X, there exists
a unit vector x ∈ X such that

inf{‖x− y‖ : y ∈ Y } > 1/2.
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Proof. Let x0 ∈ X \ Y . Since Y is closed, the distance d between x0 and Y is
positive:

d = inf{‖x0 − y‖ : y ∈ Y } > 0. (9.2)

Choose y0 ∈ Y such that ‖x0 − y0‖ < 2d. Define x = ‖x0 − y0‖−1(x0 − y0).
Then, using (9.2), we find that for all y

‖x− y‖ = ‖x0 − y0‖−1‖x0 − y0 − y′‖ > (2d)−1d = 1/2,

where y′ = ‖x0 − y0‖y. That completes the proof.

Exercise 9.2.2. Prove that the inf in (9.2) is positive, and actually obtained
when Y is finite dimensional.

Theorem 9.2.3. X1 is compact if and only if dimX <∞.

Proof. The fact that the unit ball is compact when the dimension of the space
is finite is essentially the Heine-Borel theorem (Theorem A.3.27). We will show
that if X is infinite dimensional, then there is a sequence of points xn ∈ X1

such that ‖xn − xm‖ > 1/2 for all m 6= n — clearly this implies that X1 is
not compact.

We construct the sequence inductively, starting from an arbitrary unit
vector x1. Having chosen x1, . . . xn, we define Y = span{x1, . . . , xn}, and
apply the above lemma to find xn+1, as required.

Corollary 9.2.4. The identity operator IX on a Banach space X is compact
if and only if dimX <∞.

Proof. This is immediate from the above theorem, since IX(X1) = X1.

Theorem 9.2.5. Let A be a compact operator between Banach spaces X
and Y . If either X or Y is infinite dimensional, then A is not invertible. In
particular, if A ∈ K(X) and dimX = ∞, then

0 ∈ σ(A).

Proof. If A is invertible and compact, then A−1A = IX is compact (by The-
orem 9.1.7), thus dimX must be finite by the above corollary.

We see that the spectrum of a compact operator (on an infinite dimen-
sional space) always contains 0. Our next goal is to understand the nonzero
points in the spectrum. Recall the notion of an operator being bounded below
(Definition 8.3.2).

Lemma 9.2.6. Let A ∈ K(X). If ker(I − A) = {0}, then I − A is bounded
below. In particular, for every closed subspace Y ⊆ X, the subspace (I −A)Y
is closed.
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Proof. We will show that if I−A is not bounded below, then ker(I−A) 6= {0}.
If I−A is not bounded below, then there is a sequence {xn} of unit vectors

in X such that lim(I −A)xn = 0. Since A is compact, there is a subsequence
{xnk

} such that Axnk
is convergent. But then

xnk
= Axnk

+ (I −A)xnk
(9.3)

is also convergent to some x ∈ X , and note that ‖x‖ = 1. Taking the limit as
k → ∞ in (9.3) we find (I −A)x = 0, so ker(I −A) 6= {0}.

The final assertion now follows readily from boundedness below (see Ex-
ercise 8.3.3).

Lemma 9.2.7. Let A ∈ K(X). If ker(I −A) = {0}, then Im(I −A) = X.

Remark 9.2.8. The converse also holds, but we shall not prove it in this
generality. In Corollary 11.1.5, the converse will be obtained in the setting of
Hilbert spaces.

Proof. Let us define Yn = (I −A)nX . Then we have X = Y0 ⊇ Y1 ⊇ Y2 ⊇ . . .,
and by the previous lemma, each Yn is a closed subspace of Yn−1. We need to
show that Y1 = X .

Assume for contradiction that Y1 ( X . This implies that Yn ( Yn−1 for all
n ≥ 1. Indeed, if x ∈ X\Im(I−A), then (I−A)x ∈ (I−A)X\(I−A)2X — this
is because if (I−A)x = (I−A)2y, we would have that x−y+Ay ∈ ker(I−A),
so by injectivity x = (I − A)y ∈ Im(I − A); this shows that Y1 ( X implies
Y2 ( Y1. Inductively, if Y1 ( X then Yn ( Yn−1 holds for all n ≥ 1.

Thus we obtain a strictly decreasing sequence of subspaces Y0 ) Y1 ) Y2 )
. . .. By Lemma 9.2.1 there is a sequence of unit vectors {yn}, with yn ∈ Yn,
such that ‖ym − y‖ > 1/2 for all m < n and all y ∈ Yn. But for all m < n,

Aym −Ayn = ym − ((I −A)ym +Ayn)

and the element y = (I−A)ym+Ayn is contained in Ym+1 (why?). Therefore
‖Aym −Ayn‖ > 1/2, and this shows that {Ayn} has no Cauchy subsequence.
This contradicts the assumption that A is compact, so the proof is complete.

Theorem 9.2.9 (The Fredholm alternative). Let A ∈ K(X) and fix a complex
number λ 6= 0. Then dimker(λ −A) is finite dimensional, and exactly one of
the following holds:

1. ker(λ −A) 6= {0},

2. λ−A is invertible.

Thus, every nonzero point in σ(A) is an eigenvalue of finite multiplicity. In
particular, if X is an infinite dimensional Banach space, then

σ(A) = σp(A) ∪ {0}.
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Proof. If λ 6= 0, and if we put N = ker(λ − A), then the restriction operator
A
∣∣
N

is on one hand compact (why?) and on the other hand it is equal to the
invertible operator λIN . It follows from Lemma 9.2.5 that dimN <∞.

Next, for λ 6= 0, we have that ker(λ − A) = ker(I − λ−1A), and λ − A is
invertible if and only if I − λ−1A is invertible. Moreover, A is compact if and
only if λ−1A is compact. Thus, to prove the dichotomy between (1) and (2),
it suffices to show that if ker(I −A) = {0}, then I −A is invertible.

So suppose that ker(I −A) = {0}. By Lemma 9.2.7, I −A is surjective, so
it has linear inverse (I − A)−1. By Lemma 9.2.6, I − A is bounded below, so
(I −A)−1 is bounded, and therefore I −A is invertible.

Thus, an operator of the form “identity plus compact” is invertible if and
only if it is injective. The same is true for an operator of the form “invertible
plus compact”.

Corollary 9.2.10. Let X be a Banach space, let T ∈ GL(X) and let A ∈
K(X). If T +A is injective, then it is invertible.

Exercise 9.2.11. Prove the corollary.

Another important piece of information regarding the spectral theory of
compact operators is the following theorem.

Theorem 9.2.12. Let A ∈ K(X). The nonzero points in σ(A) form a count-
able sequence converging to 0.

Proof. Fix ǫ > 0. We will show that the existence of a sequence {λn}∞n=1 of
distinct elements in σ(A), such that |λn| > ǫ for all n, leads to a contradiction.
Indeed, the existence of such a sequence implies the existence of a correspond-
ing sequence of unit eigenvectors {xn} ⊆ X . We know from elementary linear
algebra (and from Exercise 8.5.15) that the xns must be linearly independent.
Thus, we may form the spaces

Yn = span{x1, . . . , xn}.

Using Lemma 9.2.1 we form a sequence {yn} of unit vectors such that ‖yn −
y‖ > 1/2 for all y ∈ Yn+1. We leave it to the reader to argue (similarly to
the proof of Lemma 9.2.7) that this implies that {Ayn} contains no Cauchy
subsequence, and this contradicts compactness.

Exercise 9.2.13. Complete the details of the above proof.

9.3 Additional exercises

Exercise 9.3.1. Let K be the integral operator defined in Example 9.1.6.
Calculate ‖K‖ in terms of k.



Compact operators 143

Exercise 9.3.2. Let A ∈ K(X,Y ). Prove that if Z is a subspace of X , then
A
∣∣
Z
is compact.

Exercise 9.3.3. Let X be an infinite dimensional Banach space, and let
f(z) =

∑∞
n=0 anz

n be an analytic function in Dr(0). Let A be a compact
operator with ‖A‖ < r, and define f(A) as in Exercise 8.5.11. Prove that
f(A) is compact if and only if a0 = 0.

Exercise 9.3.4 (The Volterra operator). Define the Volterra operator V :
C([0, 1]) → C([0, 1]) by

V f(x) =

∫ x

0

f(t)dt.

Prove that V is compact, and calculate the spectrum of V . (Note that this is
not exactly the operator from Example 9.1.6.)

Exercise 9.3.5 (Volterra type operator). A Volterra type operator T :
C([0, 1]) → C([0, 1]) is an operator of the form

Tf(x) =

∫ x

0

k(x, t)f(t)dt,

where k is a continuous function on [0, 1]2 (equivalently, one may take a con-
tinuous function on {(x, t) : 0 ≤ t ≤ x ≤ 1}). This is not exactly the type
of operator treated in Example 9.1.6. The Volterra operator from Exercise
9.3.4 is a Volterra type operator, with k ≡ 1. Prove that every Volterra type
operator is compact, and has the same spectrum as the Volterra operator.

Exercise 9.3.6. Let C([0, 1])equipped with the norm ‖f‖∞ = supt∈[0,1] |f(t)|,
and let C1([0, 1]) be the space of all continuously differentiable functions on
[0, 1], equipped with the norm

‖f‖C1 = ‖f‖∞ + ‖f ′‖∞.

This is a Banach space (recall Exercise 7.5.3). Determine which of the following
operators is compact:

1. A : C([0, 1]) → C1([0, 1]) given by

Af(x) =

∫ x

0

f(t)dt.

2. B : C1([0, 1]) → C([0, 1]) given by

Bf(x) =

∫ x

0

f(t)dt.

3. C : C1([0, 1]) → C1([0, 1]) given by

Cf(x) =

∫ x

0

f(t)dt.
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4. D : C1([0, 1]) → C([0, 1]) given by

Df =
df

dx
.

5. E : C1([0, 1]) → C([0, 1]) given by

Ef = f.

Exercise 9.3.7. Let p ∈ [1,∞]. Let (wn)n be a convergent sequence, and
define an operator A : ℓp → ℓp by

A(xn) = (wnxn).

1. Determine precisely when A is compact (make sure that you take care
of all possible values of p).

2. Find the eigenvalues of A, and use the Fredholm alternative to compute
the spectrum of A.

3. What can you say about the spectrum of A if (wn) is a bounded sequence
which is not assumed convergent?

Exercise 9.3.8. Let A = (aij)
∞
i,j=0 be an infinite matrix. For each of the

following conditions, determine whether it is necessary, sufficient, or neither,
so that matrix multiplication by A defines a compact operator on ℓ1:

1. limj→∞ aij = 0 for all i ∈ N.

2. limi→∞ aij = 0 for all j ∈ N.

3. limj→∞
∑∞

i=0 |aij | = 0.

4. limi→∞
∑∞

j=0 |aij | = 0.

5.
∑∞

i,j=0 |aij | <∞.

Exercise 9.3.9. Let α : [0, 1] → [0, 1] be a continuously differentiable map,
and define a composition operator T : f 7→ f ◦ α on Lp[0, 1] (p ∈ [1,∞))
similarly to as in Example 7.2.10. Prove that T is bounded, and determine for
which α is T a compact operator.

Exercise 9.3.10. Find all continuous functions g on [0, 1], such that the mul-
tiplication operator Mg (as defined in Example 5.1.7) is compact on L2[0, 1].

Exercise 9.3.11. Let S denote the right shift operator on ℓ2. Does there
exist a compact operator A ∈ B(ℓ2) such that S +A is invertible?



Chapter 10

Compact operators on Hilbert space

In the previous chapter, we introduced and studied compact operators on
Banach spaces. In this chapter, we will restrict attention to compact operators
on Hilbert spaces, where, due to the unique geometry of Hilbert spaces, we
will be able to say much more. The culmination of this chapter is the so-
called spectral theorem for compact normal operators on a Hilbert space. The
spectral theorem is the infinite dimensional version of the familiar fact that
every normal matrix is unitarily diagonalizable.

10.1 Finite rank operators on Hilbert space

Let H and K be two Hilbert spaces. If h ∈ H and k ∈ K, then we define
the rank one operator k ⊗ h∗ to be the operator given by

k ⊗ h∗(g) = 〈g, h〉k.

Exercise 10.1.1. Prove the following.

1. k ⊗ h∗ is a bounded operator and ‖k ⊗ h∗‖ = ‖h‖‖k‖.
2. dim(Im[k ⊗ h∗]) = 1 (unless one of the vectors is zero).

3. (k ⊗ h∗)∗ = h⊗ k∗.

4. For every operator A defined on K, A(k ⊗ h∗) = (Ak)⊗ h∗.

5. For every operator B defined on H , (k ⊗ h∗)B∗ = k ⊗ (Bh)∗.

Now if h1, . . . , hn ∈ H and k1, . . . , kn ∈ K, the operator
∑n

i=1 ki ⊗ h∗i is
clearly a finite rank operator. Every finite rank operator arises this way.

Theorem 10.1.2. Let F ∈ B(H,K) be a finite rank operator (i.e.,
dim ImF < ∞). Then there exists h1, . . . , hn ∈ H and k1, . . . , kn ∈ K such
that

F =
n∑

i=1

ki ⊗ h∗i .

For the vectors k1, . . . , kn one can take an orthonormal basis for ImF .

145
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Proof. Let k1, . . . , kn be an orthonormal basis for ImF . Then for every h ∈ H ,

Fh =
n∑

i=1

〈Fh, ki〉ki.

Putting hi = F ∗ki for i = 1, . . . , n completes the proof.

From the theorem and Exercise 10.1.1, one can easily prove the following.

Exercise 10.1.3. The set of finite rank operators onH is a subspace of B(H),
and if F is a finite rank operator and A ∈ B(H) then F ∗, AF and FA are all
finite rank operators.

Example 10.1.4. Let K be the operator on L2[0, 2π] given by

Kf(x) =

∫ 2π

0

cos(x + t)f(t)dt.

According to Example 9.1.9 this integral operator is compact, because cos(x+
t) ∈ L2

(
[0, 2π]2

)
. It turns out that it is a finite rank operator. Indeed, using

cos(x+ t) = cos(x) cos(t)− sin(x) sin(t), we have

Kf(x) =

∫ 2π

0

cos(x) cos(t)f(t)dt−
∫ 2π

0

sin(x) sin(t)f(t)dt

so K is the finite rank operator k1 ⊗ h∗1 + k2 ⊗ h∗2, where k1 = h1 = cos(x),
k2 = −h2 = sin(x).

Example 10.1.5. The general form of a finite rank operator on L2[0, 2π] is

Kf(x) =

n∑

i=1

(∫ 2π

0

gi(t)f(t)dt

)
hi(x).

This is the integral operator Kf(x) =
∫ 2π

0
k(x, t)f(t)dt with kernel k(x, t) =∑n

i=1 gi(t)hi(x).

10.2 The spectral theorem for compact self-adjoint op-
erators

In the previous chapter, we saw that every nonzero element of the spec-
trum of a compact operator on a Banach space is an eigenvalue. On the other
hand, there do exist compact operators that have no eigenvalues (as Exer-
cise 9.3.4 shows) and such operators cannot be understood well in terms of
their spectrum. In this section and the next one, we turn to self-adjoint com-
pact operators on a Hilbert space. We shall see that such operators can be
reconstructed from their spectral data.
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Definition 10.2.1. An operator A ∈ B(H) is said to be diagonal if there is
an orthonormal basis {ei}i∈I for H and a family of scalars {λi}i∈I such that
for all h ∈ H ,

Ah = A

(∑

i∈I

〈h, ei〉ei
)

=
∑

i∈I

λi〈h, ei〉ei. (10.1)

It is easy to see that a scalar λ is an eigenvalue of a diagonal operator A
as in the definition if and only if it appears as one of the λis.

Definition 10.2.2. Let {λi}i∈I be a family of scalars. We say that {λi}i∈I

converges to 0 if for every ǫ > 0, there exists a finite subset F ⊆ I such that
|λi| < ǫ for all i /∈ F .

Note carefully that by the above definition a finite family of scalars {λi}Ni=1

converges to 0.

Exercise 10.2.3. Show that the following conditions are equivalent:

1. {λi}i∈I converges to 0,

2. One of the following holds: (a) the set J = {i ∈ I : λi 6= 0} is finite; or
(b) J = {i ∈ I : λi 6= 0} is countably infinite, and {λj}j∈J is a sequence
convergent to 0 in the ordinary sense (it does not matter in which order
it is taken).

Exercise 10.2.4. Prove that a diagonal operatorA given by (10.1) is compact
if and only if {λi}i∈I converges to 0, and that this happens if and only if the
series

∑
i∈I λiei ⊗ e∗i converges in the operator norm to A.

(To say that
∑

i∈I λiei ⊗ e∗i converges in the operator norm to A means
that for every ǫ > 0, there exists a finite set F0 ⊂ I, such that ‖∑i∈F λiei ⊗
e∗i − A‖ < ǫ for all finite F ⊇ F0; equivalently, if J = {j1, j2, . . .} denotes

the set of indices i for which λi 6= 0, then limN→∞
∑N

n=1 λjnejn ⊗ e∗jn = A in
norm).

Definition 10.2.5. The numerical radius of an operator A ∈ B(H) is the
number

r(A) = sup{|〈Ah, h〉| : ‖h‖ = 1}.

Proposition 10.2.6. For every A ∈ B(H),

r(A) ≤ ‖A‖.

If A is self-adjoint, then
‖A‖ = r(A).

Proof. The inequality is immediate from ‖A‖ = sup‖h‖=‖g‖=1 |〈Ah, g〉| and
Cauchy-Schwarz. If A is self-adjoint, we have

4Re〈Ah, g〉 = 〈A(h+ g), h+ g〉 − 〈A(h− g), h− g〉,
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which gives (using the paralellogram law)

4|〈Ah, g〉| ≤ r(A)
(
‖h+ g‖2 + ‖h− g‖2

)

= 2r(A)
(
‖h‖2 + ‖g‖2

)
.

Taking the supremum over h, g ∈ H1 gives ‖A‖ ≤ r(A).

Lemma 10.2.7. Let A be a compact self-adjoint operator on a Hilbert space
H. Then, there exists an eigenvalue λ ∈ σp(A) for A such that either λ = ‖A‖
or λ = −‖A‖.

Proof. Suppose that A 6= 0, otherwise the result is immediate. Let {hn} be
unit vectors such that limn〈Ahn, hn〉 = λ ∈ R, where |λ| = r(A) = ‖A‖.
We first show that {hn} are approximately eigenvectors, in the sense that
Ahn − λhn → 0. Indeed,

0 ≤ ‖Ahn − λhn‖2

= ‖Ahn‖2 − 2Reλ〈Ahn, hn〉+ λ2

≤ λ2 − 2Reλ〈Ahn, hn〉+ λ2 → 0.

Let {hnk
} be a subsequence such that {Ahnk

} is a convergent sequence, say
Ahnk

→ g. Then λhnk
− g → 0, thus ‖g‖ = λ 6= 0 and

Ag = lim
k
λAhnk

= λg.

Definition 10.2.8. Let A ∈ B(H). A subspace M ⊆ H is said to be invari-
ant for A if AM ⊆M . A subspace M ⊆ H is said to be reducing for A if M
and M⊥ are invariant for A; in this case we also say that M reduces A.

Exercise 10.2.9. Let A ∈ B(H), M ⊆ H a closed subspace and let PM be
the orthogonal projection onto M . Prove the following facts.

• M is invariant for A if and only if APM = PMAPM .

• M is reducing for A if and only if APM = PMA.

• M is reducing for A if and only if M is invariant for both A and A∗.

• If A is self-adjoint, then every invariant subspace M for A is reducing,
and A

∣∣
M

(the restriction of A to M) is also a self-adjoint operator.

• If A is compact and M is an invariant subspace, then A
∣∣
M

is a compact
operator on M .

Lemma 10.2.10. Let A be a self-adjoint operator on a Hilbert space H. For
every λ ∈ σp(A), the space ker(λ−A) is reducing for A.
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Proof. Every eigenspace is invariant, hence reducing by the exercise above.

Theorem 10.2.11 (The spectral theorem for compact self-adjoint operators).
Let A be a compact, self-adjoint operator on a Hilbert space H. Then, there ex-
ists an orthonormal basis {ei}i∈I for H and a family {λi}i∈I of real numbers,
convergent to 0, such that

Ah =
∑

i∈I

λi〈h, ei〉ei, (10.2)

for all h ∈ H.

Proof. Let λ1 be an eigenvalue such that |λ1| = ‖A‖, and let e1 be a corre-
sponding unit eigenvector (Lemma 10.2.7). Letting M1 = span{e1}, we have
that M1 reduces A, and that A

∣∣
M1

and A
∣∣
M⊥

1
are compact self-adjoint opera-

tors. If H is finite dimensional, the proof is completed by induction on dimH ;
if H is infinite, then we proceed as follows.

We continue to define the subspaces Mn with orthonormal basis
{e1, . . . , en} recursively: if Mn = span{e1, . . . , en} we consider the compact
self-adjoint operator A′ = A

∣∣
M⊥

n
, and find an eigenvalue λn+1 such that

|λn+1| = ‖A′‖ with corresponding unit eigenvector en+1, and we define
Mn+1 = span{e1, . . . , en+1}.

Note that |λn+1| ≤ |λn| for all n. We must have that λn → 0. This follows
from the spectral theory of compact operators on a Banach space (Theorem
9.2.12), but in this special situation we may give a simpler argument. Indeed,
if λn 6→ 0, then there would be infinitely many values of m,n such that

‖Aen −Aem‖2 = ‖λnen − λmem‖2 = λ2n + λ2m,

remains bounded away from 0, contradicting compactness of A.
For every n we have that h−∑n

i=1〈h, ei〉ei = PM⊥
n
h, so

∥∥∥∥∥Ah−
n∑

i=1

λi〈h, ei〉ei
∥∥∥∥∥ =

∥∥∥A
∣∣
M⊥

n
PM⊥

n
h
∥∥∥

≤
∥∥∥A
∣∣
M⊥

n

∥∥∥ ‖h‖
= |λn+1|‖h‖ → 0.

This shows that

Ah = lim
n→∞

n∑

i=1

λi〈h, ei〉ei.

To obtain (10.2) we complete {ei}∞i=1 to an orthonormal basis {ei}i∈I for H ,
and define λi = 0 for i ∈ I \ {1, 2, . . .} (note that perhaps λi = 0 already for
some i ∈ {1, 2, . . .}, but this causes no problems).



150 A First Course in Functional Analysis

Recall that the nonzero points of the spectrum of a compact operator
consist of eigenvalues. If we define Nλ = ker(λ − A), we can reformulate
the above theorem by saying that for every compact self-adjoint operator, H
decomposes as the direct sum

H =
⊕

λ∈σ(A)

Nλ =
⊕

λ∈σp(A)

Nλ, (10.3)

where every Nλ is reducing for A, and A acts on Nλ as the scalar operator
λINλ

(note that if 0 is in σ(A) but not in σp(A), then N0 is the zero subspace,
which contributes nothing to the sum). We may therefore say that A can be
represented as direct sum, or as a block diagonal operator corresponding
to the direct sum (10.3)

A = ⊕λ∈σp(A)λPNλ
,

(recall Exercise 5.7.15). We thus obtain the following reformulation of the
spectral theorem.

Theorem 10.2.12. Let A be a compact, self-adjoint operator on a Hilbert
space H. Then

Ah =
∑

λ∈σp(A)

λPNλ
h (10.4)

for all h ∈ H, where Nλ = ker(λ − A) and PNλ
is the orthogonal projection

on Nλ.

10.3 The spectral theorem for compact normal operators

Theorem 10.3.1. Let A ∈ B(H,K). Then A is compact if and only if A∗ is
compact.

Proof. By the symmetry of the adjoint operation, we need only prove one
direction. Assume that A is compact, and let {kn} be a bounded sequence in
K. Since A is compact and A∗ is bounded, there is a subsequence {knj}j such
that AA∗knj is convergent, hence

‖A∗kni −A∗knj‖2 = 〈AA∗(kni − knj ), kni − knj 〉
≤ ‖AA∗(kni − knj )‖‖kni − knj‖ → 0.

Thus, {A∗knj}j is a convergent subsequence of {A∗kn}. This shows that A∗

is compact.

Lemma 10.3.2. Every A = B(H) can be written in a unique way as the sum

A = A1 + iA2,
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where A1, A2 are self-adjoint. Moreover, A is compact if and only if both A1

and A2 are.

Proof. We put A1 = A+A∗

2 and A2 = A−A∗

2i ; this shows that there is such
a decomposition and also shows (thanks to Theorem 10.3.1) that the Ais
are compact if A is. If A = B1 + iB2 is another such representation, then
A+A∗

2 = B1, so the representation is unique.

Definition 10.3.3. Two operators A,B ∈ B(H) are said to commute if

AB = BA.

Lemma 10.3.4. Let A ∈ B(H), and let A = A1 + iA2 where A1, A2 are
self-adjoint. Then A is normal if and only if A1 and A2 commute.

Proof. Let us introduce the notation [A1, A2] = A1A2 − A2A1 (the object
[A1, A2] is called the commutator of A1 and A2). A computation shows that

AA∗ = (A1 + iA2)(A1 − iA2) = A2
1 +A2

2 − i[A1, A2],

and
A∗A = (A1 − iA2)(A1 + iA2) = A2

1 +A2
2 + i[A1, A2].

Thus A is normal if and only if [A1, A2] = −[A1, A2], that is, if and only if
[A1, A2] = 0, as required.

Lemma 10.3.5. Let A and B be a pair of commuting self-adjoint operators
on a Hilbert space H. Then every eigenspace of A is a reducing subspace for
B.

Proof. Let λ ∈ σp(A) and let g ∈ Nλ be a corresponding eigenvector. Then
ABg = BAg = λBg, thus Bg ∈ Nλ. We conclude that Nλ is invariant under
B. Since B is self-adjoint, Nλ is reducing for B.

Lemma 10.3.6. Let A and B be a pair of commuting compact self-adjoint
operators on a Hilbert space H. Then A and B are simultaneously diagonal-
izable, in the sense that there exists an orthonormal basis {ei}i∈I for H, and
two families of real numbers {λi}i∈I and {µi}i∈I , such that

Ah =
∑

i∈I

λi〈h, ei〉ei and Bh =
∑

i∈I

µi〈h, ei〉ei,

for all h ∈ H.

Proof. By Theorem 10.2.12, A is given by

Ah =
∑

λ∈σp(A)

λPNλ
h

for all h ∈ H , where Nλ = ker(λ−A).
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Let λ ∈ σp(A). By the previous lemma, Nλ is reducing for B, and we
obtain that B

∣∣
Nλ

is a compact, self-adjoint operator on Nλ. Now, on Nλ the

operator A acts as a scalar, thus it is diagonal with respect to any basis. Using
the spectral theorem for compact self-adjoint operators (applied to B

∣∣
Nλ

),

we may find an orthonormal basis {eλi }i∈Iλ for every Nλ with respect to
which both A

∣∣
Nλ

and B
∣∣
Nλ

are diagonal. Now {eλi : i ∈ Iλ, λ ∈ σp(A)} is an

orthonormal basis with respect to which both A and B are diagonal.

Theorem 10.3.7 (The spectral theorem for compact normal operators). Let
A be a compact normal operator on H. Then, there exists an orthonormal
basis {ei}i∈I for H, and a family {αi}i∈I of complex scalars convergent to 0,
such that

Ah =
∑

i∈I

αi〈h, ei〉ei,

for all h ∈ H.

Proof. Write A = A1+iA2 with A1, A2 compact and self-adjoint as in Lemma
10.3.2. By Lemma 10.3.4 A1 and A2 commute, so the above lemma shows that
they are simultaneously diagonalizable, say

A1h =
∑

i∈I

λi〈h, ei〉ei and A2h =
∑

i∈I

µi〈h, ei〉ei,

for all h ∈ H . Then we have that

Ah =
∑

i∈I

(λi + iµi)〈h, ei〉ei

for all h ∈ H , and moreover αi = λi + iµi is convergent to 0.

10.4 The functional calculus for compact normal opera-
tors

In Exercise 8.5.11 we saw how to “evaluate a function at an operator”,
that is, how to make sense of g(A) when g is an analytic function on a disc
Dr(0), with r > ‖A‖. The term functional calculus refers to the procedure
of evaluating a function g (from within a specified class of functions) at an
operator A (from within a specified class of operators), to form a new operator
g(A). This notion also goes under the names function calculus, operational
calculus, or function of an operator. The purpose of this section is to introduce
the functional calculus for compact normal operators.

Let A be a compact normal operator on a Hilbert space H . For simplicity,
we assume that dimH = ℵ0. By Theorem 10.3.7, there is an orthonormal basis
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{fn}n∈N consisting of eigenvectors with corresponding eigenvalues {cn}n∈N,
and A is given by

Ah = A
∑

n∈N

〈h, fn〉fn =
∑

n∈N

cn〈h, fn〉fn.

By Section 5.6, A is unitarily equivalent to its matrix representation with
respect to {fn}n∈N, which is diagonal:

[A] =




c0
c1

c2
. . .


 .

If U : H → ℓ2 is the unitary that maps fn to the nth standard basis vector
en ∈ ℓ2, then

[A] = UAU∗.

If g(z) =
∑N

n=0 anz
n is a polynomial, then we know how to define g(A), and

[g(A)] = [
∑
anA

n] =
∑
an[A]

n. Therefore,

[g(A)] =
N∑

n=0

an




c0
c1

c2
. . .




n

=




g(c0)
g(c1)

g(c2)
. . .


 .

This extends also to analytic functions defined on a disc Dr(0) with r > ‖A‖.

Definition 10.4.1. Let A be a compact normal operator as above, and let
g : σp(A) → C be a bounded function defined on σp(A). We define g(A) to be
the bounded operator on H given by

g(A)h =
∑

n∈N

g(cn)〈h, fn〉fn,

that is, the operator with matrix representation

[g(A)] =




g(c0)
g(c1)

g(c2)
. . .


 ,

with respect to the orthonormal basis {fn}n∈N.

It is not hard to see that g(A) is a well-defined, bounded operator, and that
the definition does not depend on the choice of the particular basis vectors
f0, f1, . . ..
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Theorem 10.4.2. Let A be a compact normal operator on a separable Hilbert
space H.

1. If g is a bounded function on σp(A), then ‖g(A)‖ = sup{|g(λ)| : λ ∈
σp(A)}.

2. If g and h are bounded functions on σp(A), then (g+h)(A) = g(A)+h(A)
and gh(A) = g(A)h(A).

3. If {gn} is a sequence of functions bounded on σp(A) that converge uni-
formly on σp(A) to g, then gn(A) → g(A).

4. If g is continuous on σ(A), then g(A) = limn gn(A), where gn are poly-
nomials.

Proof. The first two items are elementary and are left as exercises for the
reader. The third item then follows from the first two, since

‖g(A)− gn(A)‖ = ‖(g − gn)(A)‖ = sup{|g(λ)− gn(λ)| : λ ∈ σp(A)} → 0.

The final item follows from the Stone-Weierstrass theorem.

Exercise 10.4.3. Note that in the fourth item of the theorem, we asked that
g be continuous on σ(A), not just on σp(A). Why?

As a basic application of the functional calculus, we prove the existence of
a positive square root for compact positive operators. Recall that an operator
A ∈ B(H) is said to be positive (written A ≥ 0) if 〈Ah, h〉 ≥ 0 for all h ∈ H .

Theorem 10.4.4. Let A be a positive compact operator on a Hilbert space
H. Then, there exists a unique positive operator B on H, such that

A = B2.

Moreover, B is compact.

The operator B in the theorem is called the positive square root of A,
and is denoted by

√
A or A1/2.

Proof. Since A ≥ 0, all its eigenvalues are nonnegative (see the exercise below).
Let g : [0,∞) → [0,∞) be given by f(x) =

√
x, and define B = g(A). By the

second item of Theorem 10.4.2, B2 = A. B is compact because it is a diagonal
operator with eigenvalues converging to 0.

As for uniqueness, suppose that C ≥ 0 satisfies C2 = A. Then CA =
C3 = AC. By Lemma 10.3.5, for every λ ∈ σp(A), Nλ is a reducing subspace
for C. If λ 6= 0, then Nλ is finite dimensional so C

∣∣
Nλ

is a compact self-

adjoint operator — therefore diagonalizable — such that (C
∣∣
Nλ

)2 = λIλ.

Thus C
∣∣
Nλ

=
√
λINλ

= B
∣∣
Nλ

.

Finally, if 0 ∈ σp(A), then N0 might be infinite dimensional, so we need to
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argue differently. B now D = C
∣∣
N0

is a self-adjoint operator such that D2 = 0,

so ‖D‖2 = ‖D∗D‖ = ‖D2‖ = 0, meaning that D = 0 = B
∣∣
N0

. We conclude
that C = B.

Exercise 10.4.5. Prove that for a compact self-adjoint operator A

A ≥ 0 if and only if σ(A) ⊆ [0,∞).

10.5 Additional exercises

Exercise 10.5.1. Let A ∈ B(H) be a compact operator. Prove that kerA⊥

and ImA are separable.

Exercise 10.5.2. Prove that a bounded operator A on a Hilbert space is
diagonal if and only ifH has an orthonormal basis that consists of eigenvectors
of A. Find the relationship between the spectrum and the eigenvalues of A.

Exercise 10.5.3. In this exercise, we complete the definition of integral
operators on L2[0, 1] as hinted in Example 9.1.9. Recall, that in that ex-
ample we claimed that given k ∈ L2

(
[0, 1]2

)
, one can define an operator

K : L2[0, 1] → L2[0, 1] by

Kf(x) =

∫ 1

0

k(x, t)f(t)dt , f ∈ L2[0, 1]. (10.5)

To make sense of this formula without measure theory, we proceed as follows.

1. Prove that if k ∈ C
(
[0, 1]2

)
, then there exists a bounded operator K on

L2[0, 1], such that for all f ∈ C([0, 1]), Kf is given by (10.5). Moreover,

show that ‖K‖ ≤ ‖k‖2 =
(∫

[0,1]2
|k(x, y)|2dxdy

)1/2
.

2. Prove that if k ∈ C
(
[0, 1]2

)
, then the bounded operatorK defined above

is compact. (Hint: prove it first for the case where k is a trigonometric

polynomial, i.e., k(x, y) =
∑N

m,n=−N am,ne
2πi(mx+ny).)

3. Prove that if k ∈ L2
(
[0, 1]2

)
, if {kn} is a sequence of continuous func-

tions such that kn
‖·‖2−−→ k, and if Kn denotes the integral operator

corresponding to kn, then {Kn} is a Cauchy sequence in B(L2[0, 1]).
Show that if K = limnKn, then K is a well-defined compact operator
on L2[0, 1], and that, moreover, K does not depend on the particular
choice of sequence kn → k.

4. Prove that if k ∈ L2
(
[0, 1]2

)
happens to be continuous, then the operator

K defined above by using Cauchy sequences coincides with the operator
defined by (10.5).
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Exercise 10.5.4. Let k ∈ C
(
[0, 1]2

)
and let K be the integral operator

defined by (10.5).

1. Is it possible that ‖K‖ = ‖k‖2? Does ‖K‖ = ‖k‖2 necessarily hold?

2. Compute the adjoint ofK, and give a meaningful necessary and sufficient
condition for that K is self-adjoint in terms of: (a) the values of k, and
(b) the Fourier coefficients of k.

Exercise 10.5.5. Show that for an operator A on a complex Hilbert space
H ,

‖A‖ ≤ 2r(A),

and that if A is normal, then

‖A‖ = r(A).

What happens if H is a real Hilbert space?

Exercise 10.5.6. Prove that if A is a normal operator on a Hilbert space,
and if h is an eigenvector of A corresponding to the eigenvalue λ, then h is
also an eigenvector for A∗ corresponding to an eigenvalue λ (in particular, the
eigenvalues of a self-adjoint operator are real). Does this remain true if A is
not assumed normal?

Exercise 10.5.7. Let f ∈ Cper([0, 1]), and let Cf : L2[0, 1] → L2[0, 1] be the
associated convolution operator given by

Cfh(x) =

∫ 1

0

f(x− t)h(t)dt,

for all continuous h. Prove directly that Cf is a normal operator. Charac-
terize for which f the operator Cf is compact, and when this happens, find
its diagonalization (i.e., find an orthonormal basis of eigenvectors and the
corresponding eigenvalues).

Exercise 10.5.8. For an injective and positive compact operator A ∈ B(H),
let λ1(A) ≥ λ2(A) ≥ . . . denote its eigenvalues (corresponding to an orthonor-
mal basis of eigenvectors) written in decreasing order.

1. Prove that for every n = 1, 2, . . .,

λn(A) = min
M⊂H

dimM=n−1

max
‖h‖=1
h⊥M

〈Ah, h〉.

2. Why did we assume that A is injective? How should the formulation be
modified if A is not necessarily injective?

3. Show that if A ≤ B (meaning that B −A ≥ 0), then

λn(A) ≤ λn(B), for all n = 1, 2, . . .
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4. Prove that

|λn(A)− λn(B)| ≤ ‖A−B‖, for all n = 1, 2, . . .

Exercise 10.5.9 (The maximum modulus principle). Let z ∈ D, and let
f(z) =

∑∞
n=0 anz

n be an analytic function with a power series that converges
in a neighborhood of D. Use the spectral theorem to prove that

|f(z)| ≤ max
|w|=1

|f(w)|.

(Hint: for the case where f is a polynomial of degree n, put s =
√
1− |z|2,

and consider the (n+ 1)× (n+ 1) matrix

U =




z s
s −z̄

1
. . .

1



.

Show that U is unitary, evaluate the norm of f(U), and show that Uk =
(
zk ∗
∗ ∗
)

for all k = 0, 1, 2, . . . , n, i.e., the 1, 1 entry of the matrix Uk is equal to zk.)

Exercise 10.5.10 (von Neumann’s inequality in finite dimensional spaces).
Let T be a contraction on a finite dimensional Hilbert space H . Prove that
for every polynomial f(z) =

∑N
n=0 anz

n,

‖f(T )‖ ≤ sup
|w|=1

|f(w)|.

(Hint: consider the block matrix

U =




T (I − TT ∗)1/2

(I − T ∗T )1/2 −T ∗

IH
. . .

IH



,

acting on H ⊕ · · · ⊕ H (n + 1 times), and argue as in the previous exercise.
To prove that U is unitary, you will need to justify that T (I − T ∗T )1/2 =
(I − TT ∗)1/2T ∗, which is nontrivial.)

Exercise 10.5.11. Let T be a contraction on a finite dimensional space H .
The hint of the previous exercise shows how to construct a Hilbert space
K ⊃ H and a unitary operator U on K, such that

T k = PHU
k
∣∣
H
, for all k = 0, 1, 2, . . . , n.
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1. Prove that for such a T one can find a Hilbert space K ⊃ H and a
unitary operator U on K, such that

T k = PHU
k
∣∣
H
, for all k = 0, 1, 2, . . . .

2. Prove that if T is not a unitary, and if there is a Hilbert space K ⊃ H
and a unitary operator U on K, such that T k = PHU

k
∣∣
H

for all k =
0, 1, 2, . . ., then K must be infinite dimensional.

Exercise 10.5.12 (von Neumann’s inequality). Let H be a Hilbert space,
T ∈ B(H), and let p be a polynomial. Prove that

‖p(T )‖ ≤ sup
|z|≤‖T‖

|p(z)|.

(Hint: If T acts on a finite dimensional space, this follows from Exercise
10.5.10. If H is separable, then let {ei}i∈N be an orthonormal basis, let Pn be
the orthogonal projection onto span{e0, e1, . . . , en}, and consider the operators
Tn = PnTPn.) Does the above inequality remain true for contractions acting
on a general Banach space?

The following three exercises outline a slightly different proof of Theorem
10.3.1, in order to acquaint the reader with some tools that are useful in a
more advanced study of functional analysis.

Exercise 10.5.13. Prove that the closed unit ball of a Hilbert space is weakly
sequentially compact, meaning that for every sequence {hn}n in the unit ball
H1, there is a subsequence {hnk

}k and some h ∈ H1 such that hnk
⇀ h.

A very close result was given as Exercise 7.5.14. We note that these results
are actually a special case of Alaoglu’s Theorem, which states that for every
Banach space X , the closed unit ball (X∗)1 of the dual space is compact in
the so called weak-∗ topology.

Exercise 10.5.14. Let A ∈ B(H,K). Show that A is compact if and only
if A is “weak-to-strong continuous”, in the sense that, for every weakly con-
vergent sequence {hn} in H , the sequence {Ahn} is strongly convergent in K
(Hint: to show that a compact operator takes weakly convergent sequences
to strongly convergent sequences, it might be helpful to use Exercise A.1.14;
for the converse, use Exercise 10.5.13.)

Exercise 10.5.15. Use the previous exercise to give an alternative proof that
A is compact if and only if A∗ is compact. (Hint: supposing that A is compact,
show that kn ⇀ k in K implies that A∗kn → A∗k in H .)

Exercise 10.5.16 (Hilbert-Schmidt operators). Let H be a Hilbert space and
let {ei}i∈I be an orthonormal basis. An operator T ∈ B(H) is said to be a
Hilbert-Schmidt operator if

∑
i∈I ‖Tei‖2 <∞. We define

‖T ‖2 =
(∑

i∈I

‖Tei‖2
)1/2

.
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The quantity ‖·‖2 is called theHilbert-Schmidt norm. The set of all Hilbert-
Schmidt operators on H is denoted by S(H). Prove the following facts.

1. The Hilbert-Schmidt norm of an operator is independent of the basis,
that is ∑

i∈I

‖Tei‖2 =
∑

j∈J

‖Tfj‖2

for any orthonormal basis {fj}j∈J .

2. ‖T ‖2 = ‖T ∗‖2 ≤ ‖T ‖ for any T ∈ B(H).

3. For any A ∈ B(H) and T ∈ S(H), both AT and TA are in S(H), and
moreover

‖AT ‖2 ≤ ‖A‖‖T ‖2 and ‖TA‖2 ≤ ‖A‖‖T ‖2.

4. If [T ] = (tij) denotes the matrix representation of T with respect to any
basis, then

‖T ‖2 =


∑

i,j

|tij |2



1/2

.

5. Every finite rank operator is Hilbert-Schmidt, and S(H) ( K(H).

6. ‖ · ‖2 defines a norm on S(H), which makes S(H) into a Banach space.

7. The norm ‖ · ‖2 is induced by an inner product. Describe the inner
product which induces this norm.

8. Find an orthonormal basis for S(H).

Exercise 10.5.17. Prove that if k ∈ L2
(
[0, 1]2

)
and K is the corresponding

integral operator on L2[0, 1], thenK is a Hilbert-Schmidt operator. Show that,
conversely, any Hilbert-Schmidt operator on L2[0, 1] has this form.

Exercise 10.5.18. Let A be a self-adjoint operator on a Hilbert space, and
suppose that A2 is compact. Prove that A is compact.
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Chapter 11

Applications of the theory of
compact operators to problems in
analysis

In this chapter, we will present two problems in analysis to which the theory
of compact operators can be applied.

In the first section, we finally return to the integral equation that was
mentioned in the introduction, and see how the theory we have learned applies.
Integral equations are the classical example of a concrete analytical problem
to which the theory of compact operators can be applied. Although we will
obtain significant results with ease, we should modestly acknowledge that we
will not obtain any result that was not already known to Hilbert and his
contemporaries by 1910 (see [7, Chapter V] or Chapters 43, 45 and 46 in
[17].). There are numerous monographs devoted entirely to the subject, which
has seen massive development since the time of Hilbert; see, for example, the
classic one by Tricomi [34].

In the second section, we treat the solvability of certain functional equa-
tions, following Paneah. This is a rather recent problem to which the theory
of compact operators that we learned can be applied.

11.1 Integral equations

We now return to the integral equation

f(x) +

∫ b

a

k(t, x)f(t)dt = g(x),

which was discussed in the introduction. Let us see how the operator theory
that we learned helps in understanding the solvability of such equation. We
will only scratch the surface; the reader will be able to find a broader and
well-motivated introductory treatment of integral operators in Gohberg and
Goldberg’s book [12] (it was from that book that I first learned anything about
integral equations, and I also kept it handy when preparing this section).

Without loss of generality we set [a, b] = [0, 1], and, following Hilbert, we
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rewrite the integral equation as

f(x)− λ

∫ 1

0

k(t, x)f(t)dt = g(x), (11.1)

where λ is some nonzero complex number. We assume that k is continuous on
[0, 1]2, and we define an operator K : C([0, 1]) → C([0, 1]) by

Kf(x) =

∫ 1

0

k(t, x)f(t)dt. (11.2)

In Example 9.1.6 it was proved that K determines a compact operator on
C([0, 1]), when this space is given the supremum norm. It is also evident that
if C([0, 1]) is endowed with the norm ‖ ·‖2 (that is, if C([0, 1]) is considered as
a subspace of L2[0, 1]), then K is a bounded operator, and therefore it extends
to a bounded operator K : L2[0, 1] → L2[0, 1]. In Example 9.1.9 we claimed
that K is a compact operator on L2[0, 1] (detailed guidance is provided in
Exercise 10.5.3). We will consider the equation

(I − λK)f = g (11.3)

in the space C([0, 1]) as well as in L2[0, 1].
It will be fruitful to consider also Volterra type operators

Kf(x) =

∫ x

0

k(x, t)f(t)df. (11.4)

In Exercise 9.3.5, the reader was asked to prove that this operator is a compact
operator on C([0, 1]). The same argument that shows that the operator given
by (11.2) extends to a compact operator on L2[0, 1] shows that the operator
given by (11.4) extends to a compact operator on L2[0, 1].

We will make no attempt to find the largest class of kernels, for which a
unified treatment of operators on C([0, 1]) and on L2[0, 1] can be given. We
are deliberately working with this limited class of kernels, to keep things clear
and simple.

11.1.1 The setting of continuous functions

Theorem 11.1.1. Let k be a continuous function on [0, 1]2, and let K :
C([0, 1]) → C([0, 1]) be the operator defined either by (11.2) or by (11.4).

1. If λ−1 /∈ σ(K), then for every g ∈ C([0, 1]), Equation (11.3) has a
unique solution f ∈ C([0, 1]).

2. In particular, (11.3) is uniquely solvable for all complex numbers, except,
possibly, a sequence {λn} that is either finite or converges to ∞.

3. A necessary and sufficient condition for there to be a unique solution
f for (11.3) given any g ∈ C([0, 1]), is that the only solution f of the
homogeneous equation (I − λK)f = 0 is the trivial solution f = 0.
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4. If λ−1 /∈ σ(K), then f depends continuously on g, in the sense that if
gn → g, and if fn is the solution of the equation (I − λK)fn = gn, then
fn → f .

5. If λ−1 ∈ σ(K), then the space of solutions to (I − λK)f = 0 is finite
dimensional. If {f1, . . . , fn} is a basis for ker(I − λK), and f0 is a
particular solution to (11.1), then the general solution of (11.3) is given
by

f = f0 + c1f1 + . . .+ cnfn.

6. If there is some n ∈ N such that ‖(λA)n‖ < 1, then λ−1 /∈ σ(K), and
therefore (11.3) is uniquely solvable for every g. Moreover, the solution
f is given by

f = (I − λK)−1g =
∞∑

n=0

(λK)ng. (11.5)

In this case, the inverse of I − λK is given by (I − λK)−1 = I + K̃,
where K̃ is compact operator.

Proof. All the claims, except the last one, follow from the spectral theory of
compact operators (Section 9.2).

The the last claim follows from the solution of Exercise 8.5.7. To elab-
orate, mimicking the proof of Proposition 8.3.9, one shows that the se-
ries

∑∞
n=0(λK)n converges to the inverse of I − λK. The operator K̃ =∑∞

n=1(λK)n is a compact operator such that (I − λK)−1 = I + K̃.

Example 11.1.2. We will now show that if K is a Volterra type operator,
then ‖(λK)n‖ → 0 for any λ ∈ C, and therefore the integral equation can be

solved by the Neumann series (11.5). We also show that the operator K̃, for

which (I−λK)−1 = I + K̃, is an integral operator, and give a formula for the
kernel k̃ that gives rise to it.

First, we find a formula for the operator Kn, n = 1, 2, . . .. If f ∈ C([0, 1]),
then

K2f(x) =

∫ x

0

k(x, t)(Kf)(t)dt

=

∫ x

0

k(x, t)

(∫ t

0

k(t, s)f(s)ds

)
dt

=

∫ x

0

(∫ x

s

k(x, t)k(t, s)f(s)dt

)
ds

=

∫ x

0

k2(x, s)f(s)ds,

where k2(x, s) =
∫ x

s k(x, t)k(t, s)dt.
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Continuing this way, we find that

Knf(x) =

∫ x

0

kn(x, t)f(t)dt,

where kn is defined recursively by

kn(x, t) =

∫ x

t

k(x, s)kn−1(s, t)ds.

Next, we prove that |kn(x, t)| ≤ ‖k‖n
∞

(n−1)!x
n−1 for all 0 ≤ t ≤ x ≤ 1. This is

evident for n = 1, and assuming that it is true for some n ≥ 1, we compute

|kn+1(x, t)| ≤
∫ x

t

|k(x, s)||kn(s, t)|ds

≤
∫ x

0

‖k‖∞
‖k‖n∞
(n− 1)!

sn−1ds

=
‖k‖n+1

∞
(n− 1)!

∫ x

0

sn−1ds

=
‖k‖n+1

∞
n!

xn.

The series
∑∞

n=1 λ
nkn(x, t) therefore converges uniformly on {(x, t) : 0 ≤ t ≤

x ≤ 1} to a continuous function k̃ (it is not hard, but also not really necessary,
to show that k̃ can be continued to a continuous function on all of [0, 1]2).
Moreover,

‖Kn‖ ≤ sup
0≤t≤x≤1

|kn(x, t)|,

so the series
∑∞

n=1(λK)n converges in norm to an operator K̃. It follows that

K̃f(x) =

∫ x

0

k̃(x, t)f(t)dt.

Thus, we have found an explicit inversion formula for the inverse of I − λK
for any integral operator K that is of Volterra type.

Exercise 11.1.3. Provide the details justifying that K̃ is the integral operator
determined by k̃.

Exercise 11.1.4. Let k ∈ C
(
[0, 1]2

)
and let K be given by (11.2). Find a

formula for Kn. Show that there exist choices of k for which ‖Kn‖ → ∞.

11.1.2 *The setting of square integrable functions

In the previous section, we gathered some information regarding the solv-
ability of (11.3) in the space C([0, 1]). In some nice cases it is possible to
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write down a solution in terms of the Neumann series
∑

(λK)n. However,
the Neumann series does not always converge, even when λ /∈ σ(K). We now
consider the equation (11.3) in L2[0, 1]. The advantage of working in L2[0, 1],
is that there are more tools that suggest themselves by which we can study
the solvability and find solutions.

A first remark is that Theorem 11.1.1, as well as all the conclusions re-
garding Volterra type operators, holds true in this setting as well, with the
same justifications.

11.1.2.1 A condition for solvability

By the L2 version of Theorem 11.1.1, we know that the integral equation
(11.3) has a solution f for every g ∈ L2[0, 1], if and only if ker(I − λK) = 0.
Note that by Theorem 9.2.9, ker(I − λK) = 0 if and only if λ−1 /∈ σ(K),
and this happens (by Theorem 10.3.1) if and only if λ−1 /∈ σ(K∗), which is
equivalent to ker(I − (λK)∗) = 0. By Proposition 5.4.8,

Im(I − λK) = ker(I − (λK)∗)⊥,

and by Lemma 9.2.6, Im(I − λK) is closed. We conclude that Im(I − λK) =
L2[0, 1] if and only if ker(I − λK) = 0.

Note that all that we used in the previous paragraph was that λK is
compact. Therefore, we have the converse of Lemma 9.2.7 in Hilbert spaces.

Corollary 11.1.5. Let H be a Hilbert space. For every A ∈ K(H),

ker(I −A) = 0 if and only if Im(I −A) = H.

If ker(I − λK) 6= 0 (equivalently, ker(I − (λK)∗) 6= 0), then what can we
say? The following theorem gives a finite set conditions that one may check
to determine, given a function g ∈ L2[0, 1], whether there exists a solution to
the equation f − λKf = g.

Theorem 11.1.6. Let k be a continuous function on [0, 1]2, and let K :
L2[0, 1] → L2[0, 1] the operator defined either by (11.2) or by (11.4). Let λ be
such that λ−1 ∈ σ(K), and let {ϕ1, . . . , ϕn} be a basis for ker(I− (λK)∗). For
every g ∈ L2[0, 1], the equation (I − λK)f = g has a solution if and only if

∫ 1

0

g(t)ϕi(t)dt = 0 for all i = 1, . . . , n.

Proof. This is immediate from the relation Im(I − λK) = ker(I − (λK)∗)⊥

together with the fact that Im(I − λK) is closed.

11.1.2.2 Matrix representation, truncation, and approximation

We now restrict attention to integral operators of the form (11.2), where
k ∈ C

(
[0, 1]2

)
. For brevity, we consider the equation f −Kf = g.
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A very useful fact in computing the solution of the integral equation is
that for every orthonormal basis {ei}i∈I for L2[0, 1], the operator K has a
representing matrix [K] = (kij)i,j∈I , given by

kij = 〈Kej, ei〉.

Assume that the basis elements {ei}i∈I are all piecewise continuous. By Ex-
ercise 3.6.16 the collection {fij}i,j∈N given by fij(x, y) = ei(x)ej(y) is an
orthonormal basis for L2

(
[0, 1]2

)
. Then we have

〈Kej, ei〉 =
∫ 1

0

(∫ 1

0

k(x, t)ej(t)dt

)
ei(x)dx

=

∫

[0,1]2
k(x, t)ei(x)ej(t)dxdt

= 〈k, fij〉L2([0,1]2).

In other words, the matrix element kij is given by the generalized Fourier
coefficients (and when the basis {ei}i∈I is taken to be the system {e2πinx}n∈Z,
then these are the Fourier coefficients of k). It follows from Parseval’s identity
that ∑

i,j∈I

|kij |2 = ‖k‖2L2. (11.6)

In particular, K is a Hilbert-Schmidt operator (recall Exercise 10.5.16).
Thus, an integral equation of the form (I−K)f = g is equivalent to a cor-

responding system of infinitely many equations in infinitely many unknowns.
Choosing (as we may) an orthonormal basis {en}n∈N indexed by the natural
numbers, we are led to solve




1− k00 −k01 −k02 · · ·
−k10 1− k11 −k12 · · ·
−k20 −k21 1− k22 · · ·
...

...
...

. . .







x0
x1
x2
...


 =




y0
y1
y2
...


 ,

where yn = 〈g, en〉 for all n ∈ N and x = (xn) is to be determined. The
solution f of (I −K)f = g is then given by f =

∑
n∈N

xnen.
The following is stated in terms of infinite matrices, but has immediate

consequences to the integral equation that we are considering in this section.
We will identify an infinite matrix with the multiplication operator that it
induces on ℓ2. If B is an n × n matrix, then we let B ⊕ 0 denote the infinite
matrix that has B in the upper left block, and zeroes elsewhere. If A =
(aij)i,j∈N is an infinite matrix, then we define A(n) to be the matrix (aij)

n
i,j=0.

Theorem 11.1.7. Let A = (aij)i,j∈N be an infinite matrix such that∑
i,j∈N

|aij |2 < ∞. Assume that I + A is invertible, and also that for every
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n ∈ N, the matrix

In+1 +A(n) =




1 + a00 a01 · · · a0n
a10 1 + a11 · · · a1n
...

...
. . .

...
an0 a21 · · · 1 + ann




is invertible. Then

‖(I +A)−1 − (I + [A(n) ⊕ 0])−1‖ n→∞−−−−→ 0.

Proof. By the norm estimate in (5.7),

‖A− [A(n) ⊕ 0]‖2 ≤
∑

i>n or j>n

|aij |2 → 0.

Therefore ‖(I + A) − (I + [A(n) ⊕ 0])‖ → 0, so by Exercise 8.3.14 it follows
that ‖(I +A)−1 − (I + [A(n) ⊕ 0])−1‖ → 0.

Let us spell out how the theorem can be used to find approximate solutions
of the equation

x+Ax = y.

Given y = (yk) ∈ ℓ2, the assumption is that there exists a unique solution
x = (xk) ∈ ℓ2. For every n ∈ N, we put

X(n) =




X
(n)
0

X
(n)
1
...

X
(n)
n




=




1 + a00 a01 · · · a0n
a10 1 + a11 · · · a1n
...

...
. . .

...
an0 a21 · · · 1 + ann




−1


y0
y1
...
yn


 .

Now let

x(n) =




X
(n)
0
...

X
(n)
n

0
0
...




.

We claim that the sequence {x(n)} converges in norm to the true solution of the
system, that is x(n) → x. From this, it also follows that the x(n) approximately
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solve the equation, since (I +A)x(n) → (I +A)x = y. Put

x̃(n) =




X
(n)
0
...

X
(n)
n

yn+1

yn+2

...




.

Note that x̃(n) = (I + [A(n) ⊕ 0])−1y. Therefore, by the theorem, x̃(n) →
(I + A)−1y = x. On the other hand, ‖x̃(n) − x(n)‖2 =

∑∞
k=n+1 |yk|2 → 0. It

follows that x(n) → x, as we claimed.
We conclude this section with two classes of examples to which the above

procedure applies.

Example 11.1.8. Suppose that A = (aij) satisfies
∑

ij |aij |2 < 1. Then the
assumptions of the theorem are satisfied, thanks to Proposition 8.3.9. In this
situation the solution x can be found by using the Neumann series, but note
that computing

∑N
n=0A

ny involves taking the powers of an infinite matrix,
while computing the appoximants x(n) involves operating with finite matrices
only.

Example 11.1.9. Suppose that A is a Hilbert Schmidt matrix such that
A ≥ 0. Then I +A is a diagonalizable operator, with all eigenvalues in [1,∞),
and therefore I + A is invertible. Likewise A(n) ≥ 0 for all n, so In+1 + A(n)

is invertible. Therefore, the above method applies.

11.1.2.3 Normal integral operators

Proposition 11.1.10. Let A be a compact normal operator on a Hilbert space
H. Let {ei}i∈I be an orthonormal basis for H, and {αi}i∈I a family of complex
scalars convergent to 0, such that

Ah =
∑

i∈I

αi〈h, ei〉ei,

for all h ∈ H. Then, for every nonzero λ such that λ−1 /∈ σ(A) and all h ∈ H,

(I − λA)−1h =
∑

i∈I

(1 − λαi)
−1〈h, ei〉ei

= h+
∑

i∈I

λαi

1− λαi
〈h, ei〉ei,

In other words,
(I − λA)−1 = I +B,
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where B is the compact normal operator given by

Bh =
∑

i∈I

λαi

1− λαi
〈h, ei〉ei.

Proof. This proposition is about inverting a diagonal operator — a straight-
forward matter. Keeping in mind that |1− λαi| is bounded below, the reader
will have no problem to supply a proof.

Now letK be a normal integral operator on L2[0, 1], given by (11.2), where
k ∈ C

(
[0, 1]2

)
. Then, by Theorem 10.2.11 and Exercise 10.2.4, there exists an

orthonormal basis {en}n∈N corresponding to a family of eigenvalues {λn}n∈N,
such that A is given by the convergent sum

A =
∑

n∈N

λnen ⊗ e∗n.

Therefore, if we are able to find the basis that diagonalizes the integral opera-
tor, then the above proposition tells us how to solve (11.3) when λ−1 /∈ σ(K).

Example 11.1.11. Suppose that ϕ ∈ Cper([0, 1]) and let k(s, t) = ϕ(s −
t) (where as usual, we let ϕ(x) = ϕ(x + 1) for x ∈ [−1, 0)). In Example
5.6.3, it was shown that the corresponding integral operator K (which is also
the convolution operator Cϕ) is diagonalizable, where the orthonormal basis
consisting of eigenvectors is {e2πinx}n∈Z, and the corresponding eigenvectors
are {ϕ̂(n)}n∈Z.

By the proposition, we have that for all λ such that λ−1 /∈ σp(K) =
{ϕ̂(n)}n∈Z, the operator I − λK is invertible, and the unique solution f to
(11.3) is determined by its Fourier coefficients, given by

f̂(n) = (1− λĥ(n))−1ĝ(n) = ĝ(n) +
λĥ(n)

1− λĥ(n)
ĝ(n).

Exercise 11.1.12. Let k ∈ C
(
[0, 1]2

)
, and let K be the corresponding inte-

gral operator given by (11.2). ProveK∗ is the integral operator corresponding
to the kernel k̃(s, t) = k(t, s). Conclude that K is self-adjoint if and only if

k(s, t) = k(t, s) for all s, t ∈ [0, 1].

such a kernel is said to be Hermitian.

Theorem 11.1.13. Let k ∈ C
(
[0, 1]2

)
be a Hermitian kernel. Suppose that

K =
∑

i∈I λiei⊗e∗i , where {ei}i∈I is an orthonormal basis consisting of eigen-
vectors, corresponding to real eigenvalues {λi}i∈I . Then

∑

i∈I

λ2i =

∫

[0,1]2
|k(x, y)|2dxdy.

Proof. The representing matrix of K with respect to {ei}i∈I is diagonal with
λi on the diagonal, so the result follows from (11.6).
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11.1.3 *Transferring results from the square integrable set-
ting to the continuous setting

Suppose that we are given k ∈ C
(
[0, 1]2

)
, g ∈ C([0, 1]), and that we are

interested in studying the integral equation (11.1) in the realm of continuous
functions. In the previous section we saw that, when working in L2[0, 1], we can
say more about when there exists a solution, and how to obtain a solution in
L2[0, 1] when one exists. However, we may be interested in continuous solutions
only. Luckily, when the given k and g are continuous, then the solution f is
continuous, and the conditions for checking whether the problem is solvable
also involve continuous functions.

Let K : C([0, 1]) → C([0, 1]) be the integral operator corresponding to k,

given by (11.2) or by (11.4). To avoid confusion, let K̂ denote the extension
of K to L2[0, 1].

First, if (I − λK̂)f = g, then f ∈ C([0, 1]), because, by

f(x) = λ

∫ 1

0

k(x, t)f(t)dt+ g(x),

f is manifestly continuous (the same holds if K is a Volterra type operator).
To be a little more precise, we argue as follows. Let T : (C([0, 1]), ‖ · ‖2) →
(C([0, 1]), ‖ · ‖∞) be the operator given by T = K̂

∣∣
C([0,1])

. Of course, T = K,

but we use a different letter to denote them because T maps between different
normed spaces. Now, T is bounded:

‖Tf‖∞ = sup
x∈[0,1]

∣∣∣∣
∫ 1

0

k(x, t)f(t)dt

∣∣∣∣ ≤ sup
x∈[0,1]

(∫ 1

0

|k(x, t)|2dt
)1/2

‖f‖22.

It follows that T extends uniquely to a continuous operator from L2[0, 1] into

(C([0, 1]), ‖ ·‖∞). This extension is equal to K̂. Therefore, f = K̂f +g implies
that f ∈ C([0, 1]).

Taking g = 0, we find also that every f ∈ ker(I − λK̂) is continuous,

therefore ker(I −λK) = ker(I −λK̂). Likewise, if ϕ ∈ ker(I − (λK̂)∗), then ϕ
is continuous.

We conclude that if we are given continuous functions k and g, we may
work in L2[0, 1], using Hilbert theoretic methods, to find the solution that we
seek in C([0, 1]). Moreover, if we want to check whether for a certain g there
exists a solution, we may use the condition given in Theorem 11.1.6:

g ∈ Im(I − λK) if and only if g ⊥ ϕi , i = 1, . . . , n,

where ϕ1, . . . , ϕn is a basis (consisting of continuous functions) for ker(I −
(λK)∗.

The most important part of the above discussion is summarized in the
following theorem, for which we give a more conceptual proof.
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Proposition 11.1.14. Let k be a continuous function on [0, 1]2, and let K :
C([0, 1]) → C([0, 1]) be the operator defined either by (11.2) or by (11.4). If

K̂ is the extension of K to L2[0, 1], then

σ(K) = σ(K̂).

Moreover, if λ−1 /∈ σ(K), then

(I − λK̂)−1
∣∣
C([0,1])

= (I − λK)−1.

Proof. The point 0 belongs to both σ(K) and σ(K̂), as these are compact
operators on infinite dimensional spaces. Thus, we need to check that µ 6= 0
is an eigenvalue for K if and only if it is an eigenvalue for K̂.

If µ is an eigenvalue for K, then it is clearly an eigenvalue for K̂ (with
the same eigenvector). Now suppose that µ 6= 0 is not in σp(K). Then, by the
Fredholm alternative (Theorem 9.2.9), Im(µ−K) = Im(I−µ−1K) = C([0, 1]).

It follows that Im(I − µ−1K̂) is dense in L2[0, 1], and because the image of

such an operator is closed, we have Im(I − µ−1K̂) = L2[0, 1]. By Corollary

11.1.5 (together with the Fredholm alternative once more), µ /∈ σ(K̂).
If g is continuous and f is the unique continuous solution of the equation

f − λKf = g, then it must also be the unique solution in L2[0, 1] to the

equation f − λK̂f = g.

11.2 *Functional equations

In this section, we will study the solvability of the functional equation

f(t)− f(δ1(t))− f(δ2(t)) = h(t) , t ∈ [−1, 1]. (11.7)

Here, δ1, δ2 and h are given functions (satisfying some conditions, to be spec-
ified below), and the goal is to find f that satisfies this equation, or to find
conditions under which a solution exists. Functional equations of this type
were studied by Paneah around the turn of the century, and were shown to
have direct applications to problems in integral geometry and in partial dif-
ferential equations (see [21, 22, 23] and the references therein). We will treat
a simplified version of the problem treated by Paneah, to illustrate how the
theory of compact operators has significant consequences even for problems
in which there does not seem to be any compact operator in sight.

The functional equation (11.7) arose from a third-order partial differential
equation. We will not derive (11.7) from the PDE (see the given references
for that), we will just describe what are the natural conditions to impose on
the given functions δ1, δ2, h appearing in (11.7), in the context in which the
functional equation arose.
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First, let us work in the real-valued setting: all functions appearing be-
low are real-valued functions. Next, we assume that the given functions
δ1, δ2, h ∈ C2 ([−1, 1]), where C2([−1, 1]) denotes the space of twice continu-
ously differentiable functions on [−1, 1]. We seek a solution f ∈ C2 ([−1, 1]).
Finally, the functions δ1, δ2 are assumed to satisfy:

1. δi : [−1, 1] → [−1, 1], i = 1, 2,

2. δ1(−1) = −1, δ1(1) = δ2(−1) = 0, δ2(1) = 1,

3. δ′i(t) > 0 for all t ∈ [−1, 1],

4. δ1(t) + δ2(t) = t for all t ∈ [−1, 1].

With these assumptions we turn to the solution of (11.7). Since this is
a linear equation, our experience in linear equations and ODEs leads us to
consider first the homogeneous equation

f(t)− f(δ1(t)) − f(δ2(t)) = 0 , t ∈ [−1, 1]. (11.8)

The condition δ1(t) + δ2(t) = t implies that ga(t) = at is a solution of the
homogeneous equation for all a ∈ R. It follows that if f is a solution of (11.7),
then f+ga is also a solution. Therefore, we may content ourselves with finding
a solution f for (11.7) that has f ′(0) = 0.

Plugging t = ±1 into (11.7), we find that

h(−1) = −f(0) = h(1).

In other words, a necessary condition for (11.7) to have a solution is that
h(−1) = h(1), and in this case the solution f must satisfy f(0) = −h(1). We
will restrict our attention to solving the equation for h satisfying h(−1) =
h(1) = 0, and therefore we will also look for solutions f for which f(0) = 0.
The general case is then easily taken care of (see Exercise 11.3.8).

Theorem 11.2.1. For every h ∈ C2([−1, 1]) satisfying h(−1) = h(1) = 0,
there exists a unique f ∈ C2([−1, 1]), satisfying f(0) = f ′(0) = 0, which solves
Equation (11.7).

Proof. The proof goes down a long and winding road. The readers will be
rewarded for their patience.

We define the following spaces:

X0 =
{
f ∈ C2([−1, 1]) : f(0) = f ′(0) = 0

}
,

Y0 =
{
h ∈ C2([−1, 1]) : h(−1) = h(1) = 0

}
.

If we endow C2([a, b]) with the norm ‖g‖C2 = ‖g‖∞ + ‖g′‖∞ + ‖g′′‖∞, then
it becomes a Banach space (Exercise 7.5.3), and one checks that X and Y are
closed subspaces of C2([a, b]), hence Banach spaces. Define T0 ∈ B(X0, Y0) by

T0f(t) = f(t)− f(δ1(t))− f(δ2(t)).
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We will prove that T0 is an invertible operator (this will prove slightly more
than what is stated in the theorem — it will also show that the solution f
depends continuously on h, because f = T−1

0 h and T−1
0 ∈ B(Y0, X0)).

Differentiating (11.7), we get the equation

f ′(t)− δ′1(t)f
′(δ1(t))− δ′2(t)f

′(δ2(t)) = h′(t) , t ∈ [−1, 1]. (11.9)

In order to treat (11.9) in an operator theoretic framework, we define spaces

X1 =
{
u ∈ C1([−1, 1]) : u(0) = 0

}
,

Y1 =

{
v ∈ C1([−1, 1]) :

∫ 1

−1

v(t)dt = 0

}
,

with norm ‖g‖C1 = ‖g‖∞ + ‖g′‖∞. Let D denote the differentiation operator
Df = f ′ defined on C1([−1, 1]), and let

DX = D
∣∣
X0

and DY = D
∣∣
Y0
.

Exercise 11.2.2. Prove that DX is a bounded invertible map from X0 onto
X1, and that DY is a bounded invertible map from Y0 onto Y1.

The fact that differentiation of (11.7) gives (11.9) can be written compactly
as

DY T0 = T1DX , (11.10)

where T1 : X1 → Y1 is given by

T1g(t) = g(t)− δ′1(t)g(δ1(t))− δ′2(t)g(δ2(t)).

Exercise 11.2.3. Use the relation (11.10) to prove that T0 is injec-
tive/surjective/invertible if and only if T1 is.

The following shows that T1 is injective.

Lemma 11.2.4. Let g ∈ C([−1, 1]) such that

g(t) = δ′1(t)g(δ1(t)) + δ′2(t)g(δ2(t)) , t ∈ [−1, 1]. (11.11)

Then g is constant.

Proof. Let t0 ∈ [−1, 1] be a point where g attains its maximum. Since
δ1(t0), δ2(t0) are positive numbers such that δ′1(t0) + δ′2(t0) = 1, the equa-
tion (11.11) at the point t0 forces g(δ1(t0)) = g(δ2(t0)) = g(t0). Denoting
t1 = δ2(t0), we get that g(t1) = maxt∈[−1,1] g(t).

Arguing the same way, we find that g must attain its maximum also at the
point t2 = δ2(t1), and if we continue in this fashion we obtain an increasing
sequence of points tn = δ2(tn−1) such that g(tn) = maxt∈[−1,1] g(t) for all n.
The sequence tn converges, and the assumptions on δ2 imply that tn → 1.
Conclusion: g(1) = maxt∈[−1,1] g(t).

But starting from a point where g attains its minimum, the same ar-
gument shows that g(1) = mint∈[−1,1] g(t). Therefore, mint∈[−1,1] g(t) =
maxt∈[−1,1] g(t), whence g is constant.
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Differentiating (11.9) we obtain

f ′′(t)− δ′′1 (t)f
′(δ1(t))− δ′1(t)

2f ′′(δ1(t)) − δ′′2 (t)f
′(δ2(t))− δ′2(t)

2f ′′(δ2(t))

= h′′(t),

which we write as T2f
′′ = h′′ where T2 : C([−1, 1]) → C([−1, 1]) is the

operator given by

T2k(t) =k(t)− δ′1(t)
2k(δ1(t))− δ′2(t)k(δ2(t))

− δ′′1 (t)

∫ δ1(t)

0

k(s)ds− δ′′2 (t)

∫ δ2(t)

0

k(s)ds.

Note that we can write T2 = I −B − C, where

Bk(t) = (δ′1(t))
2k(δ1(t)) + (δ′2(t))

2k(δ2(t)),

and

Ck(t) = δ′1(t)

∫ δ1(t)

0

k(s)ds+ δ′2(t)

∫ δ2(t)

0

k(s)ds.

Exercise 11.2.5. Prove that ‖B‖ < 1 (hence I −B is invertible) and that C
is compact.

Letting D′
X : X1 → C([−1, 1]) and D′

Y : Y1 → C([−1, 1]) be the differen-
tiation operators, we have that

D′
Y T1 = T2D

′
X .

Exercise 11.2.6. Prove that D′
X is a bounded invertible map from X1 onto

C([−1, 1]), and that D′
Y is a bounded invertible map from Y1 onto C([−1, 1]).

As in Exercise 11.2.3, one can show that T2 is injective/surjective/invertible
if and only if T1 is.

Now comes the punch line of the proof. To show that T0 is invertible, it
suffices to show that T2 is invertible. Now, T2 has the form I −B −C, where
I −B is invertible and C is compact. Therefore, T2 is of the form “invertible
plus compact”, so Corollary 9.2.10 applies. Thus, to show that T2 is invertible,
it suffices to show that it is injective.

But to show that T2 is injective, it suffices to show that either T0 or T1
is injective. By Lemma 11.2.4, T1 is injective, and this completes the proof of
the theorem.

11.3 Additional exercises

Exercise 11.3.1. Let k ∈ L2
(
[0, 1]2

)
, and letK be the corresponding integral

operator. Prove that K is diagonal with respect to {e2πinx}n∈Z if and only if
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K is in fact a convolution operator, that is, there exists some h ∈ L2[0, 1] such
that K = Ch (and it follows that k(s, t) = h(s− t) as elements of L2

(
[0, 1]2

)
).

Exercise 11.3.2. Consider the statement of Theorem 11.1.7, without the
assumption that I+A is invertible. Does the conclusion of the theorem follow?
In particular, does it follows that I +A is invertible?

Exercise 11.3.3. Let F =
∑n

i=1 ki⊗h∗i be a finite rank operator on H , where
h1, . . . , hn and k1, . . . , kn are in H . Prove that I − F is invertible if and only
if the matrix




1− 〈k1, h1〉 −〈k2, h1〉 −〈k3, h1〉 · · · −〈kn, h1〉
−〈k1, h2〉 1− 〈k2, h2〉 −〈k3, h2〉 · · · −〈kn, h2〉
−〈k1, h3〉 −〈k2, h3〉 1− 〈k3, h3〉 · · · −〈kn, h3〉

...
...

...
. . .

...
−〈k1, hn〉 −〈k2, hn〉 −〈k3, hn〉 · · · 1− 〈kn, hn〉




is invertible. When this matrix is invertible, prove that the unique solution to
the equation (I − F )f = g is given by f = g +

∑n
i=1 xiki, where (xi)

n
i=1 is

determined by




x1
x2
...
xn


 =




1− 〈k1, h1〉 −〈k2, h1〉 · · · −〈kn, h1〉
−〈k1, h2〉 1− 〈k2, h2〉 · · · −〈kn, h2〉

...
...

...
. . .

...
−〈k1, hn〉 −〈k2, hn〉 · · · 1− 〈kn, hn〉




−1


〈g, h1〉
〈g, h2〉

...
〈g, hn〉


 .

Use this to find the solution to the integral equation

f(t)−
∫ 2π

0

f(s) sin(s+ t)ds = et , t ∈ [0, 2π].

(Hint: if stuck, see [12, pp. 66–69].)

Exercise 11.3.4. Let

k(s, t) =

{
(1− s)t 0 ≤ t ≤ s ≤ 1

(1− t)s 0 ≤ s ≤ t ≤ 1
,

and let K be the corresponding integral operator on L2[0, 1],

K(f)(x) =

∫ 1

0

k(x, t)f(t)dt.

K is a self-adjoint compact operator. Find its spectrum and find an orthonor-
mal basis of eigenvectors. Discuss the solvability of the equations:

f − λKf = g
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and
Kf = g

in L2[0, 1]. (Hint: the system {sin(πmt) sin(πnt)}∞m,n=1 is an orthonormal

basis for L2
(
[0, 1]2

)
. The next exercise contains another approach for the

solution of this problem.)

Exercise 11.3.5. This exercise (which is inspired by [12, Section IV.5]) out-
lines a different approach for finding the eigenvalues and eigenvectors of the
operator K from the previous exercise. Show that K can be represented by

Kf(x) = −
∫ x

0

∫ t

0

f(s)dsdt+ x

∫ 1

0

∫ t

0

f(s)dsdt,

for f ∈ C([0, 1]). Use this to show that if f ∈ C2([0, 1]) is an eigenvector,
then it satisfies a certain differential equation with boundary conditions. Even
if you do not know any differential equations, you can guess the solutions.
After finding enough eigenvectors in C2([0, 1]), explain why there are no other
eigenvectors.

Exercise 11.3.6. By Theorem 11.1.1 (and its L2 analogue) we know that if
the integral equation (11.1) has a unique solution, then the unique solution
f depends continuously on g. Formulate and prove a theorem showing that f
depends continuously also on k.

Exercise 11.3.7. Let A : C2([−1, 1]) → C2([−1, 1]) be the operator Af =
f ◦ δ1 + f ◦ δ2, where δ1, δ2 are as in Section 11.2.

1. Compute ‖A‖.
2. Is A a compact operator?

Exercise 11.3.8. Prove that for every h ∈ C2([−1, 1]) such that h(−1) =
h(1), and every a, b ∈ R, there exists a unique f ∈ C2([−1, 1]) that satisfies
f(0) = a, f ′(0) = b, and f − f ◦ δ1 − f ◦ δ2 = h.

Exercise 11.3.9. In Section 11.2, we proved that the only continuously dif-
ferentiable solutions to the homogeneous functional equation (11.8) are linear
functions of the form f(t) = at.

1. Determine if there exist continuous nonlinear solutions to the equation

f(t)− f

(
t− 1

2

)
− f

(
t+ 1

2

)
= 0 , t ∈ [−1, 1].

2. Suppose that δ1, δ2 satisfy the conditions stated in Section 11.2. De-
termine if and when there exist continuous nonlinear solutions to the
equation

f(t)− f (δ1(t))− f (δ2(t)) = 0 , t ∈ [−1, 1].

(Hint: for the first question, one may use Fourier series. The second question
is harder. One may consult [32].)



Chapter 12

The Fourier transform

If a function f : R → C is periodic with period 2T , then we can study it using
the associated Fourier series

f(t) ∼
∞∑

n=−∞
cne

nπit
T ,

where cn = 1
2T

∫ T

−T f(t)e
−nπit

T dt. If f is not periodic (for example, if f tends
to 0 at infinity), then a Fourier series cannot converge to it in any reasonable
sense. In this chapter, we study a relative of Fourier series, which involves the
reconstruction of f using the exponential functions {eiwt}w∈R.

The Fourier transform of a function f : R → C is defined to be the
function f̂ : R → C given by

f̂(w) =

∫ ∞

−∞
f(t)e−iwtdt, (12.1)

whenever the above integral makes some sense (precise definitions will be given
below).

In favorable circumstances, for example when f is very smooth and tends
to 0 very fast (for example, if f(t) = e−t2), then one can reconstruct f from

f̂ by the inversion formula

f(t) =
1

2π

∫ ∞

−∞
f̂(w)eiwtdw. (12.2)

The Fourier transform has countless applications in analysis, in engineering
and in science. We will develop the Fourier transform for L1(R) and for L2(R)
by a mixture of classical analytical and functional analytical methods. We
begin with a careful definition of these spaces.

12.1 The spaces Lp(R), p ∈ [1,∞)

In this section, we will define the Banach spaces Lp(R), for p ∈ [1,∞).
These spaces are indispensable for doing analysis on the real line. We will
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first give the definition for p = 2, and then generalize to other values p ∈
[1,∞). As in our definition of the spaces L2[a, b] in Section 2.4, we will not
give the standard, measure theoretic definition. Our approach suffices for the
development of the basic theory of the Fourier transform. The reader can find
a complete treatment of Lp spaces in [11] or [29].

12.1.1 Definition of L2(R) and basic properties

Let PCc(R) denote the space of piecewise continuous functions on R which
have compact support. Thus, f : R → C is in PCc(R) if there is some finite
interval [a, b] such that f vanishes off [a, b], and f

∣∣
[a,b]

∈ PC[a, b]. We can

consider any f ∈ PC[a, b] as a function in PCc(R) by simply defining it to be
0 outside of [a, b]. We thus identify PC[a, b] as a subspace of PCc(R), and we
have

PCc(R) =
⋃

a<b

PC[a, b]. (12.3)

We endow PCc(R) with the inner product

〈f, g〉 =
∫ ∞

−∞
f(t)g(t)dt. (12.4)

Equation (12.4) does not define a true inner product on PCc(R), but we solve
this problem as we did in the case of PC[a, b]: we redefine equality, saying
that f = g in PCc(R) if and only if they are equal at all points except finitely
many.

Definition 12.1.1. The Hilbert space L2(R) is defined to be the completion
of PCc(R) with respect to the inner product (12.4).

Proposition 12.1.2. For every a < b, the inclusion mapping PC[a, b] →
PCc(R) extends to an isometry v[a,b] : L2[a, b] → L2(R), giving rise to an
identification of L2[a, b] as a closed subspace of L2(R). The orthogonal projec-
tion of L2(R) onto L2[a, b] is the unique extension to L2(R) of the restriction
mapping

PCc(R) → PC[a, b] , f 7→ f
∣∣
[a,b]

.

Proof. We know that a densely defined isometry extends uniquely to an isome-
try acting on the entire space. Thus, such an isometry v[a,b] : L

2[a, b] → L2(R)
exists. The range of any isometry is closed, so v[a,b](L

2[a, b]) is a closed sub-
space of L2(R). From the characterization of the best approximation projec-
tion (Corollary 3.2.7), one sees that the projection PL2[a,b] to PCc(R) is given
by restriction.

We consider L2[a, b] to be that subspace of L2(R) that consists of functions
that vanish outside of the interval [a, b].
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12.1.2 The Banach spaces Lp(R) (p ∈ [1,∞))

For f ∈ PCc(R), we define the so-called Lp norm ‖ · ‖p to be

‖f‖p =

(∫ ∞

−∞
|f(t)|p

)1/p

.

Definition 12.1.3. Let p ∈ [1,∞). The Banach space Lp[a, b] is defined to
be the completion of the normed space (PCc([a, b]), ‖ · ‖p). The Banach space
Lp(R) is defined to be the completion of the normed space (PCc(R), ‖ · ‖p).

Let S be the subspace of (PCc(R), ‖ · ‖p) consisting of step functions, i.e.,
functions of the form

n∑

k=1

ckχ[ak,bk].

We shall require the following lemma several times below.

Lemma 12.1.4. For all p ∈ [1,∞), S is dense in (PCc(R), ‖ · ‖p) in the Lp

norm. Therefore, for all p ∈ [1,∞), S is dense in Lp(R)

Exercise 12.1.5. Prove Lemma 12.1.4.

The case p = 1 is of particular interest, and has one special feature which
is that the mapping

I : L1(R) ∋ f 7→
∫ ∞

−∞
f(t)dt

is a well-defined bounded linear functional on L1(R). Indeed, by the triangle
inequality for integrals this defines a functional of norm 1 on (PCc(R), ‖ · ‖1);
therefore, it extends uniquely to a continuous functional on the completion
L1(R). Note that since ‖I‖ = 1, we have for all f ∈ L1(R) the inequality
|I(f)‖ ≤ ‖f‖1, which we may write as

∣∣∣∣
∫ ∞

−∞
f(t)dt

∣∣∣∣ ≤
∫ ∞

−∞
|f(t)|dt.

For brevity, we sometimes write
∫
f or

∫
f(t)dt instead of

∫∞
−∞ f(t)dt.

If g ∈ Cb(R) or g ∈ PCc(R) we can define the multiplication operator

Mg : (PCc(R), ‖ · ‖p) → (PCc(R), ‖ · ‖p) , Mgf = gf.

The operatorMg is bounded with ‖Mg‖ = ‖g‖∞ (where ‖g‖∞ is defined to be
sup{|g(t)| : t is a point of continuity} if g ∈ PCc(R)), and therefore extends to
a bounded operatorMg : Lp(R) → Lp(R). This defines a notion of multiplying
an Lp function f by a bounded (piecewise) continuous function, which agrees
with the familiar notion of multiplication in case that f is actually a function.
We summarize this observation by saying that for every f ∈ Lp(R) and every
g ∈ Cb(R) ∪ PCc(R), gf ∈ Lp(R) and ‖gf‖p ≤ ‖g‖∞‖f‖p.
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Exercise 12.1.6. Prove that there is a contraction R : Lp(R) → Lp[a, b] that
extends the restriction operator

R : PCc(R) → PC[a, b] , Rf = f
∣∣
[a,b]

.

R can also be represented as the multiplication operator

Rf = fχ[a,b].

Exercise 12.1.7. For f ∈ L1(R) and a, b ∈ R, define

∫ b

a

f =

∫ ∞

−∞
fχ[a,b].

Show that this definition agrees with how one would define
∫ b

a f for f ∈
L1[a, b]. Show that for all f ∈ L1(R),

∫ ∞

−∞
f = lim

M,N→∞

∫ N

−M

f.

12.1.3 *Another construction of the spaces Lp(R)

Our construction of Lp(R) has the deficiency, that for many functions —

such as f(x) = e−x2

— it is difficult to say whether they do or they do not
belong to Lp(R) (recall Remark 2.4.10). We now provide a slightly different
definition — one which leads to the same end result, but which makes it easier
to identify members of these spaces.

Recall that a function f : [a, b] → C is said to be Riemann integrable
on [a, b], if f is bounded on [a, b], and if there is a number s ∈ C, such
that for every ǫ > 0, there exists a δ > 0 for which the following holds: for
every partition a = t0 < t1 < . . . < tn = b of the interval [a, b] satisfying
maxi(ti − ti−1) < δ, and every choice of points τi ∈ [ti−1, ti],

∣∣∣∣∣
n∑

i=1

f(τi)(ti − ti−1)− s

∣∣∣∣∣ < ǫ.

In this case, the number s is said to be the integral of f over [a, b], and

we write s =
∫ b

a f(t)dt, or simply s =
∫ b

a f . It is easy to show that if f is
Riemann integrable on [a, b], then for every p ∈ [1,∞), the function |f |p is
also Riemann integrable on [a, b].

Definition 12.1.8. A function f : [a, b] → C is said to be simply GR
p-integrable on [a, b] if

1. For all c, d ∈ (a, b) for which c < d, f is Riemann integrable on [c, d].

2. The limit limc→a,d→b

∫ d

c
|f |p exists and is finite.
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If f is simply GR p-integrable on [a, b], then we define

∫ b

a

|f |p = lim
c→a,d→b

∫ d

c

|f |p.

A function f : [a, b] → C is said to be GR p-integrable on [a, b], if there
exists a partition a = t0 < t1 < . . . < tn = b of the interval [a, b] such that
f is simply GR p-integrable on every interval [ti−1, ti]. In this case we define∫ b

a
|f |p by ∫ b

a

|f |p =

n∑

i=1

∫ ti

ti−1

|f |p.

Of course, GR stands for generalized Riemann.

Definition 12.1.9. Let GRp
0(R) denote the space of all functions f : R → C

such that for every finite interval [a, b] ⊂ R, the restriction f
∣∣
[a,b]

is GR p-

integrable on [a, b]. For p ∈ [1,∞) we denote

GRp(R) =



f ∈ GRp

0(R) : ‖f‖p = sup
T≥0

(∫ T

−T

|f |p
)1/p

<∞



 .

Proposition 12.1.10. Let L̃p(R) denote the completion of GRp(R) with re-

spect to the norm ‖·‖p. Then L̃p(R) can be identified with Lp(R). That is, there

exists an isometric isomorphism from Lp(R) onto L̃p(R) that fixes PCc(R).

Proof. We will show that PCc(R) is dense in GRp(R), the rest follows readily
(see Exercise 7.5.8).

Step 1. If f : [a, b] → C is Riemann integrable, then for every ǫ > 0 there
is g ∈ PC[a, b] such that ‖f − g‖p < ǫ. Indeed, for p = 1 and f real and
nonnegative, this follows from the definition of the Riemann integral (take for
g the step function

∑
miχ[ti−1,ti], where mi = inft∈[ti−1,ti] f(t)).

If f : [a, b] → C and p = 1, then we can write f = f1 − f2 + i(f3 − f4)
where 0 ≤ fi ≤ |f |, for i = 1, 2, 3, 4. Then we find g1, g2, g3, g4 ∈ PC[a, b] such
that ‖fi−gi‖1 < ǫ, and letting g = g1−g2+ i(g3−g4), we have ‖f−g‖1 < 4ǫ.

Finally, to approximate f : [a, b] → C in the norm ‖·‖p, we find g ∈ PC[a, b]
such that ‖f − g‖1 < ǫ. Note that if |f | ≤ M , then the function g we chose
also satisfies |g| ≤M . We therefore obtain that ‖f − g‖pp < Mp−1ǫ.

Step 2. If f : [a, b] → C is simply GR p-integrable on [a, b], then for every ǫ >

0, there is some g ∈ PC[a, b] such that ‖f − g‖p < ǫ. Since limc→a,d→b

∫ d

c |f |p
exists and is finite, there are c, d ∈ (a, b) such that ‖f − fχ[c,d]‖p < ǫ/2. But
fχ[c,d] is Riemann integrable on [a, b], so a function g ∈ PC[a, b] satisfying
‖g − fχ[c,d]‖p < ǫ/2 can be found by Step 1.

Step 3. PCc(R) is dense in GRp(R). Given f ∈ GRp(R) and ǫ > 0, the
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assumption supT≥0

∫ T

−T
|f |p < ∞ implies that there is T > 0 such that ‖f −

fχ[−T,T ]‖p < ǫ. But fχ[−T,T ] is a finite sum of finitely many simply GR p-
integrable functions. Therefore, by Step 2, fχ[−T,T ] can be approximated as
well as we wish by piecewise continuous functions with compact support.

We can now define Lp(R) to be completion of the normed space GRp(R)
with respect to the norm ‖ · ‖p. Likewise, we can define Lp[a, b] to be the
completion of the GR p-integrable functions on [a, b] with respect to the norm
‖ · ‖p. The upshot is that if we go by this definition, Lp(R) contains many
interesting functions from the outset. For example, if f(x) = x−1/3 for x ∈
(0, 1) and f(x) = 0 for x /∈ (0, 1), then it is easy to see that f ∈ GR2(R),
thus f ∈ L2(R). One can also see this way that f

∣∣
[0,1]

∈ L2[0, 1]. Likewise, any

function that goes to zero sufficiently fast, such as e−x2

, is in Lp(R) for all p.

In particular, if f ∈ C(R), then we will say that f ∈ Lp(R) if sup
∫ T

T |f |p <∞,
and this happens if and only if |f | is generalized Riemann p-integrable on the
real line.

12.2 The Fourier transform on L1(R)

12.2.1 Definition and basic properties

Definition 12.2.1. Let f ∈ L1(R). The Fourier transform of f is the

function f̂ : R → C given by

f̂(w) =

∫ ∞

−∞
f(t)e−iwtdt. (12.5)

Remark 12.2.2. Using the notation of the previous section, the Fourier trans-
form is the composition of two bounded operators:

f̂(w) = I ◦Me−iwt(f)

for all f , whereMe−iwt is the multiplication operatorMe−iwt(f)(t) = e−iwtf(t)
and I is the integration functional g 7→

∫
g.

We let F1 denote the linear operator given by F1(f) = f̂ . The operator
F1 is also referred to as the Fourier transform. The superscript is there to
remind us that this operator is defined on L1(R).

Example 12.2.3. Let f = χ[a,b].

f̂(w) =

∫ b

a

e−iwtdt =
e−iwb − e−iwa

−iw .
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We write this as F1(χ[a,b]) =
e−iwa−e−iwb

iw . In particular,

χ̂[−a,a](w) =
2 sin(aw)

w
.

Note that F1(χ[a,b]) is continuous and vanishes at ±∞. Another interesting
thing to note is that F1(χ[a,b]) is not in L

1(R).

Recall that C0(R) denotes the Banach space of continuous functions van-
ishing at infinity, which is equipped with the sup norm ‖f‖∞ = supt∈R |f(t)|.

Theorem 12.2.4. The operator F1 given by F1(f) = f̂ is a bounded linear
operator of norm 1 from L1(R) into C0(R).

Proof. Let S be the subspace of PCc(R) consisting of step functions, i.e.,
functions of the form

n∑

k=1

ckχ[ak,bk].

By Lemma 12.1.4, S is dense in L1(R). We will prove that (12.5) defines a
bounded linear operator of norm 1 from S into C0(R). It then follows by the
usual principle of extension of bounded, densely defined operators (Exercise
7.2.9), that this operator extends to a unique bounded operator F1 : L1(R) →
C0(R) with the required properties.

Let f ∈ S. By Example 12.2.3, f̂ defined by (12.5) is in C0(R). If f ∈ S,
then for every w ∈ R,

|f̂(w)| =
∣∣∣∣
∫
f(t)e−iwtdt

∣∣∣∣ ≤
∫

|f | = ‖f‖1.

Moreover, if f ∈ S is nonnegative, then

‖f̂‖∞ ≥ f̂(0) =

∫
f(t)dt = ‖f‖1.

Thus f 7→ f̂ is a bounded operator of norm 1 from the dense subspace S ⊂
L1(R) into C0(R), and therefore extends in a unique way to an operator F1 :
L1(R) → C0(R) with ‖F1‖ = 1.

For every function h : R → C and every a ∈ R, we let ha denote the
shifted function ha(t) = h(t − a). Note that for all p ∈ [1,∞), the operation
h 7→ ha is a linear isometry on (PCc(R), ‖ · ‖p), and therefore extends to a
linear isometry of Lp(R).

In many areas of classical analysis, it is customary to abuse notation in
any way that makes for better readability, and we shall follow this tradition
below. For example, instead of writing F1 [fa], we shall write F1 [f(t− a)].
With this in mind, the reader will surely understand what is meant below.

Proposition 12.2.5. Suppose that f ∈ L1(R).
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1. For all a ∈ R,

F1 [f(t− a)] = e−iawf̂(w) and F1

[
eiatf(t)

]
= f̂(w − a).

2. For all a > 0,

F1 [f(at)] =
1

a
f̂(w/a).

3. If f ∈ C1(R) ∩ L1(R) and f ′ ∈ L1(R), then

F1 [f
′] = iwf̂(w).

4. If f ∈ Cc(R), then f̂ is differentiable and

F1 [tf(t)] = i
d

dw
f̂(w).

Proof. We leave this as an exercise (the assumptions are carefully stated so
that background in Riemann integration will suffice to rigorously prove all
items above by easy formal manipulations).

Remark 12.2.6. Although we shall not need it for the development of the
theory, for applications it is useful to know that F1 [f

′] = iwf̂(w) holds also
under weaker assumptions. For example, it is enough to assume that f ∈
C0(R) and that t2f(t) ∈ L1(R) (this will be used in Exercises 12.6.6, 12.6.7
and 12.6.11).

For k = 1, 2, . . . ,∞, we let Ck
c (R) denote the space of k-times continuously

differentiable functions with compact support on R.

Corollary 12.2.7. If f ∈ C2
c (R), then f̂ ∈ L1(R).

Proof. By Proposition 12.2.5, item (3), we find that F1 [f
′′] = −w2f̂(w). Being

a Fourier transform of an L1 function, we have that w2f̂(w) → 0 as |w| → ∞.

Therefore, the continuous function f̂ must be absolutely integrable.

12.2.2 Convolutions and the convolution theorem

Definition 12.2.8. Let f, g ∈ PCc(R). The convolution of f and g, denoted
f ∗ g, is the function

f ∗ g(u) =
∫ ∞

−∞
f(u− t)g(t)dt.

Example 12.2.9. Let f = χ[−M,M ] and g = χ[−N,N ], and suppose that
M ≤ N . A simple calculation shows that f ∗ g is a continuous piecewise linear
function, which is zero up to −M −N , then rises linearly until it reaches the
value 2M at −N +M , then continues with this value until N −M , and then
decreases linearly until reaching 0 at M +N , after which it continues as 0.
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It is desirable to have the convolution defined for larger classes of functions,
not just for the very restricted class PCc(R). For example, one can prove that
f ∗ g is defined if both f, g are in L2(R), or when f is absolutely integrable
and g is bounded. For us, with our minimal requisites in real analysis, it
will be most convenient to study the properties of the convolution for pairs
of functions in PCc(R), and later to extend the operation of convolution to
larger classes containing PCc(R) as a dense subspace.

Proposition 12.2.10. For f, g, h ∈ PCc(R), we have

1. f ∗ g ∈ Cc(R) (that is f ∗ g is continuous with compact support).

2. ‖f ∗ g‖∞ ≤ ‖f‖∞‖g‖1.

3. ‖f ∗ g‖1 ≤ ‖f‖1‖g‖1.

4. f ∗ g = g ∗ f .

5. f ∗ (g + h) = f ∗ g + f ∗ h and (f + g) ∗ h = f ∗ h+ g ∗ h.

6. f ∗ (g ∗ h) = (f ∗ g) ∗ h.

7. (f ∗ g)a = fa ∗ g = f ∗ ga.

Proof. Since all functions in sight are piecewise continuous and have compact
support, everything can be proved using formal manipulations of the integral,
which are justified without any serious mathematics. We leave the last four
items as exercises for the reader.

For (2),

|f ∗ g(u)| =
∣∣∣∣
∫
f(u− t)g(t)dt

∣∣∣∣ ≤
∫

|f(u− t)||g(t)|dt ≤ ‖f‖∞‖g‖1.

For (3), we exchange order of integration,

∫
|f ∗ g(u)|du =

∫ ∣∣∣∣
∫
f(u− t)g(t)dt

∣∣∣∣ du

≤
∫ ∫

|f(u− t)||g(t)|dtdu

=

∫
|g(t)|

(∫
|f(u− t)|du

)
dt

= ‖g‖1‖f‖1.

We now prove (1). If the support of g lies in [a, b] and the support of f lies in
[c, d], then

f ∗ g(u) =
∫ b

a

f(u− t)g(t)dt.

The right-hand side of this expression will vanish if u /∈ [−M,M ] where M =
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|a| + |b| + |c| + |d|, because if t ∈ [a, b], then u − t has no chance to be in
[−|c| − |d|, |c|+ |d|] ⊇ [c, d]. Thus f ∗ g has compact support.

By Example 12.2.9 and item (5), we see that f ∗ g ∈ Cc(R) if f, g ∈ S
(step functions). Now let f ∈ PCc(R) and g ∈ S. If fn is a sequence of step
functions with support contained in the support of f and converging to f in
the L1 norm, then the sequence fn ∗ g consists of continuous functions and by
(2) it converges uniformly to f ∗ g. Thus, f ∗ g is continuous.

Now let f, g ∈ PCc(R). If gn is a sequence of step functions with support
contained in the support of g and converging to g in the L1 norm, then by
the previous paragraph, f ∗ gn is continuous for all n, and as above, f ∗ gn is
uniformly convergent to f ∗ g. The latter must therefore be continuous, and
that concludes the proof of (1).

We see that the convolution defines a new kind of associative multiplication
on PCc(R). For a fixed f ∈ PCc(R), we define the convolution operator Cf :
(PCc(R), ‖ · ‖1) → (PCc(R), ‖ · ‖1) by

Cf (g) = f ∗ g.

By the above proposition, we have that ‖Cf‖ ≤ ‖f‖1.
Fixing f ∈ PCc(R), since ‖Cf‖ ≤ ‖f‖1, we can extend Cf to a contraction

on L1(R), and

Cf (g)(u) =

∫
f(u− t)g(t)dt

whenever g ∈ L1(R) is such that we know how to define the integral on the
right-hand side.

Moreover, given f ∈ L1(R), we may also define a convolution operator on
L1(R) as follows. Letting fn be a sequence in PCc(R) that converges to f in
the L1 norm, we note that items (3) and (5) in Proposition 12.2.10 imply that
Cfn is a Cauchy sequence in B(L1(R)). Let Cf be the limit of this Cauchy
sequence. It is easy to show that this definition is independent of the sequence
fn we chose to approximate f , and therefore also that this definition of Cf

agrees with the previous one when f is in PCc(R). If one knows measure
theory, then one can show that for every f, g ∈ L1(R), the operator Cf that
we defined acts as

Cf (g)(u) =

∫
f(u− t)g(t)dt

for almost every u, if we take the integral on the right to be the Lebesgue
integral.

If φ ∈ C0(R), then we define the multiplication operator Mφ : C0(R) →
C0(R) by

Mφψ = φψ,

where we mean the usual (pointwise) multiplication: φψ(w) = φ(w)ψ(w) for
all w ∈ R. Note that ‖Mφ‖ = ‖φ‖∞.
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Theorem 12.2.11 (The convolution theorem). For every f ∈ L1(R), the
Fourier transform intertwines Cf and Mf̂ , that is

F1Cf =Mf̂F1. (12.6)

In other words, for every f, g ∈ L1(R),

f̂ ∗ g = f̂ ĝ. (12.7)

Proof. We will prove (12.7) for f, g ∈ PCc(R), because then (12.6) follows
by continuity. Indeed, if Equation (12.7) holds for a fixed f ∈ PCc(R) and
for all g ∈ PCc(R), then this shows that (12.6) holds on the dense subspace
(PCc(R), ‖ · ‖1) ⊂ L1(R); extending continuously we obtain (12.6) for this f .
Further, if (12.6) holds for all f ∈ PCc(R), then whenever f ∈ L1(R) we let
{fn} be a sequence in PCc(R) converging to f in the L1 norm, and obtain

‖Cf − Cfn‖ = ‖Cf−fn‖ ≤ ‖f − fn‖1 → 0,

and
‖Mf̂ −Mf̂n

‖ = ‖Mf̂−f̂n
‖ = ‖f̂ − fn‖∞ ≤ ‖f − fn‖1 → 0.

Taking the limit in F1Cfn =Mf̂n
F1 we derive (12.6).

It remains to carry out some calculations with piecewise continuous func-
tions. For f, g ∈ PCc(R), we are free to make the following manipulations:

f̂ ∗ g(w) =
∫
e−iwu

∫
f(u− t)g(t)dtdu

=

∫ (∫
e−iw(u−t)f(u− t)du

)
e−iwtg(t)dt

= f̂(w)ĝ(w).

That concludes the proof.

12.2.3 The pointwise inversion theorem

Definition 12.2.12. A function f : [a, b] → C is said to be piecewise C1 if
it is piecewise continuous on [a, b], if it is differentiable at all but finitely many
points of [a, b], and if f ′ (which is defined at all but finitely many points of
[a, b]) is also piecewise continuous. A function f defined on the real line is said
to be piecewise C1 if its restriction to every bounded subinterval is piecewise
C1. The space of piecewise C1 and absolutely integrable functions on the real
line is denoted by PC1(R) ∩ L1(R).

In the above definition, one can interpret absolutely integrable in the sense
of generalized Riemann integration, that is, a piecewise C1 function f is ab-
solutely integrable if and only if

lim
M→∞

∫ M

−M

|f(t)|dt <∞.
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Theorem 12.2.13. Let f ∈ PC1(R) ∩ L1(R). For all t0 ∈ R,

f(t+0 ) + f(t−0 )

2
= lim

R→∞

1

2π

∫ R

−R

f̂(w)eiwt0dw. (12.8)

In particular, if f ∈ C(R) and f̂ ∈ L1(R), then

f(t0) =
1

2π

∫ ∞

−∞
f̂(w)eiwt0dw. (12.9)

Note that in (12.8), the integration is carried out over a symmetric interval.
It is not claimed that the integral converges in any other sense.

Proof. We shall prove (12.8) for t0 = 0, the result for a general point then
follows immediately from the t0 = 0 case together Proposition 12.2.5(1).

The right-hand side of (12.8) with t0 = 0 reads

1

2π

∫ R

−R

f̂(w)dw =
1

2π

∫ R

−R

∫ ∞

−∞
f(t)e−iwtdtdw

(∗) = 1

2π

∫ ∞

−∞
f(t)

(∫ R

−R

e−iwtdw

)
dt

=
1

2π

∫ ∞

−∞

eiRt − e−iRt

it
f(t)dt

=
1

π

∫ ∞

−∞

sin(Rt)

t
f(t)dt.

Note that the change in the order of integration in (*) is justified, because the
function (t, w) 7→ e−iwtf(t) is absolutely integrable in [−R,R]×R, and would
not be justified if we replaced R with ∞. We will show that

lim
R→∞

1

π

∫ ∞

0

sin(Rt)

t
f(t)dt =

f(0+)

2
.

In a similar way one shows that the other half of the integral tends to f(0−)
2 ,

and that will conclude the proof. We compute:

1

π

∫ ∞

0

sin(Rt)

t
f(t)dt =

=
1

π

∫ 1

0

f(t)

t
sin(Rt)dt+

1

π

∫ ∞

1

f(t)

t
sin(Rt)dt

=
1

π

∫ 1

0

f(t)

t
sin(Rt)dt+

1

π

∫ ∞

−∞
g(t) sin(Rt)dt,
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where g(t) = f(t)
t χ[1,∞](t). Now g ∈ PC1(R)∩L1(R) ⊂ L1(R), and sin(Rt) =

eiRt−e−iRt

2i , thus

∫
g(t) sin(Rt)dt =

ĝ(−R)− ĝ(R)

2i

R→∞−−−−→ 0,

by Theorem 12.2.4. It remains to show that

lim
R→∞

1

π

∫ 1

0

f(t)

t
sin(Rt)dt =

f(0+)

2
.

But

1

π

∫ 1

0

f(t)

t
sin(Rt)dt =

=
1

π

∫ 1

0

f(t)− f(0+)

t
sin(Rt)dt+

f(0+)

π

∫ 1

0

sin(Rt)

t
dt

=
1

π

∫ ∞

−∞
h(t) sin(Rt)dt+

f(0+)

π

∫ 1

0

sin(Rt)

t
dt,

where h(t) = f(t)−f(0+)
t χ[0,1](t) ∈ L1(R). As above it follows that

limR→∞
∫∞
−∞ h(t) sin(Rt)dt = 0.

Finally, using the value of the conditionally convergent integral

∫ ∞

0

sin(u)

u
du = π/2,

(see Exercise 4.5.10 for a proof of this identity) we compute

f(0+)

π

∫ 1

0

sin(Rt)

t
dt =

f(0+)

π

∫ R

0

sin(u)

u
du

R→∞−−−−→ f(0+)

2
.

That completes the proof.

12.3 The Fourier transform on L2(R)

12.3.1 Definition of the Fourier transform on L2(R)

Lemma 12.3.1. If f, g ∈ PC1(R)∩L1(R) and f̂ , ĝ ∈ L1(R), then f, g, f̂ , ĝ ∈
L2(R).
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Proof. By Theorem 12.2.4, f̂ , ĝ are in C0(R), and under the assumption f̂ , ĝ ∈
L1(R) the inversion formula shows that f, g are bounded. But a bounded,
piecewise continuous function in L1(R) must be in L2(R).

Theorem 12.3.2 (Plancharel’s theorem, I). For all f, g ∈ C2
c (R), we have

that f̂ , ĝ ∈ C0(R) ∩ L2(R), and

2π〈f, g〉 = 〈f̂ , ĝ〉. (12.10)

In particular,
2π‖f‖2 = ‖f̂‖2. (12.11)

Proof. By Corollary 12.2.7 and Lemma 12.3.1, we have that f, g, f̂ , ĝ ∈
L1(R) ∩ L2(R) ∩ C0(R). Therefore, the following integrals are all absolutely
convergent:

〈f̂ , ĝ〉 =
∫
f̂(w)ĝ(w)dw

(1) =

∫ ∫
f(t)e−iwtĝ(w)dtdw

(2) =

∫
f(t)

∫
ĝ(w)eiwtdwdt

(3) = 2π

∫
f(t)g(t)dt

= 2π〈f, g〉.

Since f̂ , ĝ ∈ L2(R), the first integral makes sense. The assumption f ∈ L1(R)
allows us to consider f̂ as the pointwise Fourier transform of f in (1). The
fact that f is in Cc(R) and the assumption that ĝ ∈ L1(R) justifies changing
the order of integration in (2). The assumption that ĝ ∈ L1(R) is used again
in (3) for the pointwise inversion of ĝ.

Our goal in this section is to define the Fourier transform on L2(R). Thanks
to Plancharel’s theorem above, we need only show that C2

c (R) is dense in
L2(R). We will show a bit more.

Theorem 12.3.3. Let p ∈ [1,∞). For all ǫ > 0 and every f ∈ PCc(R), there
exists g ∈ C∞

c (R) such that

‖f − g‖p < ǫ.

Thus, C∞
c (R) is dense in Lp(R).

Proof. By Lemma 12.1.4 we only need to show that every step function can be
approximated in the Lp norm by C∞

c (R) functions. But clearly it is enough for
us to be able to approximate characteristic functions of intervals arbitrarily
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well. Without loss of generality, we will approximate f = χ[0,1] in the Lp norm
using C∞

c (R) functions.
We construct an approximating g in several steps as follows.

Step 1. Let

φ(t) =

{
0 , t ≤ 0

e−1/t2 , t > 0
.

Step 2. Define
ψ̃(t) = φ(1 − t2).

Now, ψ̃ is infinitely differentiable, is positive in (−1, 1), and vanishes outside
that interval. Let c =

∫
ψ̃, and define ψ = c−1ψ̃. Then ψ has the same nice

properties that ψ̃ enjoyed, with the additional property
∫
ψ = 1.

Step 3. For ǫ > 0, define

ψǫ(t) = ǫ−1ψ(t/ǫ).

Then ψǫ vanishes off (−ǫ, ǫ) and
∫
ψǫ = 1.

Step 4. Now define

θ(t) =

∫ t

−∞
ψǫ(u)du.

θ is in C∞, θ(t) ∈ [0, 1] for all t, θ(t) = 0 for t < −ǫ, and θ(t) = 1 for t > ǫ.
Step 5. Finally, we put

g(t) = θ(t)− θ(t− 1).

Then g ∈ C∞
c (R) and

‖f − g‖pp =

∫ ∞

−∞
|χ[0,1] − g(t)|pdt ≤

(∫ ǫ

−ǫ

+

∫ 1+ǫ

1−ǫ

)
dt = 4ǫ.

For an alternative proof, see Theorem 12.5.1 below.
The above theorem, together with the first Plancharel theorem above,

allows us to define a Fourier transform on all of L2(R). The following result,
also known as Plancharel’s theorem, follows immediately by the principle of
continuous extension of densely defined operators (Proposition 5.1.6).

Theorem 12.3.4 (Plancharel’s theorem, II). The Fourier transform extends
from C∞

c (R) to L2(R) to give rise to a continuous operator

F2 : L2(R) → L2(R).

We write f̂ = F2(f) for f ∈ L2(R). F2 is an isometry-up-to-a-constant, in
the sense that

〈f̂ , ĝ〉 = 2π〈f, g〉,
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for all f, g ∈ L2(R). In particular,

‖f̂‖22 = 2π‖f‖22,
for all f ∈ L2(R).

Concretely, we may define

f̂(w) = L2 − lim
n→∞

1

2π

∫ n

−n

f(t)e−iwtdt.

where L2 − lim means that f̂ is the limit in the L2-norm of the sequence on
the right-hand side, that is, f̂ = limn F1(fχ[−n,n]).

12.3.2 The L2-inversion theorem

The operator F2 is different from F1, in that F1 maps L1(R) into C0(R),
and F2 maps L2(R) into L2(R). In this section, we will see that F2 is an
invertible map. Thus (up to a multiplicative constant)F2 is a unitary operator.

On L2(R) we may define a unitary operator, the reflection operator,
given by

R(f)(t) = f(−t).
As usual, we start by defining R on a dense subspace (say, Cc(R)) and then
extend it to L2(R) by continuity.

Proposition 12.3.5 (Reflection formula). For all f ∈ L2(R),

ˆ̂
f(t) = 2πf(−t).

In other words, F2 ◦ F2 = 2πR.

Proof. Let f ∈ C2
c (R), so that f, f̂ ∈ L2(R) ∩ L1(R) ∩ C0(R). Then, by the

inversion formula,

F2 ◦ F2(f)(t) =

∫
f̂(w)e−iwtdw

= 2π
1

2π

∫
f̂(w)eiw(−t)dw

= 2πf(−t).
Thus, the operators F2 ◦ F2 and 2πR agree on a dense subspace, and are
therefore equal.

Theorem 12.3.6 (The L2-inversion theorem). The Fourier transform F2 :
L2(R) → L2(R) is invertible. In particular, we have the inversion formula

f(t) = L2 − lim
n→∞

1

2π

∫ n

−n

f̂(w)eiwtdw.

Proof. Since the operator R is a unitary, the reflection formula shows that F2

must also be invertible with inverse F−1
2 = 1

2πF2 ◦ R; the inversion formula
follows.
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12.4 *Shannon’s sampling theorem

A function f : R → C is sometimes considered as a continuous signal,
where f(t) is interpreted as the value of this signal at time t. A natural thing
to do from an engineering point of view is to sample a given function at the
points of a discrete sequence, that is, to take a series of equally spaced points
{nδ}n∈Z (where δ > 0 is some constant), and extract the sequence of values
{f(nδ)}n∈Z.

Considering this process of sampling, one is compelled to ask under what
conditions is it possible to reconstruct f from the sequence {f(nδ)}n∈Z. The
following theorem gives a precise sufficient condition in terms of the Fourier
transform.

Theorem 12.4.1. Let f : R → C be a continuous function in L2(R). Assume

that f̂(w) = 0 for all w /∈ [−π
δ ,

π
δ ]. Then for all t ∈ R

f(t) =
∑

n∈Z

f(nδ)
sin(tπ/δ − nπ)

tπ/δ − nπ
.

Proof. We can identify f̂ with f̂
∣∣
[−π

δ ,πδ ]
and consider it as a function in

L2[−π
δ ,

π
δ ]. Therefore, f̂ is given as the L2 convergent sum

∑

n∈Z

cne
inδw ,

where

cn =
δ

2π

∫ π
δ

−π
δ

f̂(w)e−inδwdw.

But by the Fourier inversion formula,

δ

2π

∫ π
δ

−π
δ

f̂(w)e−inδwdw =
δ

2π

∫ ∞

−∞
f̂(w)e−inδwdw = δf(−nδ).

We now use the Fourier inversion formula again to obtain

f(t) =
1

2π

∫ π
δ

−π
δ

f̂(w)eiwtdw

=
1

δ
〈f̂(w), e−iwt〉L2[−π

δ ,πδ ]

=
1

δ

〈∑

n∈Z

δf(−nδ)einδw, e−iwt
〉
L2[−π

δ ,πδ ]

=
∑

n∈Z

f(−nδ) δ
2π

∫ π
δ

−π
δ

ei(nδ+t)wdw.
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The value of the last integral is

ei(nδ+t)w

i(nδ + t)

∣∣∣
π/δ

−π/δ
=

2 sin(nπ + tπ/δ)

nδ + t
.

Putting everything together we obtain

f(t) =
∑

n∈Z

f(−nδ) sin(nπ + tπ/δ)

nπ + tπ/δ
=
∑

n∈Z

f(nδ)
sin(tπ/δ − nπ)

tπ/δ − nπ
.

A function f is said to be band limited with band B if f̂ vanishes
outside [−B,B]. In other words, f is band limited if it is “made up” from
trigonometric exponentials with frequencies only smaller in magnitude than
B. The sampling theorem says that if one samples a band limited function on
a sufficiently dense uniformly spaced sequence, then one loses no information
about the original signal. The smaller the band, the larger the spacing we are
allowed to leave between two points in the sampling sequence.

Exercise 12.4.2. Justify and clarify the use of the Fourier inversion formula
in the above proof.

Exercise 12.4.3. Prove that

H = {f ∈ L2(R) : f̂(w) = 0 for all w /∈ [−π/δ, π/δ]}

is a closed subspace of L2(R), and show that

{
sin(tπ/δ − nπ)

tπ/δ − nπ

}

n∈Z

is an orthonormal basis for H .

12.5 *The multivariate Fourier transforms

In practice (physics, PDEs, etc.), one often needs to work with spaces of
functions in several variables. The spaces Lp(Rk) can be defined similarly to
what we have defined above, as closures of familiar function spaces in the Lp

norm

‖f‖p =

(∫

Rk

|f |p
)1/p

.

It is not entirely clear how to generalize the notion of piecewise continuous
functions, so we can define Lp(R) to be the closure of the space Cc(Rk) of
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continuous functions with compact support, or of the space S(Rk) of step
functions (those functions which are linear combinations of characteristic func-
tions of boxes [a1, b1]× · · ·× [ak, bk]). Any reasonable choice will lead to same
space; for definiteness, let us define Lp(Rk) to be the completion of Cc(Rk)
with respect to the norm ‖ · ‖p. It is quite easy to see that either S(Rk) or
Cc(Rk) is dense in (Cc(Rk) + S(Rk), ‖ · ‖p), therefore both spaces have the
same completion (see Exercise 12.6.10).

Given a function f : Rk → C one can define its Fourier transform, defined
by

f̂(w) =

∫

Rk

f(x)e−iw·xdx, (12.12)

where x = (x1, . . . , xk) and w = (w1, . . . , wk) are k-dimensional variables and
w · x = w1x1 + . . .+ wkxk.

Equation (12.12) makes literal sense for all f ∈ S(Rk) + Cc(Rk), and the

operator f 7→ f̂ has properties very similar to one-dimensional transform. In
particular, we have f̂ ∈ C0(Rk), and ‖f̂‖∞ ≤ ‖f‖1. Therefore, the map f 7→ f̂
extends to a contraction from L1(Rk) into C0(Rk), and this operator is called
the (multivariate) Fourier transform.

Multidimensional convolution is defined in exactly the same way as in the
one-dimensional case,

f ∗ g(y) =
∫

Rk

f(y − x)g(x)dx,

and the convolution theorem holds: f̂ ∗ g = f̂ ĝ. After one obtains a version of
Lemma 12.1.4 that works in several variables, then the same proofs we gave
in the one variable case work here as well.

There are versions of the pointwise Fourier inversion theorem, but they
are more delicate. However, if f and f̂ are both in C(Rk) ∩ L1(Rk), then we
have

f(x) =
1

(2π)d

∫

Rk

f̂(w)eiw·xdw.

The development of the Fourier transform on L2(Rk) is also carried out in
a similar way to the way we developed it above, and similar results hold (with
different constants in Plancharel’s theorem). Let us concentrate on one thing
that goes slightly different.

To extend the Fourier transform to L2(R), we needed first a dense subspace
of functions in which Plancharel’s theorem holds. Recall that to carry out the
proof of

〈f̂ , ĝ〉 = 2π〈f, g〉
we needed that f, g, f̂ , ĝ ∈ L2(R)∩L1(R). In the one variable case we showed
that C∞

c (R) ⊂ L2(R)∩L1(R) is dense in both L1(R) and L2(R) (and for f, g ∈
C∞

c (R) it is true that f, g, f̂ , ĝ ∈ L2(R) ∩ L1(R)). Recall that we proved this
fact by constructing an explicit function that approximates the characteristic
function of an interval.
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One can prove that C∞
c (Rk) is dense in Lp(Rk) in a similar fashion to

what we did in the one variable case. However, there is a nicer proof that
generalizes in many ways, and is worth describing.

Theorem 12.5.1. Let p ∈ [1,∞). The space C∞
c (Rk) is dense in Lp(Rk).

Proof. Let φ be as in Step 1 of Theorem 12.3.3. Define h̃(x) = φ(1 − ‖x‖2),
and letting c =

∫
h̃, put h = c−1h̃. Now for every ǫ > 0 define

hǫ(x) = ǫ−kh(x/ǫ).

The functions hǫ satisfy
∫
hǫ = 1, and also that hǫ vanishes outside the ball

Bǫ(0) of radius ǫ, and is positive inside that ball.
Up to here, the proof is similar to that of Theorem 12.3.3, but now the

proof becomes different. Before moving on, it is worth pointing out that the
particular construction of h was not important, just the fact that we had
some nonnegative function h ∈ C∞

c (Rk) which vanishes outside the ball and
has integral equal to 1.

Given f ∈ Cc(Rk), we define

fǫ = f ∗ hǫ.

First, note that fǫ ∈ C∞
c . Indeed, examining

f ∗ hǫ(y) =
∫
f(y − x)hǫ(x)dx =

∫
f(x)hǫ(y − x)dx,

we see that this function has compact support contained in supp(f) +Bǫ(0),
and that one may differentiate under the integral sign (with respect to the y
variable) infinitely many times.

To see that there is Lp convergence, we compute:

|fǫ(y)− f(y)| =
∫
hǫ(x)|f(y − x)− f(y)|dx

=

∫

Bǫ(0)

hǫ(x)|f(y − x)− f(y)|dx

≤
∫

Bǫ(0)

hǫ(x)dx ×max{|f(y − x)− f(y)| : |x| ≤ ǫ}

= max{|f(y − x)− f(y)| : |x| ≤ ǫ},

and the last expression tends to 0 as ǫ→ 0 because f is uniformly continuous
on Rk. So fǫ → f uniformly. Since supp(fǫ) ⊆ supp(f) + Bǫ(0), we see that
fǫ → f in the Lp norm as well. This shows that C∞

c (Rk) is dense in Cc(Rk)
in the Lp norm.

The fact that Cc(Rk) is dense in Lp(Rk) now implies that C∞
c (Rk) is, too,

and the proof is complete.
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12.6 Additional exercises

Exercise 12.6.1. Let p ∈ [1,∞). The map

f 7→
∫ ∞

−∞
f(t)dt

is a well-defined linear functional on (PCc(R), ‖·‖p). Prove that this functional
is bounded if and only if p = 1. If p 6= 1, can this linear functional be extended
to a linear functional defined on all of Lp(R)?

Exercise 12.6.2. Compute the Fourier transform of the following functions:

1. f(x) = e−|x|.

2. f(x) = 1
a2+x2 .

Use this to

1. Evaluate the integral
∫∞
0

dx
a2+x2 .

2. Find f satisfying the integral equation
∫ ∞

−∞

f(t)dt

(x− t)2 + a2
=

1

x2 + b2
,

where 0 < a < b <∞.

Exercise 12.6.3. Let

f(x) =

{
x , x ∈ [−1, 0]

0 , x /∈ [−1, 0]
.

1. Find f̂ .

2. Evaluate the integral
∫ ∞

−∞

1− cos t− t sin t

2π2(1 + t2)t2
dt.

Exercise 12.6.4 (The Poisson summation formula). Let f ∈ C1(R), and
assume that there exists some constant C such that

|f(x)| ≤ C

1 + |x|2 and |f ′(x)| ≤ C

1 + |x|2 ,

for all x ∈ R. Prove that
∑

n∈Z

f(n) =
∑

n∈Z

f̂(2πn).

(Hint: the assumptions imply that
∑

n∈Z
f(x + n) converges uniformly to a

periodic function.)
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Exercise 12.6.5. Let u ∈ C∞
c (R), and let û be its Fourier transform. For

every n ∈ N, let

un(x) =
1

2π

∫ n

−n

û(w)eiwxdw.

Prove that un converges uniformly to u on R.

Exercise 12.6.6. In this exercise, we will compute the Fourier transform of
f(t) = e−t2 . In passing, we will also obtain the following definite integral

∫ ∞

−∞
e−t2dt =

√
π.

Since f ∈ C∞(R) ∩ L1(R), it has a nice Fourier transform f̂ .

1. Get inspiration from Proposition 12.2.5, Remark 12.2.6, and Corollary
12.2.7 to show that f̂ ∈ C1(R), that f̂ , f̂ ′ ∈ L1(R), and that

f̂ ′(w) +
w

2
f̂(w) = 0.

2. Check that the function e−
w2

4 is a solution to the above differential
equation, and deduce that f̂(w) = Ce−

w2

4 where

C = f̂(0) =

∫ ∞

−∞
e−t2dt.

3. Use the reflection formula to find that C =
√
π. Thus f̂(w) =

√
πe−

w2

4 .

4. Deduce that

F2(e
− t2

2 ) =
̂
e−

t2

2 =
√
2πe−

w2

2 .

Exercise 12.6.7. Consider the sequence of functions {tne− t2

2 }∞n=0 ⊆ L2(R),
and let {hn}∞n=0 be the orthonormal sequence obtained by applying the Gram-
Schmidt process to the former sequence (the functions hn are called the Her-
mite functions).

1. Prove that for all n,

hn(t) = pn(t)e
−t2/2,

where {pn} is a sequence of polynomials such that

Vn = span{p0e−t2/2, . . . , pne
−t2/2}

is equal to span{e−t2/2, te−t2/2, . . . , tne−t2/2} for all n.

2. Show that F2(t
ke−t2/2) = ik dk

dwkF2(e
−t2/2), and conclude that, for all n,

Vn is a reducing subspace for F2. Since F2 is unitary, deduce that F2

∣∣
Vn

is diagonalizable.
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3. Use the reflection formula to show that

σ(F2) ⊆ {
√
2π,−

√
2π, i

√
2π,−i

√
2π}.

Deduce that all the eigenvalues of F2

∣∣
Vn

have one of the following four

values
√
2π,−

√
2π, i

√
2π,−i

√
2π.

4. Prove that {hn}∞n=0 is an orthonormal basis for L2(R). (Hint: assum-
ing f ⊥ hn for all n, it should be shown that f = 0. It is helpful to
define g(t) = e−t2/2f(t), and show that ĝ = 0. Note that with our
measure-theory-less definition of L2(R), some additional explanations
are required to justify why this implies that f = 0.)

5. Conclude that F2 is a diagonalizable operator. In the next items of this
exercise, which are more challenging computationally, you will find the
eigenvectors and eigenvalues.

6. Prove that

hn(t) = Cne
t2/2 d

n

dtn
e−t2 = e−

t2

2 Hn(t)

where Cn = (−1)n

(
√
π2nn!)1/2

and Hn is a polynomial of degree n (the poly-

nomials Hn are called the normalized Hermite polynomials).

7. Prove that every hn is an eigenvector, and that the corresponding eigen-
value is

√
2πin.

Exercise 12.6.8. By the previous exercise, F2 : L2(R) → L2(R) is a diagonal
unitary (up to a constant). Prove that the operator F1 : L1(R) → C0(R) is
injective. Is it surjective? Is it bounded below? Is the range closed? Is F1

a compact operator? (Hints: injectivity is not trivial (yet doable) with our
definition of L1(R). To answer the question about surjectivity, the reader may
use the inverse mapping theorem for operators on Banach spaces (a fact that
we have not proven in this book). The rest of the questions are easier to
answer, but not necessarily in the order they appear).

Exercise 12.6.9. True or false: for all f ∈ L1(R), the convolution operator
Cf : L1(R) → L1(R) is compact.

Exercise 12.6.10. Prove that for all p ∈ [1,∞), the space of step functions
S(Rk) is dense in Lp(Rk) (in particular, recalling that Lp(Rk) was defined as
the completion of Cc(Rk), explain why we may consider S(Rk) as a subspace
of Lp(Rk)).

Exercise 12.6.11. The Fourier transform is also useful for the study of cer-
tain kinds of differential equations. The heat equation on an infinite wire is
the partial differential equation with initial conditions

ut(x, t) = cuxx(x, t) , x ∈ R, t > 0,

u(x, 0) = f(x) , x ∈ R.
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The problem is to find a function u ∈ C2(R× [0,∞)) that satisfies the condi-
tions above, where f is a given function. We will assume that f is super nice,
say f ∈ C∞

c (R). As in Exercise 4.5.17, this problem has a physical interpreta-
tion: it describes the evolution of the temperature distribution on an infinite
(or very very long) wire.

The problem can be solved as follows. Assuming that u is a solution and
assuming also that u is very nice, we “Fourier transform” u(x, t) only with
respect to the x variable:

û(w, t) =

∫ ∞

−∞
u(x, t)e−iwxdx.

It can be shown that under some assumptions, ût = ∂
∂t û, so the differential

equation becomes
∂û

∂t
= cûxx = ciwûx = −cw2û,

because under reasonable assumptions F1(f
′)(w) = iwf̂(w) (recall Proposi-

tion 12.2.5). For every w ∈ R we can solve this equation, as an ordinary differ-

ential equation in the variable t. The solution is given by û(w, t) = Cwe
−cw2t

(as one may check).
We leave the remainder to you, the reader. Find what Cw must be, and

use the inverse transform to recover a formula for the solution u(x, t). Now
check directly that this u satisfies the equation and the initial conditions.



Chapter 13

*The Hahn-Banach theorems

This final chapter is devoted to the Hahn-Banach theorems and some of their
consequences. The Hahn-Banach theorems are several closely related results
that guarantee the existence of linear functionals with specified properties,
and are indispensable in any serious study of functional analysis beyond the
setting of Hilbert spaces.

This chapter is the last chapter of this book, but it could just as well be
the first chapter in another book on functional analysis.

13.1 The Hahn-Banach theorems

In this section, we will prove the Hahn-Banach theorem; in fact, we will
present five theorems that each can be called “the Hahn-Banach theorem”. In
the literature, it is common practice to refer to any one of these (or closely
related) theorems simply as “the Hahn-Banach theorem”; which particular
theorem is used is supposed to be understood from context.

It will be convenient to depart from our convention of working over the
complex numbers, and call to the front stage vector spaces over the reals.

13.1.1 The Hahn-Banach extension theorems

Definition 13.1.1. Let X be a real vector space. A sublinear functional
is a function p : X → R such that

1. p(x+ y) ≤ p(x) + p(y) for all x, y ∈ X .

2. p(cx) = cp(x) for all x ∈ X and c ≥ 0.

Theorem 13.1.2 (Hahn-Banach extension theorem, sublinear functional ver-
sion). Let X be a real vector space, and let p be a sublinear functional on X.
Suppose that Y ⊆ X is a subspace, and that f is a linear functional on Y such
that f(y) ≤ p(y) for all y ∈ Y . Then, there exists a linear functional F on X
such that F

∣∣
Y
= f and F (x) ≤ p(x) for all x ∈ X.

Proof. The first part of the proof involves extending f only to a slightly larger
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subspace. We will later use the first part to show that f can be extended all
the way up to X .

Let x /∈ Y be nonzero, and define

W = {y + cx : y ∈ Y, c ∈ R}.

The goal is to extend f to a functional F on W such that F (w) ≤ p(w) for
all w ∈ W . Since x is independent of Y , we are free to define F (x) to be any
real number, and that determines uniquely a linear extension F of f , given
by F (y + cx) = f(y) + cF (x). The issue here is to choose F (x) so that F
is smaller than p on W . Now having chosen the value F (x), the requirement
F (w) ≤ p(w) for all w ∈W is equivalent to

f(y) + cF (x) = F (y) + cF (x) = F (y + cx) ≤ p(y + cx) (13.1)

for all y ∈ Y, c ∈ R. If c = 0, then (13.1) becomes f(y) ≤ p(y), which is
satisfied by assumption. If c 6= 0, we may divide (13.1) by |c|, and we may
replace y by a multiple of y, to convert condition (13.1) to

F (x) ≤ p(x− y) + f(y) and f(y)− p(y − x) ≤ F (x) (13.2)

for all y ∈ Y . To summarize, if we set the value F (x) and define F on W by
F (y + cx) = f(y) + cF (x), then (13.1) holds for all y ∈ Y and all c ∈ R, if
and only if (13.2) holds for all y ∈ Y .

Therefore, if there exists any t ∈ R such that

sup{f(z)− p(z − x) : z ∈ Y } ≤ t ≤ inf{p(x− y) + f(y) : y ∈ Y }, (13.3)

then we can define F (x) = t, and that determines a linear extension F defined
on W , that is dominated by p. To see that there exists t fulfilling (13.3),
it suffices to show that the supremum appearing there is smaller than the
infimum. But for all y, z ∈ Y ,

f(z)− f(y) = f(z − y) ≤ p(z − y) ≤ p(z − x) + p(x− y),

or f(z) − p(z − x) ≤ f(y) + p(x − y). We conclude that a t satisfying (13.3)
exists, and the first part of the proof is complete.

And now for the second part of the proof. Let P be the collection of all
pairs (g, Z) such that

1. Z is a linear subspace of X containing Y .

2. g is a linear functional on Z that extends f .

3. g(z) ≤ p(z) for all z ∈ Z.

The pair (Y, f) is in P , so P is not empty. Let P be partially ordered by
the rule (Z, g) ≤ (Z ′, g′) if and only if Z ′ ⊇ Z and g′

∣∣
Z

= g. It is easy to
see that every chain in P has an upper bound, thus by Zorn’s lemma P has
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a maximal element (Ẑ, ĝ). Now, Ẑ must be X , otherwise, there would exist
x /∈ Ẑ, and then, by the first part of the proof, we would be able to extend ĝ
to the space {z + cx : z ∈ Ẑ, c ∈ R}. But that would contradict maximality,
thus we conclude that Ẑ = X , and F = ĝ is the required extension of f .

Recall that for any normed space X , the dual space X∗ is defined to be
the space of all bounded linear functionals from X into the scalar field, with
norm given by

‖F‖ = sup
x∈X1

|F (x)| , F ∈ X∗,

where X1 = {x ∈ X : ‖x‖ ≤ 1}.

Theorem 13.1.3 (Hahn-Banach extension theorem, bounded functional ver-
sion). Let Y be a subspace of a normed space X, and let f ∈ Y ∗. Then, there
exists F ∈ X∗ such that F

∣∣
Y
= f and ‖F‖ = ‖f‖.

Proof. We prove the theorem first for the case where X is a space over the
reals. Define p(x) = ‖f‖‖x‖ for all x ∈ X . This is easily seen to be a sublinear
functional on X , which dominates f on Y . By Theorem 13.1.2, there exists
F extending f such that |F (x)| ≤ p(x) = ‖f‖‖x‖ for all x, thus ‖F‖ ≤ ‖f‖.
Since F extends f , it follows that ‖F‖ = ‖f‖.

Suppose now that X is a normed space over the complex numbers. Then
X and Y are also normed spaces over the reals, and Y is a subspace of X also
when these are considered as real linear spaces. Define g = Re f . Then g is a
bounded real functional on Y , and ‖g‖ ≤ ‖f‖. By the previous paragraph, g
extends to a bounded real functional G on X such that ‖G‖ = ‖g‖.

We now define F (x) = G(x)− iG(ix). Some computations show that F is
linear and extends f . To get ‖F‖ = ‖f‖, it suffices to show that ‖F‖ ≤ ‖G‖.

Fix x ∈ X , and write F (x) = reit. Then |F (x)| = r = e−itF (x) =
F (e−itx) = G(e−itx) − iG(ie−itx). But this is a real number, so its imagi-
nary part vanishes and we get |F (x)| = G(e−itx) ≤ ‖G‖‖x‖, which proves
‖F‖ ≤ ‖G‖.

Exercise 13.1.4. Let X be a vector space over the complex numbers. X can
also be considered as a real vector space. Show that for every complex linear
functional F : X → C, the real part of F (the functional x 7→ ReF (x)) is a
real linear functional on the real space X , and that

F = ReF (x) − iReF (ix), x ∈ X.

Deduce that F 7→ ReF is a bijection between complex linear functionals and
real linear functionals on X .

Exercise 13.1.5. Show that in the above proof, the functional F is a linear
functional that extends f .
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13.1.2 The Hahn-Banach separation theorems

Theorem 13.1.6 (Hahn-Banach separation theorem, subspace/point). Let
M be a linear subspace of a normed space X, and let x ∈ X. Put

d = d(x,M) = inf{‖x−m‖ : m ∈M}.

Then, there exists F ∈ X∗
1 = {G ∈ X∗ : ‖G‖ ≤ 1}, such that F (x) = d and

F
∣∣
M

= 0.

Proof. On span{x,M} we define a linear functional by f(cx +m) = cd. For
every c 6= 0 and every m ∈M ,

‖cx+m‖ = |c|‖x− (−c−1m)‖ ≥ |c|d,

thus
|f(cx+m)| = |cd| ≤ ‖cx+m‖.

This shows that ‖f‖ ≤ 1. The Hahn-Banach extension theorem provides F ∈
X∗ which satisfies all the requirements.

Corollary 13.1.7. Let X be a normed space and x ∈ X. Then, there exists
F ∈ X∗

1 for which F (x) = ‖x‖.

Proof. This follows Theorem 13.1.6 applied to M = {0}.

Corollary 13.1.8. Let x be an element in a normed space X for which F (x) =
0 for all F ∈ X∗. Then x = 0.

Corollary 13.1.9. Let M be a subspace in a normed space. A point x ∈ X
is in M if and only if F (x) = 0 for all F ∈ X∗ that vanishes on M .

Proof. One implication follows from continuity of F . For the other implication,
we use Theorem 13.1.6 to see that if F (x) = 0 for all F that vanishes on M ,
then d(x,M) = 0, in other words x ∈M .

Let us fix for the rest of the chapter a normed space X over the reals. Since
every complex space is also a real space, the following separation theorems
can be applied to complex spaces (the statements and definitions should be
modified by replacing every functional by its real part).

Theorem 13.1.6 says that there is a functional F ∈ X∗
1 that is a witness

to the fact that the distance of x from M is d. This is sometimes restated by
saying that F “separates” M from x. To make the notion of separation more
geometrically intuitive, we introduce the following terminology.

Definition 13.1.10. A hyperplane in X is a subset of the form

F−1(c) = {x ∈ X : F (x) = c},

where F is a nonzero linear functional on X and c ∈ R.
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Definition 13.1.11. If A,B ⊆ X , we say that the hyperplane F−1(c) sepa-
rates A from B if

F (A) ≤ c ≤ F (B).

We say that this hyperplane strictly separates A from B if there is some
ǫ > 0 such that

F (A) ≤ c− ǫ < c+ ǫ ≤ F (B).

It is instructive to draw a picture that goes with this definition. Draw two
convex bodies A and B in the plane, so that their boundaries are disjoint. No
matter how you drew A and B, so long as the bodies are convex and do not
touch, you will be able to draw a straight line that cuts the plane into two
halves, one containing A and the other containing B. A straight line in the
plane is given by an equation of the form ax + by = c, so we can say, in the
language we just introduced, that whenever we are given two disjoint convex
bodies A and B in the plane, we can find a hyperplane that separates A from
B. The Hahn-Banach separation theorems that we will prove below give a
precise formulation of this separation phenomenon in the setting of any real
normed space X .

In infinite dimensional spaces, a hyperplane is not necessarily a nice set.
To make our geometric vocabulary complete, we note that if F is bounded,
then F−1(c) is closed. The converse is also true.

Exercise 13.1.12. Prove that a hyperplane F−1(c) is closed if and only if it
is not dense, and this happens if and only if F is bounded. (Hint: treat first
the case c = 0; recall that part of the definition of hyperplane is that F 6= 0.)

To obtain the separation theorems, we will make use of the following device.

Definition 13.1.13 (The Minkowski functional). Let C ⊆ X be a convex
and open set. Define p : X → [0,∞) by

p(x) = inf{t > 0 : t−1x ∈ C}.

p is called the Minkowski functional of C.

Lemma 13.1.14. Let C ⊆ X be a convex and open set containing 0. Then,
p is a sublinear functional, C = {x ∈ X : p(x) < 1}, and there exists some
M > 0 such that p(x) ≤M‖x‖ for all x ∈ X.

Proof. There is some r such that the closed ball B(0, r) ⊂ C, thus for every
x 6= 0, r

‖x‖x ∈ C, hence p(x) ≤ 1
r‖x‖. That takes care of the last assertion.

Assume that x ∈ C. The set C is open, so (1 + r)x ∈ C for sufficiently
small r > 0, whence p(x) ≤ (1 + r)−1 < 1.

Assume that p(x) < 1. Thus there is some 0 < t < 1 for which t−1x ∈ C.
But since x is on the ray connecting 0 and t−1x and C is convex, x ∈ C. We
conclude that C = {x ∈ C : p(x) < 1}.
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Clearly, p(0) = 0. For c > 0, p(cx) can be written as

inf{ct > 0 : (ct)−1cx ∈ C} = c inf{t > 0 : t−1x ∈ C} = cp(x).

We proceed to prove that p is subadditive. Let x, y ∈ X and r > 0. From the
definition (p(x)+r)−1x and (p(y)+r)−1y are in C. Every convex combination

t(p(x) + r)−1x+ (1 − t)(p(y) + r)−1y , t ∈ [0, t] (13.4)

is also in C. We now choose the value of t cleverly, so that the coefficients of
x and y will be the same, and in that way we will get something times x+ y.
The solution of the equation

t(p(x) + r)−1 = (1 − t)(p(y) + r)−1

is t = p(x)+r
p(x)+p(y)+2r , and plugging that value of t in (13.4) gives (p(x) + p(y) +

2r)−1(x + y) ∈ C. Thus, p(x+ y) ≤ p(x) + p(y) + 2r. Letting r tend to 0 we
obtain the result.

Theorem 13.1.15 (Hahn-Banach separation theorem, convex/open). Let
A,B ⊆ X be two nonempty disjoint convex sets, and suppose that B is open.
Then there exists a closed hyperplane which separates A and B.

Proof. Let us first treat the case where 0 ∈ B and A consists of one point, say
A = {a}. Let p be the Minkowski functional of B. Define a linear functional
f : span{a} → R by

f : λa 7→ λ.

By Lemma 13.1.14, p(a) ≥ 1. Therefore if λ ≥ 0, then f(λa) = λ ≤ λp(a) =
p(λa). If λ < 0, then f(λa) < 0 ≤ p(λa). We see that f(λa) ≤ p(λa) for all λ.

By Theorem 13.1.2, f can be extended to a functional F on X such that
F (x) ≤ p(x) for all x ∈ X . By the last part of Lemma 13.1.14, F is bounded.
This F satisfies F (a) = 1 and F (x) ≤ p(x) < 1 for all x ∈ B, so the closed
hyperplane F−1(1) separates A and B, and in fact

F (b) < 1 = F (a) for all b ∈ B.

If A = {a} and B is open but does not contain 0, then we choose some
b0 ∈ B and apply the result from the previous paragraph to the sets {a− b0}
and B − b0 = {b− b0 : b ∈ B}.

Now let us treat the general case. The set A−B = {a−b : a ∈ A, b ∈ B} is
convex and open, and is disjoint from the set {0}. By the previous paragraph,
there is a closed hyperplane that separates A−B and {0} as follows

F (a− b) < F (0) = 0 for all a ∈ A, b ∈ B,

so F (a) < F (b) for all a, b. If c satisfies supF (A) ≤ c ≤ inf F (B), then F−1(c)
separates A and B.
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Exercise 13.1.16. Prove that if A is convex and if B is convex and open,
then the set A−B is convex and open.

Theorem 13.1.17 (Hahn-Banach separation theorem, compact/closed). Let
A,B ⊆ X be two nonempty disjoint convex sets, such that A is closed and B
is compact. Then there exists a closed hyperplane which strictly separates A
and B.

Proof. As above, we consider A−B, call this set C. As above, C is convex and
does not contain 0. Since B is compact, it follows that C is closed. Let B(0, r)
be a small ball disjoint from C. By Theorem 13.1.15, there is a functional
F ∈ X∗ and c ∈ R such that

F (a)− F (b) = F (a− b) ≤ c ≤ inf F (B(0, r)) = −‖F‖r

for all a ∈ A, b ∈ B. It follows that A and B can be strictly separated by some
hyperplane defined by F .

Exercise 13.1.18. Prove that if A is closed and B is compact, then the set
A−B is closed. What happens if B is not assumed to be compact?

13.1.3 Banach limit

The Hahn-Banach theorem has countless applications in analysis. The pur-
pose of this section is to present an application to sequence spaces, which does
not require any knowledge in function theory or measure theory. The reader
is referred to [18, Chapter 9] for several serious applications.

Let ℓ∞ be the Banach space over the reals, consisting of all real bounded
sequences, equipped with the supremum norm

ℓ∞ =

{
a = (an)

∞
n=0 : ‖a‖∞ = sup

n≥0
|an| <∞

}
.

Note that we have previously used the same notation for the space of bounded
sequences of complex numbers; this minor overloading of notation should not
cause any harm. The space ℓ∞ contains a closed subspace

c =
{
a ∈ ℓ∞ : lim

n→∞
an exists

}
.

The functional f : a 7→ limn an is a bounded linear functional on c. By the
Hahn-Banach theorem, this functional can be extended to a bounded linear
functional F defined on all of ℓ∞. We will show that F can be chosen to have
some of the nice properties that f has. For example, if we let S denote the
backward shift operator

S ((a0, a1, a2, . . .)) = (a1, a2, . . .),

then f is translation invariant, in the sense that f(Sa) = f(a) for all a ∈ c.
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Theorem 13.1.19 (Banach limit). There exists a bounded linear functional
L on ℓ∞, such that for all a = (an)

∞
n=0,

1. L(Sa) = L(a),

2. If m ≤ an ≤M for all n, then m ≤ L(a) ≤M ,

3. If limn an exists, then L(a) = limn an.

Remark 13.1.20. A functional on ℓ∞ satisfying the above conditions is called
a Banach limit.

Proof. Let M be the range of the operator I − S, that is

M = {a− Sa : a ∈ ℓ∞} .

M is a subspace, and every b ∈M has the form

b = (bn)
∞
n=0 = (a1 − a0, a2 − a1, . . .).

Such an element b satisfies
∑n

k=0 bk = an+1 − a0. In particular

sup
n

∣∣∣∣∣
n∑

k=0

bk

∣∣∣∣∣ <∞. (13.5)

If we let 1 = (1, 1, 1, . . .), then 1 /∈M . We claim that

d(1,M) = inf{‖1− b‖ : b ∈M} = 1.

Indeed, if there was a b ∈ M such that ‖1 − b‖ < 1, this would contradict
(13.5). By Theorem 13.1.6, there exists L ∈ (ℓ∞)∗ such that ‖L‖ = 1, L(1) = 1
and L

∣∣
M

= 0. Since L(b) = 0 for all b ∈ M , we see that L(Sa) = L(a) for all
a ∈ ℓ∞.

Next, suppose that an ≥ 0 for all n ∈ N. Then, consider the sequence

x = ‖a‖1− a = (‖a‖ − a0, ‖a‖ − a1, ‖a‖ − a2, . . .).

Since ‖x‖ ≤ ‖a‖ and ‖L‖ = 1, we get

‖a‖ − L(a) = L(x) ≤ ‖L‖‖x‖ ≤ ‖a‖,

thus L(a) ≥ 0. From here, it is easy to prove that L satisfies the second
property.

Finally, to prove that L(a) = limn an when the limit exists, we will show
that for any a ∈ ℓ∞,

lim inf
n

an ≤ L(a) ≤ lim sup
n

an.

We will show the second inequality; the first one is shown in a similar manner.
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For this, consider the sequence y = (ak, ak+1, ak+2, . . .). Then yn ≤ supm≥k am
for all n, and therefore

L(a) = L(y) ≤ sup
m≥k

am,

whence L(a) ≤ lim supn an.

We can now finally settle a question that we raised in Chapter 7. Recall
that in Example 7.3.5 we noted that there exists an isometric map

ℓ1 ∋ b 7→ Γb ∈ (ℓ∞)∗,

where Γb is given by

Γb(a) =
∑

anbn.

Motivated by the case where the roles of ℓ1 and ℓ∞ are reversed and by the
case of ℓp spaces where p 6= 1,∞ (see Example 7.3.4 and Exercise 7.3.6), one
is naturally led to ask whether the map b 7→ Γb is surjective.

Exercise 13.1.21. Show that the map b 7→ Γb discussed above is not surjec-
tive.

Note that the above exercise only settles the question whether a particular
map is an isometric isomorphism between ℓ1 and (ℓ∞)∗, that is, the exercise
shows that the map given by b 7→ Γb is not an isometric isomorphism. But
it leaves open the question whether ℓ1 is isometrically isomorphic (or maybe
just isomorphic) to the dual of ℓ∞. We will answer this question in the next
section.

13.2 The dual space, the double dual, and duality

In Chapter 7 we defined the dual space X∗ of a Banach space X , but we
did not prove anything significant regarding dual spaces, because we had no
tools to deal with them. For example, we could not assert that the limit of a
weakly convergent sequence is unique, nor could we determine whether or not
(ℓ∞)∗ ∼= ℓ1. In fact, we could not even say that a general normed space has
any nonzero bounded functional defined on it.

Now with the Hahn-Banach theorems at our hands, we know that every
normed space has lots of bounded functionals on it — enough to separate
points. Corollary 13.1.8 is a generalization of the fact that in an inner prod-
uct space G, if 〈g, h〉 = 0 for all h ∈ G, then g = 0. Corollary 13.1.9 is a
generalization of the fact that in M =M⊥⊥ (Corollary 3.2.16).

One can learn many things about a Banach space X from its dual X∗. For
example:
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Exercise 13.2.1. Prove that if X∗ is separable, then X is separable, too.

Now we can finally answer the question raised in Chapter 7 and in the
previous section.

Exercise 13.2.2. Prove that (ℓ∞)∗ is not isomorphic to ℓ1.

Definition 13.2.3. Let X be a normed space. Then X∗ is a Banach space in
its own right, and therefore has a dual space

X∗∗ = (X∗)∗.

The space X∗∗ is called the double dual (or bidual) of X .

Every x ∈ X gives rise to a function x̂ ∈ X∗∗ = (X∗)∗ by way of

x̂(f) = f(x), f ∈ X∗.

Proposition 13.2.4. The map x 7→ x̂ is an isometry from X into X∗∗.

Proof. Linearity is trivial. To see that the map is norm preserving,

‖x̂‖ = sup
f∈X∗

1

|f(x)| = ‖x‖,

where the first equality is true by definition of the norm of a functional, and
the second equality follows from Corollary 13.1.7.

Definition 13.2.5. A Banach space X is said to be reflexive if the map
x 7→ x̂ is an isometry of X onto X∗∗.

Example 13.2.6. Every Hilbert space is reflexive.

Example 13.2.7. The spaces ℓp are reflexive for all p in the range (1,∞)
(this follows from Exercise 7.3.6). It is also true that the spaces Lp[0, 1] are
reflexive for all p ∈ (1,∞).

Example 13.2.8. The space ℓ1 is an example of a nonreflexive space (this
follows from Exercise 13.1.21).

It is sometimes convenient, when considering the action of f ∈ X∗ on
x ∈ X , to write

f(x) = 〈f, x〉.
This is just a matter of notation, and invites one to think of the relationship
between X and X∗ as something more symmetrical. Elements of the dual
space X∗ are sometimes denoted by starred symbols, for example x∗. Thus
we have

x∗(x) = 〈x∗, x〉 = x̂(x∗) = 〈x̂, x∗〉 , x ∈ X, x∗ ∈ X∗.

Since X norms X∗ (i.e., ‖x∗‖ = supx∈X1
|〈x∗, x〉|) and X∗ norms X (i.e.,

‖x‖ = supx∗∈X∗

1
|〈x∗, x〉|), there is some symmetry between X and its dual

X∗. The two spaces are said to be in duality. One should keep in mind, though,
that the situation is not entirely symmetrical when X is not reflexive.
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Definition 13.2.9. Let X be a normed space and let S ⊆ X . The annihi-
lator of S, denoted S⊥, is the set

S⊥ = {x∗ ∈ X∗ : 〈x∗, x〉 = 0 for all x ∈ S} .

Definition 13.2.10. Let X be a normed space and let T ⊆ X∗. The pre-
annihilator of T , denoted ⊥T , is the set

⊥T = {x ∈ X : 〈x∗, x〉 = 0 for all x∗ ∈ T } .

With this notation we can state Corollary 13.1.9 as follows: A subspace M
contains x in its closure if and only if x ∈⊥ (M⊥). In other words,

M = ⊥(M⊥). (13.6)

Definition 13.2.11. Let T ∈ B(X,Y ). The adjoint of T is the operator
T ∗ : Y ∗ → X∗ given by

T ∗y∗ = y∗ ◦ T.

Theorem 13.2.12. Let X and Y be normed spaces, and let T ∈ B(X,Y ).
Then T ∗ ∈ B(Y ∗, X∗), and ‖T ∗‖ = ‖T ‖. For all x ∈ X, y∗ ∈ Y ∗,

〈y∗, T x〉 = 〈T ∗y∗, x〉.

Moreover, T ∗ is the unique map from Y ∗ to X∗ with this property.

Exercise 13.2.13. Prove Theorem 13.2.12.

Theorem 13.2.14. Let X and Y be normed spaces, and let T ∈ B(X,Y ).
Then ker(T ∗) = Im(T )⊥ and ker(T ) = ⊥ Im(T ∗).

Proof. Thanks to the notation, the proof is exactly the same as in the Hilbert
space case (note, though, that both assertions require proof, and do not follow
one from the other by conjugation).

Corollary 13.2.15. For T ∈ B(X,Y ), ⊥ ker(T ∗) = Im(T ).

Proof. This follows from the theorem and (13.6).

13.3 Quotient spaces

Let X be a normed space, and let M ⊆ X be a closed subspace. In linear
algebra, one learns how to form the quotient space X/M , which is defined to
be the set of all cosets x+M , x ∈ X , with the operations

(x +M) + (y +M) = x+ y +M.
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c(x+M) = cx+M.

It is known and also easy to show that these operations are well-defined, and
give X/M the structure of a vector space. Our goal now is to make X/M into
a normed space, and to prove that when X is complete, so is M .

To abbreviate, let us write ẋ for x+M . We define

‖ẋ‖ = d(x,M) = inf{‖x−m‖ : m ∈M}. (13.7)

Let π denote the quotient map X → X/M .

Theorem 13.3.1. Let X be a normed space, M ⊆ X a closed subspace, and
define the quotient space X/M as above. With the norm defined as in (13.7),
the following hold:

1. X/M is a normed space.

2. π is a contraction: ‖π(x)‖ ≤ ‖x‖ for all x.

3. For every y ∈ X/M such that ‖y‖ < 1, there is an x ∈ X with ‖x‖ < 1
such that π(x) = y.

4. U is open in X/M if and only if π−1(U) is open in X.

5. If F is a closed subspace containing M , then π(F ) is closed.

6. If X is complete, then so is X/M .

Proof. For every x ∈ X and every scalar c, the identity ‖cẋ‖ = |c|‖ẋ‖ is
trivial. Next, ‖ẋ‖ = 0 ⇔ ẋ = 0 follows from the fact that M is closed. For
every x, y ∈ X , let m,n ∈M be such that

‖x−m‖ < ‖ẋ‖+ ǫ and ‖y − n‖ < ‖ẏ‖+ ǫ.

Then

‖ẋ+ ẏ‖ ≤ ‖x+ y −m− n‖ ≤ ‖x−m‖+ ‖x− n‖ ≤ ‖ẋ‖+ ‖ẏ‖+ 2ǫ.

It follows that ‖ẋ+ ẏ‖ ≤ ‖ẋ‖+ ‖ẏ‖. That proves that (13.7) defines a norm.
The following assertions are not hard to prove in the order in which they

appear, and we skip to the last one, which is the only one that may present
some difficulty.

Suppose that {yn} is a Cauchy sequence in X/M . To show that the se-
quence converges, it suffices to show that a subsequence converges. Passing
to a subsequence we may assume that ‖yn − yn+1‖ < 2−n. Let x1 ∈ X be a
representative of y1. By assertion (3) in the statement of the theorem, we can
find x2 such that π(x2) = y2 and ‖x1 − x2‖ < 1

2 . Continuing inductively, we
find a sequence {xn} such that ‖xn − xn+1‖ < 2−n for all n, and such that
π(xn) = yn. If X is complete, the Cauchy sequence {xn} converges to some
x ∈ X . By continuity of π we have that yn → π(x). We conclude that X/M
is complete.
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Exercise 13.3.2. Complete the proof of the theorem.

Theorem 13.3.3. Let X be a normed space and M ⊆ X a closed subspace.
Then

1. M∗ is isometrically isomorphic to X∗/M⊥.

2. (X/M)∗ is isometrically isomorphic to M⊥.

Proof. Define T :M∗ → X/M⊥ by

T (m∗) = x∗ +M⊥,

where x∗ is any bounded extension of m∗ to X (which exists by the Hahn-
Banach theorem, of course). The operator T is well-defined, because if y∗

is another extension of m∗, then x∗ − y∗ ∈ M⊥. Knowing that T is well-
defined, it is an easy matter to prove linearity. T is also surjective, since any
x∗ +M⊥ ∈ X∗/M⊥ is given as x∗ +M⊥ = T

(
x∗
∣∣
M

)
. It remains to prove

that T is isometric.
Let m∗ ∈M∗ and let x∗ be an extension. Then

‖T (m∗)‖ = inf
{
‖x∗ + n∗‖ : n∗ ∈M⊥} .

But each functional x∗ + n∗ extends m∗, so ‖x∗ + n∗‖ ≥ ‖m∗‖, whence
‖T (m∗)‖ ≥ ‖m∗‖. On the other hand, as n∗ ranges over all n∗ ∈M⊥, x∗ +n∗

ranges over all extensions of m∗. By Hahn-Banach, there is some extension,
say y∗ = x∗ + n∗

1, such that ‖y∗‖ = ‖m∗‖. Thus the infimum is attained and
‖Tm∗‖ = ‖m∗‖. That proves the first assertion.

For the second assertion, consider the dual map of π : X → X/M , that is
the map π∗ : (X/M)∗ → X∗ defined by

π∗(y∗) = y∗ ◦ π.
It is obvious that Im(π∗) ⊆ M⊥, since π vanishes on M . We need to show
that π∗ is a surjective isometry onto M⊥.

To see that π∗ is isometric, we compute

‖π∗(y∗)‖ = sup {|〈π∗(y∗), x〉| : ‖x‖ < 1} = sup {|〈y∗, π(x)〉| : ‖x‖ < 1} .
By Theorem 13.3.1, π maps the open unit ball of X onto the open unit ball
of X/M , so the right-hand side is equal to

sup{|〈y∗, y〉| : ‖y‖ < 1} = ‖y∗‖.
It remains to show that the range of π∗ is equal to M⊥. Let x∗ ∈M⊥. Then
ker(x∗) ⊇ M . It follows that if x1 − x2 ∈ M , then 〈x∗, x1〉 = 〈x∗, x2〉, so we
may define a functional f on X/M by

f(ẋ) = 〈x∗, x〉.
By definition x∗ = f ◦ π. The kernel of f is equal to π(ker(x∗)), and is closed
by Theorem 13.3.1. By Exercise 13.1.12, f is continuous. Thus, f ∈ (X/M)∗ is
such that x∗ = π∗(f), so the range of π∗ isM⊥. That completes the proof.
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13.4 Additional excercises

Exercise 13.4.1. Consider the space X = ℓ13 (i.e., X = (R3, ‖ · ‖1)).
1. Let F ∈ X∗ be given by F (x, y, z) = ax + by + cz. Prove that ‖F‖ =

max{|a|, |b|, |c|}.
2. Let Y = {(x, y, z) : z = 0 = x − 3y} be a linear subspace, and let
f : Y → R be given by f(x, y, z) = x (for (x, y, z) ∈ Y ). Find the
general form of F ∈ X∗ such that F

∣∣
Y
= f and ‖F‖ = ‖f‖.

Exercise 13.4.2. Give a proof of the Hahn-Banach extension theorem (which
one?) that works for separable normed spaces, and does not make use of Zorn’s
lemma.

Exercise 13.4.3 (Completion of normed and inner product spaces). The goal
of this exercise is to provide an alternative proof to Theorems 2.3.1 and 7.1.13.
Let X be a normed space. Let X̂ denote the image of X in X∗∗ under the

map x 7→ x̂. Prove that X̂ is the unique completion of X . Prove that if X is

an inner product space, then the norm of X̂ is induced by an inner product,
thus it is a Hilbert space.

Exercise 13.4.4. Let X be a real vector space with two norms ‖ ·‖ and ‖ ·‖′.
Let f be a linear functional on X , and suppose that for every x ∈ X , either
f(x) ≤ ‖x‖, or f(x) ≤ ‖x‖′. Prove that there is some t ∈ [0, 1] such that

f(x) ≤ t‖x‖+ (1 − t)‖x‖′ for all x ∈ X.

(Hint: consider the convex sets {(a, b) : a < 0, b < 0} and {(‖x‖−f(x), ‖x‖′−
f(x)) : x ∈ X} in R2.)

Exercise 13.4.5. Prove that the limit of a weakly convergent sequence in a
normed space is unique.

Exercise 13.4.6. Prove that a weakly convergent sequence in a Banach space
is bounded. What happens if the space is not necessarily complete?

Exercise 13.4.7. Prove that any two convex sets in a finite dimensional
normed space can be separated by a hyperplane1.

Exercise 13.4.8. Let ℓ∞(Z) be the space of all two-sided bounded sequences
of real numbers, and let U : ℓ∞(Z) → ℓ∞(Z) be the bilateral shift operator,
given by

U(xn)n∈Z = (xn−1)n∈Z.

Prove that there exists a bounded linear functional f ∈ (ℓ∞(Z))∗ such that

1I took this exercise from [4, Exercise 1.9], where the student can also find a hint to one
possible solution.
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1. f(Ux) = f(x) for all x ∈ ℓ∞(Z),

2. infn xn ≤ f(x) ≤ supn xn for all x ∈ ℓ∞(Z),

3. f(1) = 1, where 1 = (. . . , 1, 1, 1, . . .).

Such a linear functional is called a mean on ℓ∞(Z). (Hint: use Hahn-Banach
to separate the sets Y = Im(I − U) and K = {x ∈ ℓ∞(Z) : infn xn > 0}.)

Exercise 13.4.9. Let X be a Banach space and let N be a subspace of X∗.
True or false: (⊥N)⊥ = N ?

Exercise 13.4.10. Let T ∈ B(X,Y ). True or false: ker(T )⊥ = Im(T ∗) ?

Exercise 13.4.11. Let X be a reflexive Banach space, and M a closed sub-
space of X . True or false: M is also a reflexive Banach space?

Exercise 13.4.12. True or false: a Banach space X is reflexive if and only if
X∗ is reflexive?

Exercise 13.4.13. Which of the following spaces is reflexive?

1. A finite dimensional normed space.

2. c0.

3. c.

4. C([0, 1]).

5. ℓ∞.

Exercise 13.4.14. Prove that for every a = (an)
∞
0 ∈ ℓ∞, the norm of the

coset a+ c0 in the quotient space ℓ∞/c0 is equal to

‖a+ c0‖ = lim sup
n→∞

|an|.
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Appendix A

Metric and topological spaces

In this appendix, we collect some facts about metric and topological spaces
that are needed in basic functional analysis, and in particular in this book.
For the main theorems we provide full proofs. Straightforward propositions
are stated without proof, and the reader is advised (and should be able) to
fill in the details. Minor but useful additional facts are stated as exercises.

This short appendix is far from being a comprehensive introduction to the
basic theory of metric and topological spaces, many important subjects are
missing. For a more thorough treatment suitable for self-study and geared for
analysis, I recommend the relevant parts of [33] (see also [11] or [20]).

A.1 Metric spaces

A.1.1 Basic definitions

Definition A.1.1. Let X be a set. A metric on X is a nonnegative function
d : X ×X → [0,∞) such that for all x, y, z ∈ X ,

1. d(x, y) = 0 if and only if x = y,

2. d(x, y) = d(y, x),

3. d(x, z) ≤ d(x, y) + d(y, z).

A metric space is a pair (X, d) where X is a set and d is a metric on X .

It is customary to abuse notation slightly and to refer to the space only
as the metric space; e.g., we may say “let X be a metric space. . . ” instead of
“let (X, d) be a metric space. . . ”. Sometimes, the metric on a metric space X
is denoted by dX , for emphasis.

Example A.1.2. Let X = Rk and let d be the Euclidean distance, that is

d(x, y) = ‖x− y‖2 =

√√√√
k∑

i=1

|xi − yi|2.

Then (X, d) = (Rk, ‖ · ‖2) is a metric space.

217
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Example A.1.3. Let X = C with the distance

d(z, w) = |z − w|.

Then C with this metric can be identified with R2 with the Euclidean distance.

In any metric space, the condition d(x, z) ≤ d(x, y)+d(y, z) is often referred
to as the triangle inequality. Drawing three points in the plane equipped
with the Euclidean distance immediately clarifies why.

The notion of a metric is supposed to serve as a measure of the distance
between points in a space. The above example — the Euclidean space — is
a space about which we are accustomed to think geometrically. The power of
the theory of metric spaces is that it supplies us with a framework in which
to study abstract spaces as geometrical objects.

Example A.1.4. Consider the space CR([a, b]) of continuous real-valued func-
tions on the interval [a, b]. It is straightforward to check that

d(f, g) = ‖f − g‖∞,

defines a metric on CR([a, b]), where

‖f − g‖∞ = sup
t∈[a,b]

|f(t)− g(t)|

for f, g ∈ CR([a, b]).

Example A.1.5. Let (X, d) be a metric space and let Y ⊆ X be any subset.
If we define dY = d

∣∣
Y ×Y

, then (Y, dY ) is also a metric space.

Whenever X is a metric space and Y ⊆ X , we consider Y as a metric space
with the above metric, referred to as the metric induced from (X, d). In this
context, Y is also called a subspace of X . In particular, if we have a subset
E of Rk or of C under consideration, then, unless stated otherwise, we will
consider E as a metric space with the restriction of the Euclidean distance.

Henceforth (X, d) will denote a metric space.

Definition A.1.6. Given x ∈ X and r > 0, the set

Br(x) = {w ∈ X : d(x,w) < r}

is called the open ball with center x and radius r.

Definition A.1.7. A subset U ⊆ X is said to be open (or an open set) if
for all x ∈ U , there exists r > 0 such that Br(x) ⊆ U .

Proposition A.1.8. The trivial subsets ∅, X of X are open. If U1 and U2

are open, then U1 ∩ U2 is open. If {Ui} is a family of open sets, then ∪iUi is
open.
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Exercise A.1.9. Show that a nonempty subset of a metric space is open if
and only if it is the union of open balls.

Proposition A.1.10. Let X be a metric space and let Y be a subspace of X
with the induced metric dY as in Example A.1.5 . A set E ⊆ Y is open in
(Y, dY ) if and only if there exists an open set U in X such that E = U ∩ Y .

In the theory of metric spaces, just as in real analysis, sequences of points
play a central role.

Definition A.1.11. Let {xn}∞n=1 be a sequence of points in X , and let x ∈ X .
The sequence is said to converge to x, if limn→∞ d(xn, x) = 0. In this case,
we say that x is the limit of the sequence, and we write

lim
n→∞

xn = x,

or xn → x.

Example A.1.12. Consider CR([a, b]) with the metric given in Example
A.1.4. It follows from the definitions that a sequence of functions {fn}∞n=1 ⊂ X
converges to f if and only if the sequence fn converges uniformly to f .

Exercise A.1.13. Prove that the limit of a sequence in a metric space is
unique, in the sense that if xn → x and at the same time xn → y, then x = y.

Exercise A.1.14. Prove that a sequence {xn}∞n=1 in a metric space is con-
vergent to x if and only if every subsequence of {xn}∞n=1 has a convergent
sub-subsequence which converges to x.

Definition A.1.15. A subset F ⊆ X is said to be closed if whenever {xn}∞n=1

is a sequence of points in F that converges to some point x ∈ X , then the
point x is also in F .

Example A.1.16. The open ball Br(x) in a metric space may or may not
be closed. If X = Rk with the Euclidean distance, then

Br(0) = {x ∈ Rk : ‖x‖2 < r}

is not closed for any r > 0. However, the so-called closed ball

{x ∈ Rk : ‖x‖2 ≤ r}

is closed, as the terminology suggests.

Proposition A.1.17. A subset F ⊆ X is closed if and only if its complement
X \ F is open.

Definition A.1.18. Let E be a subset of X . The closure of E is defined to
be the set

E =
⋂

F⊇E
F is closed

F.
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The interior of E is defined to be the set

int(E) =
⋃

U⊆E
U is open

U.

From the definition it follows that E is closed, and is the smallest closed set
containing E. Likewise, int(E) is open, and is the largest open set contained
in E.

Exercise A.1.19. Let E be a subset of a metric space. Then, x ∈ E if and
only if there is a sequence of points {xn}∞n=1 contained in E such that xn → x.
Also, x ∈ int(E) if and only if there exists some r > 0 such that Br(x) ⊆ E.

Exercise A.1.20. Let E be a subset of a metric space. Then, x ∈ E if and
only if, for every r > 0, there exists some y ∈ E which is also in Br(x). Also,
x ∈ int(E) if and only if whenever xn → x, there exists some N such that
xn ∈ E for all n ≥ N .

Definition A.1.21. If E ⊆ X and E = X , then E is said to be dense in X .
If X contains a countable dense subset, then X is said to be separable.

Example A.1.22. The set of rational numbers Q is a nonclosed subset of R.
The closure of Q is R. In particular, R is separable.

A.1.2 Continuous maps on metric spaces

In metric spaces, the notion of continuity is defined precisely as it is for
real-valued functions on an interval, with the metric replacing the absolute
value of the difference between numbers.

Definition A.1.23. Let (X, dX) and (Y, dY ) be two metric spaces and let
x ∈ X . A function f : X → Y is said to be continuous at x if for every
ǫ > 0, there exists δ > 0 such that for all w ∈ X ,

dX(x,w) < δ implies that dY (f(x), f(w)) < ǫ.

The function f is said to be continuous on X (or simply continuous) if it
is continuous at every point of X .

The set of all continuous functions from X to Y is denoted by C(X,Y ).
The space of all complex-valued continuous functions on X , that is, C(X,C)
is denoted by C(X), and the set of real-valued continuous functions on X by
CR(X).

Recall that given a function f : X → Y and a set U ⊆ Y , the inverse
image of U under f is the set f−1(U) = {x ∈ X : f(x) ∈ U}.
Proposition A.1.24. If f : X → Y is a function between metric spaces, then
f is continuous on X if and only if for every open U ⊆ Y , the inverse image
f−1(U) is open in X.
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Proposition A.1.25. A function f is continuous at x ∈ X if and only if for
every sequence {xn}∞n=1 ⊆ X,

xn → x implies that f(xn) → f(x).

Definition A.1.26. Let (X, dX) and (Y, dY ) be two metric spaces. A function
f : X → Y is said to be uniformly continuous if for every ǫ > 0, there
exists δ > 0 such that for all x,w ∈ X ,

dX(x,w) < δ implies that dY (f(x), f(w)) < ǫ.

A.2 Completeness

A.2.1 Cauchy sequences and completeness

In what follows, (X, d) continues to denote a metric space.

Definition A.2.1. A sequence {xn}∞n=1 ⊆ X is said to be a Cauchy se-
quence if for every ǫ > 0, there exists an integer N , such that

d(xm, xn) < ǫ for all m,n ≥ N.

The condition in the definition is sometimes written compactly as

d(xm, xn)
m,n→∞−−−−−→ 0.

Exercise A.2.2. Prove that every convergent sequence is a Cauchy sequence.

Example A.2.3. A familiar fact from real analysis is that if {xn}∞n=1 is a
Cauchy sequence in R, then it is convergent in R. On the other hand, consider
the sequence xn = 1

n as a sequence in the metric space (0, 1) with the usual
metric d(x, y) = |x−y|. Since this sequence converges to 0 in R, it is a Cauchy
sequence. However, 0 is not a point in the space (0, 1), so {xn}∞n=1 is a Cauchy
sequence that is not convergent in the space (0, 1).

Exercise A.2.4. Prove that every Cauchy sequence is bounded.

Exercise A.2.5. Prove that a Cauchy sequence which has a convergent sub-
sequence is convergent.

Definition A.2.6. A metric space (X, d) is said to be complete if every
Cauchy sequence in X is convergent.

Example A.2.7. The set of real numbers R is complete. So are all the Eu-
clidean space Rk, and in particular C.
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Example A.2.8. Consider again the space CR([a, b]) of continuous functions
with the distance d(f, g) = supt∈[a,b] |f(t)− g(t)|. We claim that this space is
complete. Indeed, if {fn}∞n=1 is a Cauchy sequence in CR([a, b]), then for every
t ∈ [a, b], the sequence {fn(t)}∞n=1 is a Cauchy sequence in R, and therefore
converges. Thus, we can define a function f : [a, b] → R by f(t) = limn fn(t),
and it follows that fn → f uniformly. Now, it is standard exercise in real
analysis to show that the uniform limit of continuous functions is continuous,
thus f ∈ CR([a, b]), and this shows that CR([a, b]) is complete. In pretty much
the same way one shows that C([a, b]) — the space of continuous complex-
valued functions on [a, b] — is complete.

Exercise A.2.9. Prove that if X is a complete metric space and Y ⊆ X ,
then Y is complete in the induced metric if and only if Y is closed in X .

A.2.2 The completion of a metric space

Theorem A.2.10. For every metric space X, there exists a complete metric
space Y and a map j : X → Y such that

1. dY (j(x), j(w)) = dX(x,w) for all x,w ∈ X.

2. j(X) is dense in Y .

If Z is another complete metric space and k : X → Z is a map satisfying
the above two conditions, then there is a bijective map f : Y → Z such that
dZ(f(y1), f(y2)) = dY (y1, y2) for all y1, y2 ∈ Y and f(j(x)) = k(x) for all
x ∈ X.

Remarks A.2.11. Before the proof we make the following remarks.

1. The space Y is said to be the metric space completion of X , or
simply the completion of X .

2. The last assertion of the theorem says that Y is essentially unique, since
Z is a metric space which is in a bijective and metric preserving corre-
spondence with Y . We say that Z is isometric to Y .

3. One usually identifies X with j(X) and then the theorem is stated as
follows: There exists a unique complete metric space Y which contains
X as a dense subspace.

Proof. Let Y0 be the set consisting of all Cauchy sequences inX . To be precise,
let XN be the set of all sequences in X

XN = {x = {xk}∞k=1 : xk ∈ X for all k = 1, 2, . . .} ,

and let Y0 be the subset of XN consisting of all Cauchy sequences.
We define an equivalence relation on Y0 by declaring that two Cauchy

sequences x = {xk}∞k=1 and w = {wk}∞k=1 are equivalent, denoted x ∼ w, if
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and only if limk→∞ dX(xk, wk) = 0. We define Y to be the set Y0/ ∼ of all
equivalence classes. Thus Y = {ẋ : x ∈ Y0}, where ẋ denotes the equivalence
class of x, that is

ẋ = {w = {wk}∞k=1 ∈ Y0 : w ∼ x} .

We now define a metric on Y . For x,w ∈ Y0, we define

dY (ẋ, ẇ) = lim sup
k→∞

dX(xk, wk). (A.1)

If x ∼ x′ and w ∼ w′, then a simple estimation using the triangle inequality
shows that lim supk→∞ dX(xk, wk) = lim supk→∞ dX(x′k, w

′
k), so dY is well-

defined. It is straightforward to check that dY is indeed a metric.
We define j : X → Y by letting j(x) be the equivalence class of the

constant sequence {xk}∞k=1 with xk = x for all k. Then, dY (j(x), j(w)) =
dX(x,w) for all x,w ∈ X .

Next, we show that j(X) is dense in Y . Let ẋ ∈ Y , with representative
x = {xk}∞k=1. Given ǫ > 0, let k0 be such that dX(xk, xl) < ǫ for all k, l ≥ k0.
Then dY (j(xk0 ), ẋ) ≤ ǫ. As this is true for every ẋ ∈ Y , and every ǫ > 0, we
conclude that the closure of j(X) is equal to Y .

It remains to show that Y is complete. Suppose that {ẋ(n)}∞n=1 is a Cauchy
sequence in Y . We will find an element ẏ ∈ Y such that ẋ(n) → ẏ.

Since j(X) is dense in Y , we may choose, for every n, a point yn ∈ X
so that dY (j(yn), ẋ

(n)) < 1
n . Define y = {yk}∞k=1 ∈ XN. This is a Cauchy

sequence, because

dX(ym, yn) = dY (j(ym), j(yn))

≤ dY

(
j(ym), ẋ(m)

)
+ dY

(
ẋ(m), ẋ(n)

)
+ dY

(
ẋ(n), j(yn)

)

<
1

m
+ dY

(
ẋ(m), ẋ(n)

)
+

1

n

m,n→∞−−−−−→ 0.

Finally, to see that ẋ(n) → ẏ, we compute

dY

(
ẋ(n), ẏ

)
= lim sup

k→∞
dX

(
x
(n)
k , yk

)

≤ lim sup
k→∞

dX

(
x
(n)
k , yn

)
+ lim sup

k→∞
dX (yn, yk)

= dY

(
ẋ(n), j(yn)

)
+ lim sup

k→∞
dX (yn, yk)

<
1

n
+ lim sup

k→∞
dX (yn, yk)

n→∞−−−−→ 0.

That finishes the construction of the completion of X . We leave it as an
exercise to prove that the completion is unique.

Exercise A.2.12. Fill in details that you feel are missing (suggestion: prove
that dY is well-defined and a metric).
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Exercise A.2.13. Prove that the lim sup in A.1 is actually a limit.

Example A.2.14. Prove that R is the completion of Q.

Exercise A.2.15. Let X be a metric space, and let Y ⊂ X be a dense
subspace. If Z is a complete metric space, and if f : Y → Z is a uniformly
continuous map, then there exists a unique uniformly continuous map f̃ :
X → Z such that f̃

∣∣
Y
= f .

A.2.3 Baire’s category theorem

Definition A.2.16. A subset E ⊆ X is said to be nowhere dense (in X)
if int(E) = ∅. If Y ⊆ X can be given as a countable union of nowhere dense
sets, that is, if there exists a sequence of nowhere dense sets En such that
Y = ∪∞

n=1En, then Y is said to be of the first category in the sense of Baire;
otherwise, it is said to be of the second category.

Note that in the above definition, the question whether a subset of a metric
space X is nowhere dense (and hence, whether it is of the first or second
category) depends on the ambient space X . We will say that X is of the
second category if it is of the second category considered as a subspace of
itself. In this book, the terminology of first and second category will not be
used. In fact, hardly anyone uses this terminology; it has been mentioned only
for the purpose of explaining the origin of the name of the following important
theorem, which has deep consequences in functional analysis.

Theorem A.2.17 (Baire’s category theorem). Let X be a nonempty complete
metric space. Then X is of the second category. In other words, if {En}∞n=1

is a countable family such that X = ∪∞
n=1En, then int(En) 6= ∅ for some n.

Proof. We will show that if int(En) = ∅ for all n, then ∪∞
n=1En 6= X . Consider

the sequence of sets Gn = X \ En. Then every Gn is an open subset of X .
Moreover, if int(En) = ∅, then Gn is dense (and in particular not empty). We
will construct a Cauchy sequence {xn}∞n=1 that converges to a point x ∈ ∩nGn,
providing a point x not in ∪nEn ⊆ ∪nEn = X \ (∩nGn).

Choose any x1 ∈ G1, and let r1 > 0 be such that Br1(x1) ⊆ G1. We
continue choosing a sequence x1, x2, . . . ∈ X and r1, r2, . . . > 0 inductively.
Suppose that we have chosen x1, . . . , xn and r1, . . . , rn in such a way that
Br1(x1) ⊇ . . . ⊇ Brn(xn) and

Brn(xn) ⊆ G1 ∩ · · · ∩Gn.

Since Gn+1 is open and dense, we choose some xn+1 ∈ Brn(xn) ∩ Gn+1, and
we pick rn+1 <

rn
2 such that

Brn+1(xn+1) ⊆ Brn(xn) ∩Gn+1.

By construction we have that Brn+1(xn+1) ⊆ G1 ∩ · · · ∩Gn+1.
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The sequence {xn}∞n=1 is a Cauchy sequence. Indeed, if ǫ > 0 is given, we
let N be large enough so that rN < ǫ

2 . Then for all m,n ≥ N , both xm and
xn are in BrN (xN ), thus

d(xm, xn) < 2rN < ǫ.

As X is a complete metric space, the sequence has a limit x = limn xn. For
every N , the sequence {xn}∞n=N is contained in BrN (xN ). It follows that x ∈
BrN (xN ) ⊆ ∩N

n=1Gn. Therefore x ∈ ∩∞
n=1Gn, and the proof is complete.

A.3 Topological spaces

A.3.1 Basic definitions

It might seem that continuous functions are precisely the right maps to
consider in the category of metric spaces. However, note that continuous maps
fail to preserve important metric properties. Needless to say, continuous maps
need not preserve the metric; but even softer properties may get lost.

Example A.3.1. Consider the metric spaces X =
(
−π

2 ,
π
2

)
and Y = R, both

endowed with the standard metric d(x, y) = |x − y|. Note that the function
x 7→ tan(x) is a bijective continuous map of X onto Y with a continuous
inverse. However, Y is a complete metric space, while X is not.

The above example leads to the question: what is the thing that is preserved
by continuous maps? By Proposition A.1.24, the map f(x) = tan(x) in the
above example has the property that U is open in X if and only if f(U) is
open in Y . This motivates the following definition.

Definition A.3.2. Let X be a set. A family T consisting of subsets of X is
said to be a topology on X if the following properties are satisfied:

1. ∅, X ∈ T ,

2. If U1, U2 ∈ T , then U1 ∩ U2 ∈ T ,

3. If {Ui}i∈I is a family of subsets of X and Ui ∈ T for all i ∈ I, then
∪i∈IUi ∈ T .

The pair (X, T ) is then called a topological space. The elements of T are
called open sets.

It is convenient and common to abuse notation and call X itself the topo-
logical space, and simply refer to elements of T as open sets, without explicitly
mentioning T . We will also use this convention when convenient.
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Example A.3.3. Every metric space gives rise to a topological space, with
the topology given by the collection of all open sets in the sense of Definition
A.1.7 (see Proposition A.1.8). This topology is called the topology induced
by the metric.

Example A.3.4. The space Rk can be given the Euclidean metric (Example
A.1.2), and this gives rise to a family of open sets and hence a topology on
Rk. This topology is called the standard topology on Rk. There are many
other natural metrics one can define on Rk, for example

d(x, y) = ‖x− y‖∞ = max{|xi − yi| : i = 1, . . . , k}.

If k > 1, then this metric is different from the Euclidean distance. However,
one may check that both these metrics give rise to the same topology.

Basic propositions in metric spaces become definitions in topological
spaces.

Definition A.3.5. Let (X, T ) be a topological space. A subset F ⊆ X is said
to be closed if its complement is open, that is, if X \ F ∈ T .

Definition A.3.6. Let (X, TX) be a topological space and let Y ⊆ X . We
define a topology on Y by

TY = {U ∩ Y : U ∈ TX}.

The topology TY is called the topology on Y induced by TX (or simply the
induced topology).

Note that this definition is in accordance with Proposition A.1.10. The
topological space Y equipped with the induced topology is called a subspace
of X , and the induced topology is also sometimes referred to as the subspace
topology.

Definition A.3.7. Let (X, TX) and (Y, TY ) be two topological spaces. A
function f : X → Y is said to be continuous if f−1(U) ∈ TX for all U ∈ TY .
The set of all continuous functions from X to Y is denoted by C(X,Y ). One
also writes CR(X) = C(X,R) and C(X) = C(X,C).

Definition A.3.8. If f : X → Y is a continuous and bijective function, and
if the inverse function f−1 : Y → X is also continuous, then f is said to be a
homeomorphism.

Thus, a bijective function f is a homeomorphism if it satisfies that f(U)
is open if and only if U is open. Homeomorphisms are the “isomorphisms” in
the world of topological spaces, and topology may be considered as the study
of those properties invariant under continuous maps.

Exercise A.3.9. If f : X → Y is a continuous function between topological
spaces, and Z is a subspace of X , then f

∣∣
Z
is continuous.
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Definition A.3.10. Let (X, TX) and (Y, TY ) be two topological spaces. Let

X × Y = {(x, y) : X ∈ X, y ∈ Y }

be the Cartesian product in the usual set theoretic sense. The product topol-
ogy on X × Y , denoted by TX×Y , is the collection of all unions of products
U × V , where U is open in X and V is open in Y , that is

TX×Y =

{⋃

i∈I

Ui × Vi : {(Ui, Vi)}i∈I is a subset of TX × TY
}
.

Exercise A.3.11. Prove that the product topology is indeed a topology on
X × Y .

Exercise A.3.12. Let (X, dX) and (Y, dY ) be two metric spaces with the
induced topology. Prove that the function

d : (X × Y )× (X × Y ) −→ [0,∞)

given by
d ((x, y), (x′, y′)) = dX(x, x′) + dY (y, y

′)

is a metric on X × Y . Prove that this metric induces the product topology on
X × Y .

The notions of closure and interior are really topological definitions. We
repeat the definitions for definiteness.

Definition A.3.13. Let E be a subset of a topological space X . The closure
of E is defined to be the set

E =
⋂

F⊇E
F is closed

F.

The interior of E is defined to be the set

int(E) =
⋃

U⊆E
U is open

U.

Definition A.3.14. A topological space X is said to be a Hausdorff space
if for every two distinct points x, y ∈ X , there exist two open sets U, V ⊂ X
such that x ∈ U , y ∈ V and U ∩ V = ∅.

Exercise A.3.15. Every metric space is a Hausdorff space.

Using the above result, one can show that there are topologies that are
not induced by any metric.
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Example A.3.16. Consider a set X = [0, 1] ∪ {o}, where o is some element
not in [0, 1]. We define a topology on X as follows: U ⊆ X is open if and only
if either U is an open subset of [0, 1], or U = {o} ∪ V where V is an open
subset of [0, 1] containing (0, r) for some r > 0. One checks that this is indeed
a topology on X . Every open set containing 0 intersects every open set that
contains o, so X is not Hausdorff.

There is a notion of convergence of sequences in topological spaces, the
definition is included below for completeness. Sequences in topological spaces
are not as useful as they are in metric spaces. There is a more sophisticated
notion of nets that replaces sequences. The interested reader is referred to
[11].

Definition A.3.17. Let {xn}∞n=1 be a sequence of points in a topological
space X , and let x ∈ X . The sequence is said to converge to x, if for every
open set U containing x, there exists some N such that

xn ∈ U for all n ≥ N.

In this case, we say that x is a limit of the sequence {xn}∞n=1.

Exercise A.3.18. Prove that, in a metric space, a sequence converges in the
sense of Definition A.1.11 if and only if it converges in the sense of A.3.17.

Example A.3.19. Let X be as in Example A.3.16. The sequence xn = 1
n

converges to 0, but it also converges to o. However, 0 6= o. We see that a
sequence in a topological space might converge to two different limits.

Exercise A.3.20. Prove that in a Hausdorff topological space, the limit of a
convergent sequence is unique.

A.3.2 Compactness

Definition A.3.21. A topological space X is said to be compact if the
following condition holds: whenever there is a family {Ui}i∈I of open sets in
X such that X = ∪i∈IUi, there exists a finite set of indices i1, . . . , in ∈ I such
that X = ∪n

k=1Uik .

In other words,X is compact if every open cover contains a finite subcover.
Here, an open cover is a family of open sets {Ui}i∈I such that X = ∪i∈IUi.

Exercise A.3.22. LetX be a topological space, and let F ⊆ X be a subspace.
Prove that if we equip F with the subspace topology, then it is compact if
and only if the following condition holds: whenever there is a family {Ui}i∈I

of open sets in X such that F ⊆ ∪i∈IUi, there exists a finite set of indices
i1, . . . , in ∈ I such that F ⊆ ∪n

k=1Uik .

If the condition in the above exercise holds, then we refer to F as a com-
pact subset of X .
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Proposition A.3.23. Let f : X → Y be a continuous function between
topological spaces. If K ⊆ X is compact, then f(K) is compact.

The above proposition, together with Theorem A.3.26 below, implies the
following corollary.

Corollary A.3.24. Let X be a compact topological space. Every continuous
function f : X → R is bounded, and attains its maximum and minimum.

Exercise A.3.25. Let X be a compact topological space. Then, the space
C(X) endowed with

d(f, g) = sup
x∈X

|f(x)− g(x)|

is a complete metric space.

A.3.3 Compactness in metric spaces

Theorem A.3.26. Let X be a metric space. The following are equivalent:

1. X is compact.

2. X is complete, and for every ǫ > 0 there exists a finite set of points
x1, . . . , xn ∈ X such that X = ∪n

k=1Bǫ(xk).

3. Every sequence {xn}∞n=1 ⊆ X has a convergent subsequence.

Before the proof, we remark that a space that satisfies the second part
of Condition 2 is said to be totally bounded. A space satisfying Condition
3 is said to be sequentially compact. Thus, the theorem can be rephrased
as follows: a metric space is compact if and only if it is complete and totally
bounded, and this happens if and only if it is sequentially compact.

Proof. [1 ⇒ 3]: Let {xn}∞n=1 be a sequence in the compact space X , and
suppose for the sake of obtaining a contradiction, that it has no conver-
gent subsequence. (This means, in particular, that {xn}∞n=1 contains infinitely
many distinct points.) But then for every x ∈ X , there exists some rx > 0,
such that the intersection of Brx(x) with the sequence contains at most one
point, namely: Brx(x) ∩ {xn}∞n=1 = {x} if x = xn for some n, and otherwise
Brx(x) ∩ {xn}∞n=1 = ∅. But the cover {Brx(x)}x∈X can then have no finite
subcover, in contradiction to compactness.

[1 ⇒ 2]: Let ǫ > 0 be given. Then we cover X by the family of all balls
Bǫ(x) for all x ∈ X . By compactness, there is a finite subcover, that is, a
finite set of points x1, . . . , xn ∈ X such that X = ∪n

k=1Bǫ(xk). Now, let
{xn}∞n=1 ⊆ X be a Cauchy sequence. To prove that it converges, it suffices to
prove that it contains a convergent subsequence (Exercise A.2.5). But by the
implication [1 ⇒ 3], we are done.

[2 ⇒ 3]: Assume that Condition 2 holds, and let {xn}∞n=1 be a sequence
in X . Since X is complete, it suffices to prove that {xn}∞n=1 has a Cauchy
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subsequence. We may treat the case where {xn}∞n=1 contains infinitely many
distinct points, the other case being trivial. By Condition 2 applied to ǫ = 1,
we find finitely many balls of radius 1 covering X , and therefore at least one
of these balls, say, B1(y1), contains infinitely many points from the sequence.
Let {x1n}∞n=1 be the subsequence of {xn}∞n=1 consisting of all elements of
the sequence contained in B1(y1). Applying the same reasoning with ǫ =
1
2 , we extract a subsequence {x2n}∞n=1 consisting of elements from {x1n}∞n=1

contained in some ball B 1
2
(y2). Continuing inductively, we find a subsequence

{xkn}∞n=1 that is contained in a ball with radius 1
k . Finally, the sequence

{xkk}∞k=1 is, by construction, a Cauchy subsequence of {xn}∞n=1.
[3 ⇒ 2] is the easiest implication and is left to the reader.
Finally, we prove that 2 and 3 together imply 1. Let {Ui}i∈I be an open

cover of X . We claim:

Claim. There exists r > 0 such that for every x ∈ X, there exists some i ∈ I
such that Br(x) ⊆ Ui.

Assuming the claim for the moment, we let ǫ = r in Condition 2, and find
x1, . . . , xn ∈ X such thatX = ∪n

k=1Br(xk). Then, for every k = 1, . . . , n, there
exists some ik ∈ I, such that Br(xk) ⊆ Uik . But then X = ∪n

k=1Br(xk) ⊆
∪n
k=1Uik , establishing the existence of a finite subcover, as required.
To complete the proof, we prove the claim. If we assume that there is no

such r > 0, then we see that there must be a sequence of points xn ∈ X , and
a sequence of radii rn ց 0, such that Brn(xn) is not contained in any Ui. By
passing to a subsequence, we may, thanks to Condition 3, assume that there
is some x ∈ X such that xn → x. Now, there exists some i0 ∈ I such that
x ∈ Ui0 . Since Ui0 is open, there is some ρ > 0 such that Bρ(x) ⊆ Ui0 . If n
is large enough that d(xn, x) <

ρ
2 and also rn < ρ

2 , then we conclude that
Brn(xn) ⊆ Ui0 , in contradiction to what we assumed. Therefore, there must
exist an r > 0 such that for all x there exists i for which Br(x) ⊆ Ui.

It is now easy to prove the following theorem, which gives a straightforward
characterization of compact sets in Rk.

Theorem A.3.27 (Heine-Borel theorem). Let Rk be given the standard topol-
ogy. A subset F ⊂ Rk is compact if and only if F is bounded and closed.

Proposition A.3.28. Every continuous function from a compact metric
space into another metric space is uniformly continuous.

A.4 The Arzelà-Ascoli theorem

Definition A.4.1. Let X be a topological space. A subset E ⊆ X is said to
be precompact if its closure E is compact.
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Proposition A.4.2. A subset E of a metric space X is precompact if and
only if every sequence in E has a convergent subsequence.

To emphasize, the subsequence in the above proposition converges to an
element of X , which may or may not be in E.

The Arzelà-Ascoli theorem gives a characterization of when a subset of
C(X) is precompact, for X a compact metric space. We need this theorem
in Chapter 9, in order to show that an integral operator on C([a, b]) with a
continuous kernel is a compact operator.

Definition A.4.3. Let X be a metric space. A subset F ⊆ C(X) is said to
be uniformly bounded if there exists M > 0 such that

|f(x)| ≤M for all x ∈ X, f ∈ F . (A.2)

Definition A.4.4. Let X be a metric space. A subset F ⊆ C(X) is said to
be equicontinuous if for every ǫ > 0, there exists δ > 0, such that for all
f ∈ F and all x, y ∈ X ,

d(x, y) < δ implies that |f(x)− f(y)| < ǫ. (A.3)

Exercise A.4.5. Let X be a metric space. If F ⊆ C(X) is uniformly bounded
and equicontinuous, then F is also uniformly bounded and equicontinuous.

Theorem A.4.6 (The Arzelà-Ascoli theorem). Let X be a compact metric
space. A set of functions F ⊆ C(X) is precompact if and only if it is uniformly
bounded and equicontinuous.

In fact, in Chapter 9 we require this result only for the case where X is a
closed interval [a, b], and the reader may put [a, b] in place of X if this makes
the proof easier to digest.

Proof. We will prove that the condition is sufficient for precompactness — this
is the implication that we use in Chapter 9. The necessity of this condition
is easier, and is left to the reader. (Hint: use Condition 2 of Theorem A.3.26
and Proposition A.3.28.)

Assume that F is uniformly bounded and equicontinuous. By Exercise
A.4.5, F is also uniformly bounded and equicontinuous, thus we may as well
assume that F is closed and our goal is to prove that F is compact.

By Theorem A.3.26, to show that F is compact it is enough to show that
it is complete and totally bounded. Since C(X) is complete, so is every closed
subset of it. It remains to prove — and this is the main part of the proof —
that F is totally bounded.

Fixing r > 0, we will find finitely many balls of radius r that cover F .
Let M be the constant given by (A.2). Choose complex numbers z1, . . . , zm ∈
{z ∈ C : |z| ≤M} such that

{z ∈ C : |z| ≤M} ⊆
m⋃

i=1

{
z ∈ C : |z − zi| <

r

4

}
.
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Let δ be the positive number corresponding to ǫ = r
4 in (A.3), and let

x1, . . . , xn ∈ X be points such that

X ⊆ ∪n
j=1Bδ(xj).

For every choice of i1, . . . , in ∈ {1, . . . ,m}, put

Ai1,...,in =
{
f ∈ F : |f(xj)− zij | <

r

4
for all j = 1, . . . , n

}
.

The sets Ai1,...,in cover F :

F =

m⋃

i1,...,in=1

Ai1,...,in .

It remains to show that every Ai1,...,in is contained in a ball of radius r. Indeed,
if Ai1,...,in 6= ∅, choose any f ∈ Ai1,...,in . To show that Ai1,...,in ⊆ Br(f), we
take g ∈ Ai1,...,in and show that ‖f − g‖∞ < r. To this end, let x ∈ X and
find j ∈ {1, . . . , n} such that x ∈ Bδ(xj). Then

|f(x)− g(x)|
≤ |f(x)− f(xj)|+ |f(xj)− g(xj)|+ |g(xj)− g(x)|

<
r

4
+

2r

4
+
r

4
= r.

That completes the proof.



Symbol Description

A \B {a ∈ A : a /∈ B}.
A×B the Cartesian product

{(a, b) : a ∈ A, b ∈ B}.
E closure of a set E in a metric

space.
int(E) interior of a set S in a metric

space.
Br(x) in a metric space X , the ball

{z ∈ X : d(x, z) < r}.
N {0, 1, 2, . . .}.
Z {. . . ,−2,−1, 0, 1, 2, 3, . . .}.
R the set of real numbers.
[0,∞) {x ∈ R : x > 0}.
[1,∞] {x ∈ R : x ≥ 1} ∪ {∞}.
C the set of complex numbers.
D {z ∈ C : |z| < 1}.
D {z ∈ C : |z| ≤ 1}.
Dr(z0) {z ∈ C : |z0 − z| < r}.
CN all complex valued sequences

(xk)
∞
k=0.

XY the set of all functions from
Y to X .

x ⊥ y x is orthogonal to y.
S⊥ orthogonal complement of

S.
PS best approximation projec-

tion onto S.
M ⊕N orthogonal direct sum of M

and N .
⊕i∈IHi Hilbert space direct sum of

the Hilbert spaces Hi.
X1 {x ∈ X : ‖x‖ ≤ 1}, closed

unit ball of X .
B(X,Y ) bounded linear operators

from X to Y .

B(X) bounded linear operators on
X .

K(X,Y ) compact operators from X
to Y .

K(X) compact operators on X .
GL(X) invertible elements in B(X).
X∗ B(X,C), the dual space of

X .
T ∗ for an operator T on a

Hilbert space, the adjoint of
T .

σ(T ) spectrum of an operator T .
σp(T ) point spectrum (eigenval-

ues) of an operator T .
r(T ) numerical radius of an oper-

ator T .

[A,B] AB−BA— the commutator
of A and B.

H2(D) the Hardy space.
L2
a(D) the Bergman space.

H∞(D) bounded analytic functions
on the disc.

Mult(H)multiplier algebra of a
Hilbert function space H .

C(X) continuous (complex-
valued) functions on the
topological space X .

CR(X) continuous real-valued func-
tions on the topological
space X .

Cb(X) bounded continuous
(complex-valued) functions
on the topological space X .

C([a, b]) continuous functions on the
interval [a, b].
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234 Symbol Description

Ck([a, b])functions on [a, b] with k
continuous derivatives.

‖f‖Ck ‖f‖∞ + . . .+ ‖f (n)‖∞.
Ck

c (R) functions with k continu-
ous derivatives and compact
support on R.

C∞
c (R) functions with continuous

derivatives of all orders and
compact support on R.

PC[a, b] piecewise continuous func-
tions on [a, b].

PC1[a, b]piecewise continuous func-
tions on [a, b] with piecewise
continuous derivative.

PCc(R) piecewise continuous func-
tions on R with compact
support.

PC1(R) ∩ L1(R)
piecewise C1 and absolutely
integrable functions.

supp(f) The support of a function f ,
defined to be the closure of
the set {x : f(x) 6= 0}.

S step functions on R.

S(Rk) step functions on Rk.

‖f‖p
(∫

|f(t)|pdt
)1/p

for a func-

tion or (
∑

i |fi|p)
1/p

for a se-
quence f = (fi)

∞
i=0.

Lp[a, b] Completion of PC[a, b]
w.r.t. ‖ · ‖p.

Lp(R) Completion of PCc(R) w.r.t.
‖ · ‖p.

ℓp {(xn)∞n=0 :
∑ |xn|p <∞}.

ℓ∞ {(xn)∞n=0 : sup |xn| <∞}.
c0 {(xn)∞n=0 : limn→0 xn = 0}.
c {(xn)∞n=0 : limn→0 xn exists}.
ℓ2(I) {(xi)i∈I :

∑ |xi|2 <∞}.
f̂(n) nth Fourier coefficient of f .
f ∗ g The convolution of f and g.
f̂ Fourier transform of f .
F1 Fourier transform L1(R) →

C0(R).
F2 Fourier transform L2(R) →

L2(R).
χA The characteristic function

of a set A, χ(x) = 1 if x ∈ A
and 0 otherwise.
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Index

B(H), 61
B(H,K), 61
B(X), 108
B(X,Y ), 108
GL(X), 128
H2(D), 84
H∞(D), 95
L2(R), 178
L2[a, b], 23
L2
a(D), 89

Lp(D), 107
Lp(R), 179
PC[a, b], 22
PC1(R) ∩ L1(R), 187
Pc(R), 178
S⊥, 32, 211
ℓ2, 18
ℓ2(S), 19
ℓp, 104
ℓpn, 104
Im(T ), 64
ker(T ), 64
Mult(H), 93
⊥T , 211
c, 133
c0, 133

adjoint, 70
annihilator, 211
Arzelà-Ascoli theorem, 231

Baire’s category theory, 224
Banach limit, 208
Banach space, 104
Banach-Saks theorem, 112
basis, 33
Bergman space, 89

Bessel’s inequality, 35
best approximation, 31
bidual, 210
bilateral shift, 76

Cauchy sequence, 17, 221
Cauchy-Schwarz inequality, 15
Cesàro sums, 52
closed graph theorem, 132
closed set, 219
closed unit ball, 103
closure, 219, 227
commute, 151
compact, 228

operator, 137
set in a metric space, 229
space, 228

complete, 17, 221
completion

Banach space, 107
Hilbert space, 19
metric space, 222

conjugate exponents, 104
continuous

function, in a metric space, 220
function, in a topological space,

226
uniformly, 221

contraction, 72, 109
convex, 30
convex set, 30
convolution, 51, 184
convolution theorem, 187
cosine series, 56

dense, 220
diagonal operator, 147
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dimension, 39
direct sum

external, 27
of Banach spaces, 115
of countably many Hilbert

spaces, 27
Dirichlet kernel, 51
Dirichlet problem, 65
Dirichlet’s theorem, 51
double dual, 210
dual space, 110

eigenspace, 128
eigenvalue, 128
eigenvector, 128
equivalence of norms, 130

Fejér kernel, 52
Fejér’s theorem, 53
finite rank operator, 137, 145
first category, 224
Fourier coefficient, 35, 45

nth, 45
generalized, 35

Fourier series, 45
L2 convergence, 47
partial sums, 50
pointwise convergence, 51
uniform convergence, 48

Fourier transform, 182
Fredholm alternative, 141
functional calculus

analytic, 134
for compact normal, 152

functional equation, 171

general linear group, 128
Generalized Parseval identity, 38
Gibbs phenomenon, 58
Gram-Schmidt process, 40

Hölder’s inequality, 104
integral, 114

Haar system, 43
Hahn-Banach theorem

extension, bounded functional
version, 203

extension, sublinear functional
version, 201

Hilbert space version, 75
separation, compact/closed, 207
separation, convex/open, 206
separation, subspace/point, 204

Hamel basis, 3, 33
Hardy space, 84
Hausdorff space, 227
heat equation, 60, 199
Heine-Borel theorem, 230
Hermite functions, 198
Hermitian kernel, 169
Hilbert function space, 83
Hilbert space, 17
Hilbert-Schmidt operators, 158
hyperplane, 204

image, 63, 108
infinite sums, 34
inner product, 14
inner product space, 14
integral equation, 1, 161
integral operator, 138, 139, 155
interior, 219
interpolating polynomial, 95
interpolation, 95
inverse, 124
irrational rotation, 132
isometric isomorphism, 130
isometry, 72, 109
isomorphism, 130

kernel, 63, 108

Laplace operator, 65
Lax-Milgram theorem, 77
Legendre polynomials, 42
limit, 219, 228
linear functional, 64, 110
linear transformation, 61

matrix representations, 73
mean ergodic theorem, 123
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measure preserving, 120
metric, 217

induced, 218
metric space, 217
Minkowski functional, 205
Minkowski’s inequality, 106

integral, 114
multiplier, 93
multiplier algebra, 93

Neumann series, 127
norm, 15, 16, 103
normed space, 103
nowhere dense, 224
numerical radius, 147

open
ball, 218
map, 132
set, 218, 225

open mapping theorem, 132
operator, 61

adjoint, 70
bounded, 61, 108
compact, 137
composition, 109
contractive, 72
convolution, 75, 186
diagonal, 147
integral, 138, 139, 155
invertible, 124
isometric, 72
multiplication, 63
normal, 72
positive, 72
self-adjoint, 72
unitary, 72
weakly sequentially continuous,

113
operator block matrix, 78
operator norm, 108
orthogonal, 29

complement, 32
direct sum, 32
projection, 32

orthonormal, 29
orthonormal basis, 33, 37
orthonormal system, 29

closed, 37
complete, 34

parallelogram law, 30
Parseval’s identity, 37
partial isometry, 79
Pick matrix, 96
Pick’s interpolation theorem, 96
piecewise C1, 187
piecewise continuous function, 21
point spectrum, 128
Poisson kernel, 59
Poisson summation formula, 197
polarization identities, 15
pre-annihilator, 211
precompact, 230
principle of uniform boundedness,

112, 117
product topology, 227
projection, 32
Pythagorean identity, 29

rank one operator, 145
realization formula, 98
representing matrix, 74
reproducing kernel Hilbert space, 83
resolvent set, 128
Riesz representation theorem, 64

second category, 224
semigroup

strongly continuous, 135
uniformly continuous, 135

separable, 220
sequentially compact, 229
shift, 73
sine series, 56
Sobolev spaces, 66
spectral theorem, 149, 152
spectrum, 128
Stone-Weierstrass theorem, 5, 8
strong solution, 65
sublinear functional, 201
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subspace
invariant, 148
reducing, 148

summability kernel, 54
Szegő kernel, 85

test function, 66
topological space, 225
totally bounded, 229
triangle inequality, 16, 218
trigonometric approximation

theorem, 4, 11

uniform convexity, 116
unilateral shift, 73
unit ball, 103
unit vector, 15
unitarily equivalent, 74
unitary, 39

Volterra operator, 143
von Neumann’s inequality, 158

weak convergence, 111
weak operator topology, 94
weak sequential completeness, 113
weak solution, 66
Weierstrass’s approximation

theorem, 4
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